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Chapter 1
Introduction

The subject of computation in electricity and magnetism has so advanced in the
past 40 years, since the advent of digital computers and thanks to the development
of numerical methods, that today it urges and deserves adequate collocation also
in curricula for electrical engineering. However, the time allotted to the subject in
general is not very large in undergraduate studies, where more emphasis is still usually
attributed to circuits and systems than to fields. Moreover, field models are generally
not very popular among students, who are by far more familiar with circuit models.
Even if one considers the quasi-static case, however, not only is electromagnetism
fundamental for people dealing with electric and magnetic devices, but it provides the
basis for, e.g. semiconductor device design, bioengineering applications and so forth.

In the authors’ opinion, therefore, time has come to present field models in elec-
tricity and magnetism, in the frame of an introductory textbook to be used by senior
undergraduate or graduate students in the area of electrical and computer engineering.
Elementary electromagnetism, basic vector analysis and fundamentals of numerical
analysis are assumed to be known subjects.

Having this in mind, the authors have collected the experience they have accumu-
lated in teaching electromagnetic theory at various levels and in different countries;
they intend to offer a book on applied electricity and magnetism, describing the prob-
lems of calculating electromagnetic fields and the integral parameters connected with
them in sufficiently clear and short form.

The aim is that of writing a textbook containing the necessary background, i.e.
laws explaining electromagnetic phenomena, mathematical operators and equations
as well as methods for electromagnetic field calculation. The latter include both
analytical and numerical methods applied to the analysis as well as to the synthesis
of electromagnetic devices.

Classical analytical methods are first presented and closed-form solutions to some
problems are obtained by making the simplifying assumptions required. Numerical
methods are then discussed and it is shown how they are able to provide a solution
to practically any complicated problem. Special emphasis, among the numerical
schemes, is attributed to the finite element method because it is largely and commonly
used for field simulation. A peculiar feature of the book is the fact that the accent
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is always put on field vectors rather than potentials, because the former represent
the quantity of main physical interest; consequently, the differential formulation
of Maxwell’s equations is preferred with respect to the integral one. An effort is
accordingly made to develop both analytical and numerical methods for solving the
electromagnetic problem in terms of field components directly.

Chapter 2 starts with a basic introduction to the world of vector fields. The reader is
guided through definitions, properties, theorems and equations in simply connected
domains, both bounded and unbounded. Scalar and vector potentials associated to
fields are presented as well. Then electric, magnetic and conduction fields under
steady conditions are considered separately.

Chapter 3 presents the most common analytical methods for solving boundary-
value problems which are applicable to simple domains.

For more complicated domains, numerical methods are required. Accordingly,
Chapter 4 deals with the finite-element method which has become the most general
and powerful method to solve field problems in these domains.

A general introduction to time-varying electromagnetic fields is presented in
Chapter 5, where Maxwell’s equations are presented and solved in some funda-
mental cases.

Finally, in Chapters 6 and 7 the authors move from direct to inverse prob-
lems, which in the past decade have increasingly attracted the attention not just
of researchers but also of practitioners in the field of electricity and magnetism.
Nowadays, in fact, the association of powerful low-price and high-speed comput-
ers with available advanced numerical methods makes it possible to try solutions
for inverse problems of various kind, with the ultimate target of offering engineers
the possibility of implementing the so-called automated optimal design. In these
two chapters, after giving definitions and a general presentation of the background,
strategies to solve inverse problems are presented and some case studies are solved.

Throughout the book theoretical concepts are illustrated by practical examples,
following a problem-solving approach and never forgetting that the engineering task
is just that of formulating and solving electromagnetic problems in a computational
fashion. It has been decided, in particular, to solve a single test problem by different
methods so that, from the comparison, limitations and advantages of each approach
are made clear.

The book is mainly recommended and addressed to undergraduate and graduate
students of electrical and computer engineering; however, it could also be helpful
for students preparing their Ph.D. projects, as well as for researchers and engineers
working in the broad area of electromagnetism. Finally the book, although written
by the authors who had in mind their own students in Italy and Poland, is intended
hopefully to be valid for a wider international audience.

Pavia, £.6dz Paolo Di Barba, Antonio Savini, Stawomir Wiak
August 2007



Chapter 2
Vector Fields

2.1 Basic Operators and Equations

2.1.1 Vector Fields and Operators

In a three-dimensional domain (Fig. 2.1), given a reference frame, a vector function
V can be defined in

(i) a system of rectangular coordinates
V = Vyix + Vyiy + Vai, 2.1)
(ii) a system of cylindrical coordinates
V = Viir + Vyig + Vsi, (2.2)
(iii) a system of spherical coordinates
V = Vii; + Vyig + Veis (2.3)

Two first-order differential operators, namely curl and divergence, can be defined for
a given vector function V, hereinafter assumed to be regular enough.

In a system of rectangular coordinates, introducing the operator V which is
defined as

. d - 0 -
x+—iy+ —i, 2.4

= 0
V=—
ox ay 0z

curl and divergence are expressed by the following formulas

s == oV, 9dVy\: aVy 0V - oVy 0V -
curl V=V xV = - — |ix + — iy+(— - i,
ay 0z 0z ax ax ady
2.5
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Fig. 2.1 Three systems of coordinates

and

= — JdVx dVy 0V,
ax ay 0z

(2.6)

respectively.
A vector function V can be obtained from a scalar function U by means of the
differential operator gradient:

_ — oU- aU- aU-
V=gradU=VU= —ix + —iy + —1, 2.7
ox ay 0z

Two second-order differential operators can be also defined, as follows
Laplacian of a scalar function

V2U = div(grad U) = V - (VU) (2.8)
Laplacian of a vector function
VV=V(V-V)=V x (VxV) 2.9)
In a system of rectangular coordinates, the former operator becomes

92U  9%U 92U

VU= —+ + — 2.10
0x2  9yr 0972 2.10)
while the latter, if V - V = 0, reduces to
=2 2 b 2 < 2 -
VoV = (v Vx) g (V Vy) i+ (v VZ) i @2.11)

Surfaces to which V is tangent are called flux (or field) surfaces. In each point of the
domain we can draw one and only one flux surface. In rectangular coordinates, the
equations of a flux surface are

—= (2.12)
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In a two-dimensional domain the curl of a vector V = (Vy, Vy) is actually a scalar

quantity; in fact
- — v oV -
VxV=[—-—)i (2.13)
ax ay

i.e. it exhibits a single non-zero component. Moreover, through a 3 rotation of Vin
the clockwise direction, the following vector can be defined

V= (Vy, —Vy) (2.14)
Then, one has
IV x V| = ‘V : Vl‘ (2.15)

namely, curl and divergence identify the same operator.

2.1.2 Definition of a Vector Field

A vector field V is defined in a simply-connected domain £, giving its divergence
and curl in £ as well as its normal component on the boundary I' (Helmholtz’s
theorem).

In a domain €2 bounded by I', given

V-V=sinQ (2.16)
VxV=¢ (2.17)
V-i=h along I' (2.18)

where 1 is the outward normal versor, the vector field V is defined in a unique way.
In fact, let us assume that both V| and V; fulfil the above equations. It follows

V-Vi=V.-Vy=sthenV- (V] —V;)=0 (2.19)
VXV1=VXV2=Ethean(Vl—vz)zo (2.20)
Vi-i=Vy-a=h then (Vi —V)-0=0 (2.21)

For the vector W = V| — V>, from (2.20) one has
VxW=0 (2.22)
It is so possible to find a scalar W so that, if €2 is simply connected,
W =Vvu (2.23)
and

W-n=VV¥.-1=0 (2.24)
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Moreover, being

<
|
I

o

one has also

V-VW¥=0= V¥
By applying the Gauss’s theorem (see A.10) to WV W one obtains
/ WYV - Adl = [ V. (WWW)dQ = / (Vo T+ wviv)de
r Q Q
Taking (2.24) and (2.26) into account, it results
/ V. VUdQ =0
Q

Therefore, it must be everywhere
ie.
So, the two vectors V| and V5 are identical

V=V, =V,

The following remarks can be put forward:

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

2.31)

(i) The value of s, ¢ and h, which are the sources of the field, cannot be chosen

arbitrarily.
In fact:

(a) ¢ must be divergence-free (solenoidal)

V- (VxV)=V.t=0

(b) /VVdQ:/V-ﬁdQ
) Q r
1.C.

(2.32)

(2.33)

(2.34)
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(ii) Specifying just V -V = s is not enough to determine V since also V + V x W
fulfils (2.16)

V- V+VxW)=V.-V4+V.VxW=5 (2.35)

Conversely, V is not determined by just V x V = T since V + VW also
obeys (2.17)

Vx(V+V¥) =V xV+VxVU=c+0 (2.36)

(i) If s = 0, the field is called solenoidal.
@iv) If ¢ = 0, the field is called irrotational.

The problem of finding the field V in a domain, knowing its sources and normal
component on the boundary, is normally referred to as a boundary-value problem.
As shown by the Helmholtz’s theorem, this problem has, at most, a unique solution.

2.1.3 Decomposition of a Field

Every vector field V with vanishing normal component at the boundary is the
sum of a curl-free field V; and a divergence-free field V,, both of which with
vanishing normal component at the boundary.

In fact, it is assumed that V| subject to

V-Vi=sinQ (2.37)
VxVi=0 (2.38)
and to
Vi-n=0 along (2.39)
is known, together with V; for which
V-Vo=0inQ (2.40)
VxVy=c¢ (2.41)
and
V,-n=0 along T (2.42)
hold. Then, for
V=V +V, (2.43)
one has
V-V=V.(Vi+Vy)=V-V| =5 (2.44)
VxV=Vx(Vi+Vy)=VxV,=CinQ (2.45)
V.a=(Vi+Vy)-0=0 along T (2.46)

Therefore V in (2.43) is defined in a unique way.
Itcan be proven that the result holds, in general, also for other boundary conditions.
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2.1.4 Scalar and Vector Potentials

Every field V in an unbounded, homogeneous and simply-connected three-
dimensional domain can be expressed by means of a scalar potential ¢ and
a vector potential A.

It is assumed that

V=-V$+VxA (2.47)
with
1 S
o) = — f -dQ (2.48)
4 Qr
and
_ 1 c
Ar) = — / ~dQ (2.49)
47'[ QT

where r = |fp — fQ| is the distance between source (s or ¢) point Q and field point

P. If Qg C  is the subdomain represented by all source points and Qp C €2 is the

subdomain of all field points, it is assumed that Qg U Qp = € and 2¢q N 2p = 0.
It is possible to show that V fulfils

V=s (2.50)
xV=¢t (2.51)

so that it is defined in unique way.
In fact, taking the divergence of (2.47) one has (see A.5 and A.8)

V-V=-V.V$¢+V.-VxA=-V.-Vp=-V¢=

I _, S 1 5 (1
—_vV 2de)=—— | sv2(=)da =5 (2.52)
4r Qrl 4r Q r

On the other hand, taking the curl of (2.47) and assuming V - A = 0 one obtains (see
A.5and A.9)

?XV:—?X(gq))—i-gx?xngxgxng(g-A —VA=

It can be proven that the result is valid also for bounded domains.
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2.1.5 Green’s Theorem

Any two scalar and regular functions ¢ and Vr defined in a domain 2 bounded
by T fulfil the following reciprocity relation (Green’s theorem or Green’s second
identity).

/r <¢g—ij - “Iz—f) ar = /Q (6920 — ¥v2o) de2 (2.54)

In fact, applying the divergence theorem (see A.10) to ¢V, one has

/ (6V) -1 dlN = / V- (oVY) dQ (2.55)
r Q
and
d —
/q)—‘l’dr =/ (vq) VU + <|>V2\1f>d52 (2.56)
r an Q
Equation (2.56) is called Green’s first identity and can be put into the form
> I - —
OVAYdQL = | ¢—dI'— | V- VPdQ (2.57)
Q r on Q

which expresses the rule of integration by parts.
Doing the same for {/V ¢, one obtains

[F (Vo) -ndl' = / V- (WVo)dQ (2.58)

Q

and
90 _ )
/Ilf— dF:/ (vq;-v¢+w cI))dQ (2.59)
r on Q

Subtracting (2.59) from (2.56) gives

/r (q)% - "’%) dr = /Q (‘Wzﬂf - W2¢)d9 (2.60)

2.1.6 Green’s Formula
In a three-dimensional domain 2 a function ¢ can be expressed as a function

of V2 in 2 and of ¢ and 2 on T.
In fact, from (2.60), for ¢ = %, one has (see A.5)

[ <¢@ — q;@) dr = —/ 4ndd(r)dQ — / YVié dQ (2.61)
r n on Q Q
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and
f ¢ﬂ dr — / qf@ dr +/ YV2H dQ = —4nd (2.62)
r on r on Q

Finally

¢=L{/¢3_¢dr_/¢a_“’dr_/¢v2¢dsz} (2.63)
4r r on r on Q

is obtained, which is the Green’s formula.
In particular, for an unbounded domain, it results

1 (1
db=—— [ -V dQ (2.64)
4r Qr

Comparing (2.64) with (2.48), ¢ is the scalar potential if V2¢ = —s, where s is the
field source.

In terms of scalar potential, the boundary-value problem becomes that of finding
the potential ¢ in the domain €2, knowing the field source s and the values of potential

(Dirichlet’s problem) or normal derivative of the potential (Neumann’s problem) on
the boundary I

2.2 Electrostatic Field

In a domain €2 with boundary T, filled in by an insulating medium, in the presence of
free electric charges distributed with density p (C m™3) in Q and/or electric charges
distributed with density o (C m~2) along I', the electrostatic field is defined by field
intensity E (V m~!) as well as by flux density D (C m~2). The medium is supposed
to be at rest with respect to the observer of the field. The two vectors are linked by
the constitutive law, which, if the medium is isotropic and linear and in the absence
of permanent polarization, is

D=¢E (2.65)

The parameter ¢ is called permittivity (Fm™").

2.2.1 Maxwell’s Equations for Electrostatics

The electrostatic field is governed by the following equations in 2

xE=0 (2.66)
-D=p (2.67)
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and along I"

AxE=0 (2.68)
if I" is a perfect conductor (flux lines perpendicular to I'), or

n-D=o¢ (2.69)
if I" carries charge density o (C m~2), or

n-D=0 (2.70)

if " is a perfect insulator (flux lines parallel to T').
In terms of just vector E, the equations governing the electrostatic field for a
homogeneous, isotropic and linear medium become in €2

VxE=0 (2.71)
v.E="? (2.72)
€
and along I’
AxE=0 (2.73)
or, for I' conducting
_ - 0
n-E=- 2.74)
€
and, for I" insulating
n-E=0 (2.75)

respectively.

According to theorem (2.2) E is uniquely defined and, because of (2.66), it is
irrotational.

Moreover, if both ¢ and p are given, then according to (2.67), (2.69) and Gauss’s
theorem (see A.10) it must be

/|0|dF=/ |p| dS2 (2.76)
r Q

i.e. the total charge sums up to zero; in other words, surface charge density on I" and
volume charge density in €2 are not independent.

In a two-dimensional domain, at the interface between two different media of
permittivity €; and e, respectively (Fig. 2.2), in the presence of free charge of
density o (C m~2) at the interface, from (A.10), integrating D along a closed surface
including point P, the following two transmission conditions hold
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Fig. 2.2 Interface between two field regions

First of all
f-Dy+m-Dy=n0;-D;—1;-Dy=0;-(D2—Dj) =0 (2.77)

If o = 0, the normal component o_f D is continuous.
Then, from (A.11), integrating E along a closed rectangular line surrounding point
P, one has

fl-E1+f2-E2=f1~E1—f1~E2=f1-(E1—E2)=0 (2.78)

i.e. the tangential component of E is continuous.
In the case of a non-homogeneous medium, the following remark can be put
forward. After (2.65) and (2.66), considering vector identity (A.16), it turns out to be

Vxe D= 'VxD+Ve!xD=0 (2.79)

Apparently, field D is irrotational if Ve~! and D are parallel vectors; this means that
lines separating layers of different ¢ are orthogonal to field lines of D. If Ve~! = 0
(homogeneous medium), then Dis always irrotational.

Conversely, in a charge-free domain, after (2.65) and (2.67), considering vector
identity (A.14), one has

V.¢E=¢V-E4+Ve-E=0 (2.80)

In the case of a non-homogeneous medium, field E is solenoidal if Ve and E are
orthogonal vectors; this means that lines separating layers of different ¢ are parallel
to field lines of E.

Finally, an extension of constitutive law (2.65) is considered. When a permanent
polarization Dy is present in the insulating medium (electret), the constitutive law
becomes

D =¢E+Dy (2.81)



2.2 Electrostatic Field 13

Then, the field equations are

VxE=0 (2.82)
V- (sE) = p— V- Dy (2.83)

in terms of E, and
V- (eVU) = —p+ V- Dy (2.84)

in terms of U, respectively (see (2.85)).

2.2.2 Electrostatic Potentials

(1) If Q is simply connected, because of (2.60) it is always possible to introduce a
scalar function U (potential (V)) defined as

E=-VU (2.85)

This way, the field is oriented from higher to lower values of potential. Therefore
(2.67) becomes

V- (sVU) = —p (2.86)

This is the Poisson’s equation governing potential U, which reduces to

v2U = —g (2.87)
for a homogeneous, isotropic and linear domain €2.

In the case of p = 0, (2.87) is called Laplace’s equation and the potential
function U fulfilling it is said to be harmonic.

It must be remarked that, adding any constant k to U, all the equations defined
above are fulfilled as well; in order to have U uniquely defined, boundary
conditions must be added.

In a two-dimensional domain, along the boundary I" with normal versor
n = (ng, ny) and tangential versor t = (ty, ty) = (—ny,ny) (Fig. 2.3), the
condition (2.75) in terms of field E = (Ey, Ey) becomes, in terms of potential U,

n-E Ex +nyE v 9u n-VvU v 0 (2.88)
n- =nn n = —Nx— —Ny— = —1N- = - = .
ey *ax Yoy an
(homogeneous Neumann’s condition).

Similarly, condition (2.73) becomes

- - ou ou - oU
n x E =1,(ncEy — nyEx) = —i, ty@ + txa—x = _IZW =0 (2.89)

In this case U is constant along I (Dirichlet’s condition).
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Fig. 2.3 Normal and tangential versors along the domain boundary

(i)

Lines of equal U are called equipotential lines.

A boundary-value problem is one in which (2.86) is the governing equation,
subject to known boundary conditions which may be (2.88) (Neumann’s prob-
lem) or (2.89) (Dirichlet’s problem) or, more generally, (2.88) and (2.89) along
I'1 and I'p, respectively, with ' =Ty UT»2 and 0 =T N Ty.

If p = 0in , then, along with scalar potential U, a vector potential A (flux,
stream (C m~")) can be uniquely defined, specifying its curl

D=VxA (2.90)
and its divergence (gauge condition)
V-A=0 (2.91)

In fact, since V - (V x A) = 0 holds, (2.67) is always fulfilled, while (2.66)
becomes

V x é(? xA)=0 (2.92)

The latter is Laplace’s vector equation governing flux A. It has to be observed
that the gradient of an harmonic function n may be added to A, having all the
above equations fulfilled. In fact, if V x A = 0 holds, then
A =-Vny (2.93)
and, due to (2.91), it results
V- A=V.Vn=V1=0 (2.94)

In view to have A defined uniquely, suitable boundary conditions along I" and,
if necessary, cuts in £ must be introduced, transforming a multiply-connected
domain into a simply connected one (Fig. 2.4).
For a homogeneous domain, Laplace’s equation (2.92) becomes
- - —
-Vx(VxA)=0 (2.95)
€
and therefore
V¥ A -VA=0 (2.96)

or, because of (2.91)

VA =0 (2.97)
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Iy

Fl |\ Fzz 0Q

Fig. 2.4 Transforming a doubly connected domain in a simply connected one

2.2.3 Electrostatic Energy

Given an electrostatic field characterized by intensity E and flux density D in a linear
non-dissipative medium, the specific energy (J m—3) stored in the field is defined as
IE.D.

Taking into account (A.14), one has

E-D=-VU-D=UV-D-V.(UD) (2.98)

Then, the total energy W (J) stored in a region 2 of boundary T, is

1 (- — 1 1 [ —
W=-fE-Ddsz=-/Updsz—-/v-(Umdszz
2 Jq 2 Jo 2 Jg
1 1 _
=—/Upd§2——/UD~HdF (2.99)
2 Ja 2 Jr

The equation above represents an expression of the total energy as a function of

potential U, source p in the region €2 and source = D - n on the boundary I'.
If the medium is isotropic, the energy W (J) stored in region €2 is given by:

1
W= -/ ED dQ (2.100)
2 Ja

Under the same assumptions, if the constitutive relationship of the dielectric material
is non-linear, the specific energy is f(? E dD’ and the total energy W is

D
W:/ </ EdD/>dQ (2.101)
Q 0
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In some cases it is convenient to introduce the specific co-energy ff D dE’ so that

the total co-energy W’ is
E
w':/ (/ DdE’) o (2.102)
e \Jo

In the case of a linear medium W = W’ results.

2.2.4 Field of a Charged Plane in a Rectangular Domain

A conducting plane (y, z) of infinite extension with a uniforrg distribution o (C m_2)
of charge is considered. Due to the field symmetry one has D = (D, 0, 0) so that the
problem can be formulated as:

3(cE)

V.-D=0dkx) = 2
X

(2.103)

where 8(x) is the delta function (or Dirac’s delta) at x = 0 (see Appendix). By
integrating the latter equation along x € (—o0, 00), one has

g — E(00) — B(—00) (2.104)

Taking into account the field orientation with respect to the plane, the boundary
condition

E(c0) = —E(—o0) (2.105)

can be set up. Therefore one obtains

E(x) = = sgn(x) (2.106)
2¢
The potential is
(02
Ux) = — [x] (2.107)
2¢e

2.2.5 Field of a Point Charge in a Spherical Domain

A point charge q (C), located at the origin of a system of spherical coordinates
(r, 9, ¢), is considered.
The symmetry implies D = (D, 0, 0); after (A.19), the field equation is

ar’D) 9D 2
D) _ 9 2h_ s, r=o0 (2.108)
or ar r

= r_2
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where D vanishes as r approaches infinity. Treating (2.108) as a first-order differen-
tial equation in terms of 2D, one has

T
’D(r) = / q8(p)p>dp +k (2.109)
0
where k is the integration constant; then, the general solution is:
T
D) =172 (q/ 0?3 (p)dp + k) (2.110)
0

The Dirac’s 8 in a spherical geometry can be approximated by

d=1lim &, o=>0 (2.111)
a—0

with &g, = ﬁ if p < o and 8y, = 0 elsewhere. Consequently, field D can be
approximated as

D = lim Dy (2.112)
o—0
For r < ot one has
1 T, 1 [ 3q r?
Da=§<qA pﬁ(xdp—i-k(x):r—z(mg-i-k(x (2.113)
namely
qr ko,
= — 2.114
*7 4nod ' r2 ( )

Since &, is a regular function near the origin, also Dy, will be regular near zero;
therefore ko, = 0.
Forr > o one has

1 ¢ 1 3q [“ 1 3q o q
Dy = — 28udp +ko ) = = —= 24p = — > _ 9
“T 2 (q/o P"0a dp + a) 2 4noc3,/0 pap 2 4no3 3 4mr?

(2.115)
hence
qr
Do(t) = ——, r<o (2.116)
4mod
and
Do) = —— o<r 2.117)
4mr?
Coulomb’s law follows
D(r) = lim Do(r) = ——, r>a (2.118)
0—0 4mr?
Finally, the potential results
T
q q
U() = — dp= —, 0 2.119
®) /oo 4mep? = e T ( )
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2.2.6 Field of a Dipole

A dipole consisting of a point charge —q located at a distance d from a point charge
+qis considered (Fig. 2.5). In a system of spherical coordinates, the dipole moment is
defined as p = qd = —qdi,, if oriented from the negative charge to the positive one.

The potential at a distance r from the centre of the dipole is the superposition of
the potentials due to —q and +q, respectively (see 2.119)

¢ 9 =i<r2_r‘> (2.120)

" 4mer;  4merp 4re \ 1112

Ifr >> d, thenrir; = r? andry —r; = dcos 9. In fact one has

1

d2 2 d2 d 2
r = |: +Z—rdcos(n—ﬂ)] r[1+m—;00519} =
2 d
[— - —cosﬂ] (2.121)
r

and

1

d> d 2
= |r? -|-——+—rdcosﬁ1 =r|l4+—+ —cos¥| =
4r2  r

IIZ

d
3 [4r2 + Cosﬂ] (2.122)

respectively; it follows

2 d 2 d
rn—r = o) + ;cosﬁ el b ;cosm‘) = dcos ¢ (2.123)

v

Fig. 2.5 Electric dipole
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Therefore, the potential

q dcos9 P

= = 2.124
4rme 12 4mer? ( )
and the electrostatic field
g U oU- n 10U-
= _ =—|—i,+-——iy | =
ar ' ra
aU- 10U- gdcos¥-.  qdsing-
- = - = 2.125
( or T + r 36119) 2mers + dmers ( )

follow, respectively.
In particular, along the line joining the two charges the potential is given by

d
Uz = L5 for9=0, 2£0 (2.126)
4me 72
q d
Uz) = -——L 5 foro=m 2£0 (2.127)
4me 72

Comparing the electrostatic field (2.125) due to a dipole with that due to a single
charge (monopole) (2.118), it can be realized that, while the former varies inversely
with 13, the latter varies inversely with 2.

2.2.7 Field of a Line Charge in a Cylindrical Domain

Let a line charge be located at r = 0 and let X be the associated uniform charge
density (C m~"). The line charge is infinitely extended in the z direction. In a system
of cylindrical coordinates (r, ¢, z) the symmetry implies D = (D, 0, 0); after (2.67)
and (A.17), the field equation is

da(rD) _ JaD
ar  or

where D vanishes as r approaches infinity. Treating (2.128) as a first-order differential
equation in terms of rD, one has

+r'D=28@1), r>0 (2.128)

= r_l

D(r) = /r 28(p)pdp + k (2.129)
0

and then the general solution is

D(r) = % (/0 NO(p)pdp + k) (2.130)

where k is the integration constant.
The Dirac’s & in a cylindrical geometry can be approximated by

d=lim &, o=>0 (2.131)
a—0
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with &y = n_(1x2 if p < o and 8y, = 0 elsewhere. Consequently, the field D can be
approximated as

D = lim Dy, (2.132)

a—0

Forr < o one has

1 ! 1/ N !
Dy = - Mopdp + ko | = = — pdp + ko | =
T 0 r \To= Jo

(e (2.133)
T r\mo2 2 ¢ '
o k
Dy = —s + = (2.134)
2mo r

Since &, is a regular function near the origin, also Dy, will be regular near zero;
therefore ko, = 0.
For r > o one has

1 o 1 IS o
Do = - / Mopdp + ko | = = _2/ pdp | =
r 0 r \ o~ Jo

IRV ANER (2.135)
T r\mo2 2 ) 2mr '
The electric field turns out to be
A
= — (2.136)
2mer
The potential with respect to the point r = ry is
U@r) =— / — p——ln— r>0, o >0 (2.137)
2mep 2me ot

2.2.8 Field of a Surface Charge on a Sphere

If ais the radius of the sphere and ¢ the surface uniform charge density, from Gauss’s
theorem (A.10) one has
E=0, O<r<a (2.138)

q

-4 s 2.139
4mer? =4 ( )

withq = ] podl’ = 4moa’. Therefore, from (2.85) by integration one has

oq q
Uz_/ =L r>a (2.140)
0 4mep 4mer
U=-31 0<r<a (2.141)
4mea

Note that U is continuous with respect to r, while E is not (Fig. 2.6).
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+\ "4 + r
+ +
+ 4+ +
Fig. 2.6 Surface charge distribution on a sphere
Moreover for r = a it results
aU [of ou
E=—=-, o=¢— (2.142)
on € an

Like the current case, the cases described in Sections 2.2.4, 2.2.5 and 2.2.7 can be
solved also easily by means of the integral approach.

In fact, in the rectangular case, a parallelepiped surface with an axis orthogonal
to the metallic plate can be taken as integration surface. Due to the field symmetry,
the application of the Gauss’s theorem gives

D -2S =2¢ES =0S (2.143)
where S is the area of the rectangular surface parallel to the plate. It results
=2 (2.144)
=5 .

In turn, in the spherical case, taking a spherical surface having radius r and centre in
the point charge q, one has

D4nr? = eE4mr? = q (2.145)
and therefore
q
= 2.146
4mer? ( )
= i, if U— Oforr — oo (2.147)
4mer

Finally, in the cylindrical case, considering a cylindrical surface of radius r, height 1
and coaxially located with respect to the line charge distributed with density A,
one gets

D27nrl = ¢E2mrl = Al (2.148)

whence

N
E=——~ (2.149)
2mer
and
IS r .

U=—In—, ifU=0forr=ry (2.150)

2me 19
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2.2.9 Energy and Forces in the Electrostatic Field

In order to evaluate the mechanical effect on structures located in the field region,
three methods can be applied.

Principle of Virtual Work

Given the structure, on which force Fis to be calculated, a virtual linear displacement
ds in the direction of F, supposing that the field source q is constant, mechanical work
Fds and variation of internal energy dW take place so that

Fds +dW =0 (2.151)

Hence, the force acting on the structure can be evaluated as

dw
F=—— (2.152)
ds
Similarly, in the case of a virtual angular displacement d, the torque T with respect
to the rotation axis is
dw
T=—-—— (2.153)
d¢
The system spontaneously tends to assume the configuration corresponding to the
minimum energy stored.
On the other hand, if the structure has constant voltage U, one gets

Fdx + dW = Udq (2.154)

Fdx = d(qU — W) (2.155)
d

F=—(@qU-W) (2.156)
dx

where qU is the electric work done to keep U constant.
Correspondingly, the torque is

d
T=_5@QU-W) (2.157)

The quantity qU-W, denoted by W', is called complementary energy or co-energy
(see (2.102)) of the system; if the latter is linear, W' and W coincide.

If U is kept constant, the system evolution is towards the geometry of maximum
co-energy.

The geometric interpretation of energy and co-energy in the charge-potential plane
is straightforward (Fig. 2.7).

There are two possible ways, in fact, to move the system from the initial point
(0, 0) to the final point (U, q), namely:
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Fig. 2.7 Electrostatic energy and co-energy

(i) From 0 to q by means of increments of free charge on the electrodes; in this
case, the system is electrically insulated and the total work done is W (energy)

(i) From 0 to U by, by means of increments of voltage between the electrodes; in
this case, the system is electrically connected to a voltage source and the total
work done is W’ (co-energy)

It is always W + W’ = qU, while, if the system is linear, W = W' = %qU holds.

Coulomb’s Method

It is based on the definition of electric field; the force F exerted on the free charge
distributed with density p in the region 2 is

F= / pEdQ = / (V- D)Ede (2.158)
Q Q
where E is the external field, i.e. the field in the absence of charge. Directions of

force and electric field are coincident.

Method of Maxwell’s Stress Tensor

Defined a closed surface I" enclosing the structure, then the force F is evaluated as
F= /?.ﬁdr (2.159)
r

where 1 is the outward normal versor.
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The Maxwell’s electric stress tensor T can be represented as a matrix whose
elements are specific energies related to the field; assuming a system of rectangular

coordinates, in a three-dimensional domain, tensor T is

_ 1 (ExDx — EyDy — E,D,) ExDy ExD,
T= EyDx 1(ByDy — ExDx — E,D,) E,D,
E,Dy E,Dy 1(E,D, — ExDx — EyDy)

(2.160)

The integration surface must not be coincident with the boundary between materials
with different values of permittivity, for tensor to be properly defined.

2.2.10 Force between the Plates of a Capacitor

Let us consider a capacitor made of a pair of parallel plates of infinite extension,
which carry a surface charge density equal to o and —o, respectively (Fig. 2.8).

Knowing the field of a single charged plate, after the principle of superposition
one gets from (2.108)

d E=-24+2_0 U=0 2.161)
X< —_—— = e — —_— = = .
2’ 2 2¢ ’
d d d
_Sx<S E=222-2 U=-2(x+< (2.162)
2 2 2¢ € € 2
d
X > =, E=2_Z2_0 u=-2d (2.163)
2 2¢  2¢ €
+G € —0
I >
-dn2 0 dn X

Fig. 2.8 Single-layer plane capacitor
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If a capacitor with plates of finite area S is considered, the capacitance C is
defined as

S
c=d_¢ (2.164)
T

where q = oS is the charge on each plate of the capacitor and U = % is the voltage.

If the capacitor is subject to a constant voltage U, the co-energy is W' = %CU2
and the force acting on a plate is from (2.156)

oW 1U28C B lees

S ad 2 ad 20 a2

(2.165)

2
If, in turn, the charge is constant, the energy is W = g—c and the force is from (2.152)

v Gz_s - _ le §

ad 2 2 d?
In both cases, the negative sign denotes an attractive force.

Resorting to the Coulomb’s method, supposing the charge to be constant and
uniformly distributed, the field external to the plate located at x = % is equal to 5
while the charge carried by the plate 2itself is equal to —oS. Therefore, the force acting
on the plate of surface S results —% = —%U2f1—§; the force is attractive.

Finally, on the basis of the Maxwell’s stress tensor, considering a parallelepiped
surface, with an axis orthogonal to a plate and enclosing a portion S of it, one can

easily obtain

F= (2.166)

_  [3EDx 0
T= 0 —4EDx O (2.167)
0 0 —4EDx
withn = (-1, 0, 0) and then
= _ 1,
T 7 = 3B} (2.168)
I, 1_,eS
F=—eES=— U (2.169)

The force is attractive.

2.2.11 Force at the Interface between Two Dielectric Materials

Let two layers of dielectric materials characterized by permittivities ¢; and e,
respectively, and subject to an applied voltage V as shown in Fig. 2.9, be considered.

If the boundary is charge-free, voltages and field intensities in each layer are such
that

Eix+Eth—x)=V,+V,=V (2.170)
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b g u=v_
> ao V2
X----- e KT
S [=1.0)
\'%
g 1
0-ee- U=0 1
Fig. 2.9 Two-layer plane capacitor
and
e1E1 = e2F» (2.171)
following (2.85) in its integral form and (2.77), respectively.
Therefore, one has
eV 1V
EEl=———"— BE=———#—0 (2.172)
er(h —x) + ex er(h —x) + ex
The co-energy of the system is
W (x) L E2S + : E2S(h — x) Loy VS (2.173)
X) = —¢ X+ —¢ —X) = —¢€1¢ .
P 22 216 (h — ) + eax

By means of the principle of virtual work (2.156), the force between the two layers
results

oW1 e1e2V2S

F — (e —
i 2 T o p el

(2.174)

If &1 # &3 the dielectric with higher permittivity tends to penetrate into the other
one; if £; = ¢ the force is zero.

By means of Maxwell’s stress tensor, a parallelepiped surface, incorporating the
inner boundary between the two dielectric materials and parallel to it, is considered
as the integration surface. It results:
inside layer 1

= _ 1,
‘T~n‘ = —3eiE] (2.175)
els%VZS

2.176
2[e1(h — x) + e2x]? ( )

F| = ! E2S =
= __¢ —
1 211
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inside layer 2

= 1
‘Ti‘ = S0 2.177)
1, e7e2V2S
F, = zeo0BE3S = 5 (2.178)
2 2[er(h — x) + exx]
Therefore, the total force at the interface between layers 1 and 2 is
F=F, +F L ) 162V2S (2.179)
=F 2=—5(1— & .
2 [e1(h — x) + e2x]?

Resorting to the Coulomb’s method, supposing the charge to be constant and
uniformly distributed, the field E(h) external to the plate located at £ = h is equal to

o 1 eV
E(h) = -E» =
2 2 [e1(h — x) + exx]

(2.180)

while the charge carried by the plate itself is equal to

D5S = 6,F»S E162VS 2.181)
= =t = - .
q2 2 2E> e (h— x) £ 0%

Then, the force acting on the plate of surface S at§ = h is
8%82\725

F, = q»E (h) =
2= RN = — 0 L o]

(2.182)

Conversely, the field E(0) external to the plate located at & = 0 is equal to

_ 82V
~ 2[er(h —x) + e2x]

E(0) = %El (2.183)

while the charge carried by the plate itself is equal to

€182 VS
=-DiS=—-¢ES=—— =~ 2.184
qi 1 e1Ep 51— %) Feax ( )

Then, the force acting on the plate of surface S at &€ = 0 is
€] sgVZS

2[e1(h — x) + e2x]?

F; = qiE(0) = — (2.185)

Finally, the total force acting on the surface at £ = x between the two dielectric
layers is

8182\725
[e1(h — x) + eox]?

F= %(81 —€) (2.186)
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2.3 Magnetostatic Field

In a domain @ with boundary I', containing permanent magnets i.e. aggregates of
magnetic dipoles or, from now on, steady electric current distributed with density
T (A m™?), a magnetostatic field is set up; it is defined by field intensity H (A m™')
as well as flux density B (Wb m™2 = T). In general, the link between H and B,
i.e. the constitutive law of the medium, is complicated. Neglecting hysteresis, the
law is single-valued and can be expressed, for an isotropic medium in the absence
of permanent magnetization, by

B=uH (2.187)

wheze W is called permeability (H m~1) and, in the most general case, is a function
of |H ; the inverse of W is called reluctivity v. The medium is supposed to be at rest
with respect to the observer of the field.

2.3.1 Maxwell’s Equations for Magnetostatics

The equations governing the magnetic field are in 2

V-B=0 (2.188)

VxH=7T (2.189)
and along I

n-B=0 (2.190)

nx B =l (2.191)

AxH=0 (2.192)

if flux lines are perpendicular to I
For an isotropic and linear medium, in terms of B, the equations become in 2

V-B=0; VxB=uJ (2.193)
with, along "
n-B=0 (2.194)
or

i x B = W (2.195)
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or
AxH=0 (2.196)

The equations written above unambiguously define the magnetostatic field which,
because of_ (2.1882, is solenoidal.
If both Jg and J are given, then it must be

/\L\dr:/ T]de (2.197)
r Q

i.e. the total current sums up to zero: therefore, densities Jg and J cannot be
independent.

In a non-homogeneous domain at the interface between two media of permeability
K, and W, (Fig. 2.2), from (2.188) it holds

n-(B2-Bi)=0 (2.198)

so that the normal component of E is continuous.
If there is a current of density Jg (A m~! ), then from (2.189)

ti-(H —Hy) =T (2.199)

IfJs = 0, the tangential component of H is continuous. Equations (2.198) and (2.199)
are called transmission conditions.

In the case of a non-homogeneous medium, the following remark can be put
forward. After (2.187) and (2.188), considering vector identity (A.14), one has

V.-uH=uV-H+Vu-H=0 (2.200)

In the case of a non-homogeneous medium, field H is solenoidal if V. and H are
orthogonal vectors; this implies that lines separating layers of different L are parallel
to field lines of H.

Conversely, after (2.187) and (2.189), considering vector identity (A.16), it turns
out that

Vxu B=p'VxB+Vp ' xB=1T (2.201)

It appears that, in a current-free medium (i.e. J = 0), field B is irrotational if Vu~!
and B are parallel vectors; this implies that lines separating layers of different pi are
orthogonal to field lines of B. If Vu~! = 0 and J = 0 (homogeneous current-free
medium), then Bis always irrotational.

Finally, an extension of constitutive law (2.187) is considered.

In the presence of a permanent magnetization By in the magnetic material
(permanent magnet) the constitutive law is

B = uH + By (2.202)
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In this case the field equations are
-B=0 (2.203)
x B =uJl+V x By (2.204)

In particular, the field inside a permanent magnet is described by (2.204) with J = 0;
it follows that the magnet can be modelled by an equivalent distribution of current
given by Jeq = 'V x By.

2.3.2 Magnetostatic Potentials

(i) From (2.188), since, for any vector A, V - (V x A) = 0 holds (see A.8), it
is possible to define a vector function A (Wb m~!) called vector potential by
means of

VxA=B (2.205)
and the gauge condition

V-A=0 (2.206)

This way (2.188) is fulfilled, while (2.189) becomes

— 1 - _

V x H(V xA)=1] (2.207)
For a homogeneous domain, after (A.12) and (2.206) it turns out to be

VA =-—u (2.208)

This is the (Poisson’s) vector equation governing A. In a system of rectangular
coordinates it corresponds to the following scalar equations

S ZA,  02A,  9%A,
\Y% A) = + + = —uJ
( x  0x? dy?2 972 Hx

(vﬁ) = —ul,
y
(VzK)Z -, (2.209)

In general, the gradient of an harmonic function may be added to A, having all
the equations satisfied. Of course, suitable boundary conditions on I" must be
added in order to define the field in a unique way.

In particular, after (2.208) and (2.204), the potential inside a permanent magnet

is given by VA = -V x Bo.
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(ii)

(iii)

@iv)

In a two-dimensional domain, vectors J and so A have only one non-zero compo-
nent; hence, vector potential can be treated as a scalar quantity. Since By = %
and By = — %—’:, the boundary conditions (2.194) and (2.196), in terms of

B = (Bx, By) along the boundary I with normal versor n = (nx, ny) and
tangential versor t = (ty, ty) = (ny, —ny), become, in terms of A,

- 0A 0A
n-B =nBx +nyBy = HXW —nyg
JdA dA - = 0A
= —ty— —t—=—1-VA=—— =0 (2.210)
ay X at

i.e. A = const. along I" and

= dA JA N -
n x B = (nxBy — nyBy)i, = | —n 5 nyE iy
_ = \c 0A-
=—(@-VA)i,=——i, =0 (2.211)
on

ie. % = 0 along T', respectively.

IfJ = 0in € and Q is simply connected, then, along with A, the field H can be
described by a scalar function ¢ (potential, (A)) defined as

H=-Vg (2.212)
In fact, (2.189) is automatically satisfied, while from (2.188) we obtain in 2
V- -uvVe=0 (2.213)

The latter is the Laplace’s equation governing magnetic scalar potential ¢ with
suitable boundary conditions.

The condition of simply connected domain can be obtained by suitable cuts,

if necessary. If this condition is not fulfilled, nevertheless ¢ can be still defined,
apart from multiples of a constant.
When in (2.187) permeability {1 depends on |H|, one has [B| = u (|H|) [H]
and for the solution of (2.208) one should resort to an iterative procedure.
According to the Newton-Raphson method, the residual r(A) of each governing
equations (2.209) is developed in Taylor’s series, truncating the development
at the first order

dr

r(Ay) = r(Ax_1) + (—

A ) (Ax — Ax—1) +0o(Ay) (2.214)

A=Ag_
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If a prediction of the solution Ax_; at the (k — 1)th iteration is available, the
subsequent prediction Ay at the kth iteration is given by (2.214) imposing r(Ag) = 0.
It results

dr
dA

1
Ax = Ag_1 — [ ] r(Ag—1) (2.215)
A=Ax

Then, | and so |ﬁ| are updated by means of the new estimation of A and the problem
is solved again. The procedure stops when the error between two successive solutions
is less than the prescribed threshold. It is necessary to know an initial prediction Ag
and the value of the derivative (f—f\ at each iteration; under these assumptions, it can
be proven that the procedure converges quadratically.

2.3.3 Magnetostatic Energy

Given a magnetostatic field characterized by intensity H and flux  density Binalinear
medium, the specific energy (J m—>) of the field is defined as %H - B; if the medium
is isotropic, the energy W(J) stored in an unbounded region €2 is given by

1
W = _/ HBdQ (2.216)
2 Ja

If the constitutive relationship of the magnetic material is non-linear, the specific
energy is fOB HdB’ and so that total energy is

B
wzf (/ HdB’)dQ (2.217)
Q 0

In some cases it is convenient to introduce the specific co-energy fOH B dH’ so that

the total co-energy is
H
W = / ( / B dH’) dQ (2.218)
Q 0

In the case of linear medium W = W’ results.
In the linear case, taking into account the following identity (see A.13)

HB=H (VxA)=A (VxH -V (HxA) =A.T-V.(HxA)
(2.219)

and (2.189), the total energy stored in a region 2 of boundary T" is
1 = = 1 [— = 1 R
W:—/H-BdQ:—/A-JdQ——/(HxA)-ﬁdF (2.220)
2 Ja 2 Ja 2 Jr

The equation above reduces to W = % JoA-TdQ,ifeither Axi =0orHxn =0
along I'.
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2.3.4 Field of a Line Current in a Three-Dimensional Domain:
Differential Approach

A current I (A), concentrated at r = 0 and directed along the z axis in a system of
cylindrical coordinates (r, 9, z), is considered (Fig. 2.10).
The symmetry implies H = (0, H, 0) and the field equation is from (2.189):

— — 1lorH oH 1
VxH=-—=—+-H=18(r), r>0 (2.221)
r or ar r

where H vanishes as r approaches infinity. The general solution (see Section 2.2.7) is:
1 T
H(r) = - (I / pd(p)dp + k) (2.222)
r 0

The Dirac’s d in a cylindrical geometry can be approximated by:

0= 1lim oy, o>0 (2.223)
a—0

with 8y = L, r < o and 8y, = O elsewhere. Consequently, the field H can be
no?
approximated as

H = lim Hg (2.224)

o—0
For r < ot one has

1 r 1/ 1 r? Ir Ko,
Hy= = (1] pSudp+ka)==|=—575 +ko)= s+— (2225
r 0 r \ o~ 2 2no r

Since §, is a regular function near the origin, also H,, will be regular near zero;
therefore ko, = O.

Fig. 2.10 Line current



34 2 Vector Fields

For r > o one has

1 o 1 I o
Hog = - (1 pdadp + ko | = = — pdp ) =
r 0 r \ o= Jo
! 1o ! 0 (2.226)
= |\——)==—, 1r> .
r \mo? 2 27
The Biot-Savart’s law follows:
1
H(r) = lim Ho(r) = =—, r>0 (2.227)
0—0 2mr

Alternatively, the Stokes’s theorem can be applied to (2.189), giving 35)\ H-tdx =1,
if . is a closed line linking the conductor once. Thanks to the field geometry, A can
be taken as a circular line centred at r = 0; hence, (2.227) results.

From (2.227) and (2.205) the vector potential results:

_ 1 _
A=—Inri,, r>0 (2.228)
2nv

2.3.5 Energy and Forces in the Magnetostatic Field

Principle of Virtual Work

Given a structure in the field region, on which force F is to be calculated, a virtual
linear displacement ds in the direction of F, supposing that the magnetic system is
supplied by a constant current I creating a linkage flux @, the sum of mechanical
work Fds and variation of magnetic energy dW is equal to the input energy Id®
so that

Fds + dW = Id®

Fds = d(Id — W)
d

F=—(10-W) (2.229)
S

In the case of an angular displacement d, the torque T with respect to the rotation
axis is
T= d I -W) (2.230)
=5 .
The quantity I® — W, denoted by W’, is the complementary energy or co-energy of
the system.

On the other hand, if the magnetic system is isolated, mechanical work Fds and
variation of magnetic energy dW take place so that

Fds + dW = 0 (2.231)
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Hence the force can be evaluated as
dw

F=——- 2.232
s ( )
while the torque is
dw
T=—— (2.233)
dy

If the system is linear, W' and W coincide.

Lorentz’s Method

It is based on the definition of flux density; the force F exerted on current distributed
with density J in the region €2 is

F= / T x BdQ (2.234)
Q
where B is the external field, i.e. the flux density in the absence of current. Directions

of force, flux density and current density are mutually orthogonal.

Method of Maxwell’s Stress Tensor
Defined a closed surface I" enclosing the structure, then force F on it is evaluated as
ﬁ:/ﬁ%dg:/?ﬁdr (2.235)
Q r

where 1 is the outward normal versor.

The Maxwell’s magnetic stress tensors T, assuming a system of rectangular
coordinates, in a three-dimensional domain can be represented in matrix form as

_ 1 (HxBy — HyBy — H,B,) HyBy HyB,
T= Hy By 1 (HyBy — HyBx — H,By) HyB,
H,Byx H,By 1(H,B, — HyBy — HyBy)

(2.236)

In order the tensor be uniquely defined, surface I" should not be coincident with the
interface between materials having different permeability.

Remarks

There is a link between Lorentz’s and Maxwell’s approach to force calculation.
In fact, using (2.187), (2.189) and (2.234), the force density f(Nm_3) takes the
expression

f=TxB=(VxVB)xB (2.237)
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In particular, the x-directed component is

9By 9B, 3By 9By
fy =vB,— —-VvB,— — vB,— + VB, — 2.238
* “ 9z “9x Y ax + By ay ( )
2
After adding and subtracting the term 3 a;ix one has
v 9B2 9By 9By
fy=——>+VvB,— +VB
T2 ax VB 0z +VBy ay +
V9 (24 p24p? 2239
_Ea_x(x+y+z) (2.239)
It follows
v 9B2 9(B«B,) 9B, 9(B«By)
fy = — X v——— —VB V—y
=2 Vg oz T dy +
9B 9By Vv 3
— VBy—~ — VBy— — —— (B2 + B2 2.240
* 9y *ax 2ax(y+ ) (2:240)
9 l,—p2 d(BxBy)  3(BxB,) - —
fy=v|—(B2— =B —B,V-B 2.241
* |:8x<x 2")+ Ay + 0z * ( )

Due to (2.188) the last term of (2.241) is zero; then, if vector

Vi

1
v (Bz - E ’B|2 s BxBy, Bsz) =
1
= (5 (HxBx — HyBy — H,B,), HBy, HXBZ> (2.242)

is defined, fx can be viewed as its divergence, apart from a constant k which can be
set to zero, namely

fy=V-¥, (2.243)
A similar result holds for force density components fy and f,; one has
1
v, = (HyBx, E(HyBy — HyBx — H;B,), HyBZ) (2.244)
such that
fy=V-v, (2.245)
and
1
V3 = (HZBX’ HZByv E(HZBZ — HxBx — HyBy)> (2.246)
such that
f,=V-v, (2.247)

respectively. Therefore, according to_(2.235), the force F(N) can be written as the

integral of the divergence of tensor T represented by matrix (2.236), in which the
row entries are the components of vectors v, k = 1, 3.
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2.3.6 Force on an Electromagnet

Let us consider an electromagnet with a movable part (Fig. 2.11).

The iron core is supposed to have infinite permeability. The air gaps in the x
direction are supposed to be much smaller than the air gap t in the y direction.

The circulation of the magnetic field H, along a line linking the excitation current
NI and crossing the air gap t in the normal direction, reduces to

NI = Ht (2.248)

Therefore at the air gap
NI
ot

while in the iron part H = 0. Following (2.218), the co-energy stored in the air gap
is given by

H (2.249)

Ho(ND2S
2t

where S is the cross-section of the central limb and L is the air permeability.
If NI is constant, according to (2.229), the force acting on the movable part is

AW 1S (NI?
Fi=—=-"2(— 2.251
T 2 ( t ) (2:251)

W’—1 H2St = 22
= SHoH’St = (2.250)

The force is negative, i.e. opposite to the direction of increasing t; therefore, it is
attractive, regardless of the sign of 1.
In order to apply the method of Maxwell’s stress tensor, an integration surface I'
enclosing the movable part is considered having n as its outward normal versor.
Taking into account the field distribution, one actually has:

= [-1HB, 0
T=|: 2HyBy ] (2.252)
0 3HBy
_ = 1
F= / T.7dl = (0, 5HyBys> (2.253)
r
[RON
+ ° | i
\|lt____
i IRON | 1
T T X

Fig. 2.11 Model of the electromagnet
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Therefore it results:

1, 1 NI\ ?
Fy = SHoHyS = S8 ( — (2.254)

The force is attractive, because variables t and y are oriented in opposite directions.

2.3.7 Test Problems

Throughout the book, the problem of the computation of the magnetic field in some
test cases is considered. The first case is that of the air-gap of a single-side slotted
electrical machine. The model of one half of the field region is shown in Fig. 2.12.
The slot accommodates a concentrated or distributed current, whereas the surrounded
iron is assumed of infinite permeability.

In terms of vector potential, the following boundary conditions for the field region
are setup: fixed values of A along a flux line (A = 0) and vanishing normal derivative
at the symmetry line (%—ﬁ‘ = 0).

Other test cases are presented in Fig. 2.13.

They correspond to a single slot produced in an iron core with one side facing
the air-gap (magnetically open slot: case a) and to a slot fully embedded in an iron
core (magnetically closed slot: case b). The relevant boundary conditions can be
approximately set up as shown.

These test problems proposed might represent a benchmark because they deal
with a simple, clear and meaningful example; in electrical engineering, in fact, a
broad class of devices includes a magnetic pole formed by a current-carrying slot.

[ A=0
bommmmmm e .
| iron core |
[ air |
] !
! |
I slot iron core!

04 | |

P P A=0

Bn | ® N
i ”’05J :
| i
| ,
;__________________J
I A=0

Fig. 2.12 Single-side slotted electrical machine: one half of the field region
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A=0

. W, J | iron core

a) b)
Fig. 2.13 Single slot: one half of the field region

2.4 Steady Conduction Field

In a domain €2, composed of a conducting material, having boundary I', when I" or a
part of it is kept at a non-zero potential constant with time, a steady conduction field
is set up, defined by field intensity E (V m~1) and current density T(A m_z). These
two vectors are linked by the constitutive relation which, if the medium is linear and
isotropic, is

T=06E (2.255)

The parameter o qualifying the medium is called conductivity (27! m™1).

2.4.1 Maxwell’s Equations for Conduction Field

The field is governed by the following Maxwell’s equations in €2

VxE=0 (2.256)

V.JI=0 (2.257)
and along I

n-J=1Jo (2.258)

if I' is a perfectly conducting boundary and Jy is the current density impressed along
it, or

-7=0 (2.259)

if " is a perfectly insulating boundary.
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In terms of E the above equations for a homogeneous medium become in Q

VxE=0 (2.260)

V-E=0 (2.261)
and along I

n-E=Ep (2.262)

if Eg is the conduction field impressed along the boundary, or
n-E=0 (2.263)

In the case of a non-homogeneous medium, the following remark can be put forward.
After (2.255) and (2.256), considering vector identity (A.16), it results

Vxo T=0"VxT+Vo!xT=0 (2.264)

If Vo~ ! = 0 (homogeneous medium), then T is always irrotational. More generally,
for J to be irrotational, Vo~! and T should be parallel vectors; this means that lines
separating layers of different ¢ are orthogonal to field lines of J. If this condition
applies, J is both irrotational and solenoidal.

Conversely, after (2.261) and (A.14), one has

V-E=V.6 ' T=0'V.T4+Vs!.T=0 (2.265)
Due to (2.257), it results
Vo l.T=0 (2.266)

i.e. field E is solenoidal if Vo~ ! and T are orthogonal vectors; this means that lines
separating layers of different o are parallel to field lines of J. If this condition applies,
E is both irrotational and solenoidal.

2.4.2 Potentials

If  is simply connected, starting from (2.256) the field can be defined by a scalar
function U (potential (V)) as

E=-VU (2.267)
Starting from (2.257), substitution of (2.267) in it, taking into account (2.255), gives

V- (cVU) =0 (2.268)
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In rectangular coordinates (2.268) becomes

a U a U a ( aU
ox \ 0x ay \ ay az \ 0z

In the case of a homogeneous domain (2.268) reduces to
VU =0 (2.270)

which is Laplace’s equation governing potential U.

Any constant may be added to U, keeping all the equations valid.

In particular, in a two-dimensional domain, using rectangular coordinates, the
field intensity E = (Ex, Ey) defined by (2.267) has components

Ex = 9u E, = 9u (2.271)
ToaxT YT ay ’
Conversely, starting from (2.257), according to (A.8), it is possible to introduce a
vector function A (flux (A m~1)) defined as

T=VxA (2.272)

Ina two-dimellsional domain, by virtue of the definition of curl as well_of that of
field intensity J = (Jx, Jy), similarly to what discussed in Section 2.3.2, A turns out
to be a single-component vector perpendicular to the domain, namely A =(0,0,A).
Therefore the components of J result

0A A

h=—.y=—— (2.273)

dy
Substituting (2.272) into (2.256), after multiplication by ¢ and taking into account
(2.255), one obtains

Vx-VxA=0 (2.274)

Q|

In a two-dimensional domain this, in turn, becomes

o0 (10A d (10A
—|-=)+=(=-7)=0 (2.275)
dx \ o 0x dy \ o dy

In the case of homogeneous domain (2.275) reduces to
VA =0 (2.276)

which is Laplace’s equation governing flux A.
The gradient of an harmonic function, having all the equations satisfied as well,
may be added to A; by imposing the gauge condition

V-A=0 (2.277)
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A is unambiguously defined. In a two-dimensional domain the latter condition is
automatically fulfilled.
Comparing (2.271) and (2.273) one has

A 8U oA au
— =—-0—; — =0— (2.278)
y Bx ax ay

The latter represent the relationships of orthogonality between contour lines of the
two potentials.
Boundary conditions (2.262) and (2.263) become U = const and BU = 0,

respectively; in turn, (2.262) and (2.263) become = 0 and A = const.

2.4.3 Power Loss

Given a conduction field characterized by intensity E and current density J, the
spemﬁc power (W m~3) transferred from the field to movables charges is defined as
-J = oE? and, therefore, the power loss (W) in domain € is given by:

P= / oE2dQ (2.279)
Q

2.4.4 Analytic Functions of Complex Variable

In a two-dimensional domain, A and ocU (or U and %) may be considered as the
real and imaginary components (conjugate functions), respectively, of a complex
function

_ _ A
F@ =A+ijoU or G@EZ =U+j— (2.280)
O

with Z = x +jy, j = +/—1, for which (2.278) represent the Cauchy-Riemann
equations, i.e. V(cU) - VA = 0.

2.4.5 Field of a Cylindrical Conductor

Let a cylindrical homogenous conductor of radii R; and R», carrying current I for
unit length in the radial direction, be considered (Fig. 2.14).
From (2.270), according to (A.18), one has

5. d’U  _,du  _,d U
VU:—d2+r d—:r d_ d =0, r>0 (2.281)
r r T T
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>
Fig. 2.14 Cross-section of a cylindrical conductor
and therefore
U=klnr+h (2.282)
The application of boundary conditions
r=R;, U=0; r=R;, U=V (2.283)
gives
gy mr-mR e <R, (2.284)
InRy —InR;

In the formulation in terms of flux A, after making a radial cut at % = 0 in order to
have a simply connected domain, the boundary conditions are

9=0, A=0;, 9¢=2n, A=I (2.285)
0A 0A
r=R;,, —=0; r=R,, — =0 (2.286)
on on
From (2.276), one gets
o d2A 0 0 (2.287)
r“—s =0, r> .
dy?
and therefore
A=K9+1 (2.288)
By the application of boundary conditions, it results
I
A=—9 0<9<2rn (2.289)
2n
The following complex function may be set up
F(r, %) = A(9) + joU(r) (2.290)

The Cauchy-Riemann equations reduce to
I v 1
= — = o———————————
2nr InR, —InR; r

i.e. the constitutive relationship of the material.

J

=oE (2.291)



Chapter 3

Analytical Methods for Solving
Boundary-Value Problems

3.1 Method of Green’s Function

The potential of a unit source s, located in Q at a distance r from the field point P in
an unbounded homogeneous domain €2, is called Green’s function and is given the
symbol G'.

Let Qg C €2 be the subdomain represented by all source points and let Qp C Q
be the subdomain of all field points, such that Qg U Qp = Q and Qg N 2p = 0.

In a three-dimensional unbounded domain, after (2.48) for s = 8(fq) one has

1 1
G, 7)) = ——=— 3.1
F- To) Am|r, —T,| A S

where r = \fp — fQ| is the distance between source and field point (see Appendix,
Fig. Al).
From (2.48) the potential fulfilling Poisson’s equation V¢ = —s is

d)(fp):/QG’(fP,fQ)s(fQ)dQ 3.2)

Therefore, knowing G’ and s, by means of (3.2) it is possible to calculate ¢. The
Green’s function G’ is called the fundamental solution of the Poisson’s equation.

For a bounded domain with boundary I' the modified Green’s function G is the
potential due to a unit source plus that, g, due to the unit source distributed along the
boundary

O 1) = g2, 7, T >

Knowing g, and so G, and substituting {r with 4ntG in the Green’s formula (2.63), it
is possible to calculate ¢.

By definition, the Green’s function is symmetrical, i.e. it is the same, exchanging
the source and the field point G'(tp, Tg) = G'(Tg, Tp).

45
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Following the same procedure, in a two-dimensional unbounded domain 2 the
Green'’s function G’ results

_ I
G'(1,, o) = 7 In ‘rP — rQ‘ (3.4)

3.1.1 Green’s Formula for Electrostatics

In a homogeneous three-dimensional domain 2 with boundary I' = I'y U I'; and
permittivity e, from (2.63) taking ¢ = u and V?¢ = V?u = —g and substituting
with 4nG, one has

u(i):/ G(i,?)@d9+/ 6w Pqr ¢
Q € I on
—/ u) BEY) 4 (3.5)
I on

where n is the normal versor of I' while the space vectors X = Tp and y = 1 identify
field and source point, respectively.

Formula (3.5) is the Green’s formula for electrostatics. Using it to determine u,
the actual problem is to know the modified Green’s function G related to the given
field domain 2.

3.1.2 Green’s Functions for Boundary-Value Problems

The particular case of €2, denoted by B(0, R), representing the region within a sphere
(n = 3) or acircle (n = 2) is considered. The modified Green’s function, related to
the domain and to Poisson’s equation

—Viu=r (3.6)

subject to Dirichlet’s or Neumann’s conditions, is to be found.
To this end, let the compound function v — called Kelvin’s transformation of u —
be considered. It is defined by the formula

v@) = X" 2R ™"u@E®), n=23 (3.7)
where the transform a(y), given by the formula
ay) =R*[JI7°y. e R" (0} (3.8)
leaves the boundary 0B (0, R) invariant. In fact, for y = R it results

ay) =3, v® = X" 2R "u(X) (3.9)
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The equation satisfied by u is now found; for this task, the radial symmetry is
exploited.
In the case n = 3 (sphere), using spherical coordinates (r, ¢, ), setting

u(r, ¢, %) = u(rcos ¢sinY, rsin @siny, r cos ) (3.10)
witht € (0,R); ¢ € (0,2m), ¢ € (0, ), and
v(r, ¢, %) = Rrlu (Rzr*1 cos ¢ sin ¥, R%r ! sin @sin Y, R%r ! cos 19) =
—Re i (Rzr_l, 0, 19) 3.11)
withr € (R, 400); ¢ € (0,2m), ¢ € (0, ), developing the Laplacian in spherical
coordinates (see A.20)

(9 1
C°§ )by + D2 (.12)
T

r2sin?9 ¥

1 1
Vz = r_zDr(rzDr) + I'_ZD% +

where D, = %, Dy = Dy = a%’ the following relations hold

py
2D, (r, ¢, 9) = —Ri (Rzr_l, o, 19) +
_R*% D (Rzr_l, 0, 19) (3.13)
12D, (rzDr\7> (r, ¢, 9) = 2R3r~*D;i <R2r*1, 0, 19) ¥
+Rr D (Rzr—l, 0, 19) (3.14)
DL (r, ¢, 9) = Rr~ ' Dl (Rzr_l, 0, 19), i=1,2  (3.15)
D, (r, ¢, 9) = Rr~'Dlii (Rzr’l, o, 19), i=1,2  (3.16)
Consequently, it can be deduced
V25 (r, ¢, 9) = R3S [Dfﬁ (Rzr_l, 0, 19) + 2R2D,i (Rzr_l, 0, 1‘)) n
+ (Rr_z) - D2i (Rzr_l, o, 19)] +
+ R |:cot19 (Rr_2> - Dyl (Rzr_l, o, 19) +

1 2\ 2 2~ 2 —1
+ (Rr ) Du(Rr : ,19) -
sin ¥ ¢ ¢

=R V3 (Rzr_l, o, 19) =

= _R55F (R%*l, 0, 19) (.17

withr € (R, +00), ¢ € (0,2m), ¢ € (0, 7).
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If  represents the region outside the sphere B(0, R), (3.17) proves that function
v satisfies the Dirichlet’s boundary-value problem

Vv®) = f®), in o= {i R} [X| > R} (3.18)
v(x) = g(®), on dw= [i eR?: X = R} (3.19)

with
f® = —RIR|IF(RYXI7X), Xeo (3.20)

and g(X) given function of the boundary.
The case n = 2 (circular domain) is now considered. As in the three-dimensional
case, the functions

u(r, ) = u(rcos @, rsin @) 3.21)
withr € (0,R), ¢ € (0, 2w), and
v(r, @) =u (RZF1 cos @, R’r !sin cp) =u (Rzrfl, (p) (3.22)

withr € (R, 400), ¢ € (0, 2r), are introduced. Developing the Laplacian in polar
coordinates (see A.18), one has

1 1

V2 =D+ -D; + 5Dj (3.23)

Accordingly, the following relations hold
DI, ¢) = —R%r 2Dy (Rzr’l, (p) (3.24)
D(r, ¢) = R*r—*D2d (Rzr_l, (p) +2R*3Dyii (Rzr_l, (p) (3.25)
D)9 (r, ¢) = D (Rzr—l, (p), i=1,2 (3.26)

Consequently, it results
2
V2% (r, ¢) = R4 [Dfﬁ (R2r*1, (p) + (R%*l) D, (R%*l, (p) n

-2
+(Re?) " DZi (R (p>:| =
— R4 vy (Rzrfl, (p) = R4 (Rzrfl, cp), r e (R, +00)
(3.27)

Therefore, it has been shown that function v fulfils the Dirichlet’s boundary-value
problem
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V2y(®) = £(X), in o= {i €R?:[X| > R} (3.28)
V(@) = g(X), on dw = {i eR?: [ = R} (3.29)

with
fx) = RYx|~4F (R2 x|~ x), X €w (3.30)

and g(X) given function of the boundary.
It is now possible to determine the Green’s function Gp related to the Dirichlet’s
condition when n = 2 and n = 3. It is given by the formula

6.3 =0 -9 - (R FI®-3F)). XyeBO.R) (331
where
ay) =RYyI7%y, FeR"\{0}, n=23 (3.32)
and G’ stands for the fundamental solution of the Laplacian operator, i.e.
G@=0Qn) 'Ilnfx|, ifn=2 (3.33)
and
G@ =@n X", ifn=3 (3.34)

assuming that the unit source is located aty = 0.
It is necessary to show that

Gp(X,y) =0, XedB(0,R), yeB(0,R) (3.35)
To this purpose, the identity
X-yI*=RKP*+[y*-2%-¥ (3.36)

holding for any pair of vectors X, y € R", is used. In particular, forany X € 9B (0, R),
i.e. |X| =R, and for any y € B(0, R) it turns out to be

RZFPR —a@ =R 3P [K2 + @@ - 28 -3@) | =
=R TP [R*+ R §I 72 = 2R? 7] 2% -7 =

=§° +R? = 2X.§ = [y + K’ = X -y = K~y
(3.37)

implying that (3.36) holds.
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Q
X

o

Fig. 3.1 Inner spherical domain 2

Now, the Green’s function related to a sphere B(0, R) when n = 3 can be
determined. It is given by the formula:

1
Gp (X,y) =

+

4m (r2 — 2rply - Uy + 0%)?
R
- ; (3.38)
4m (r2p2 — 2rR?puly - Uy + R*)?

where X = ruyx and y = puy. In other words, r and p are the Euclidean norms of

vectors X and y, respectively, while Uy and uy are the unit vectors in the directions of X

andy, respectively. The situation is represented in Fig. 3.1, where y = cos ™! (ﬁx . ﬁy)
Comparing (3.3) and (3.38), it follows

R

gX,y) = — (3.39)

T
4m (r2p? — 2rR?pliy - Uy + R4)?
Moreover, from (3.38), the following relation can be deduced:

DnGp(X, y) = D, [Gp (rUy, puy)]
_ p — ruy - Uy -
4m (r? — 2rpUy - Uy + 0?)°
R(r?p — R%T, - T
+ (Fp — R - y) -, X,y€B(O,R) (3.40)
4m (r2p? — 2rR%pliy - Uy + R%)?

where the operator D, (y) stands for the normal derivative along the direction of
vector y; in particular, the relation

Dy [Go (rT. R )] = —

+

(1[0}

4m (r2 — 2rRU - Ty + R?)
n r (r — Ruy - ﬁy) _
4R (12 — 2R, - Ty + R?)

2 p2
- TR (3.41)
AR (r2 — 2Ry - Ty + R2)

[SI[%)

[T}
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with X € B(0,R), ¥y € 9B(0,R), can be obtained. Consequently, the following
representation holds:

|i|2 _ R2

——— =, Xe€dB(@O,R), yeB(,R 342
T (O.R) F€BO.R) (342

DnsGp(x,y) =

Therefore, it can be concluded that the solution to the Dirichlet’s problem in Q =
B(0,R)

VX =X (3.43)
with u(X) = g(X) on I' = dB(0, R), according to (3.5) is given by the formula

u(x) =/QGD(§, EE) dQ—/Fg(Y)Dn@GD(Y, y) dr (3.44)

where the functions Gp and Dy, (Y)Gp have been explicitly computed.
In the case n = 2, the Green’s function is given by the formula

1
Gp(X,y) = y iln(p) —In(R) +In <r2 — 2rpuy - Uy + p2) +
“log <r2p2 — 2rR%ply - Ty + R4)} (3.45)
Then, one gets

21Dn ) Gp (X, §) = 21D, [Gp (1, puy) ] =

1 p — rly - Uy r2p — R2%rty - Ty
p 12 —=2rpx - Uy + >  r2p? — 2rR%puy - Uy + R*
(3.46)
and
1 R — ruy - Uy r? — Rriy - Ty

21D, )G (X, Riy) = — + . - -
n On (% Riy) = ¢ 12— 2Rrly -Gy +R2 R (r2 — 2R, - Oy + R?)

—1y R (3.47)
~ R R(r2 - 2Rril - Uy + R2) '
In turn, this gives
o 1 R? —1?
Dn#Gp(X,y) = — + (3.48)

2R 2mR(r? — 2Rril, - Uy + R?)

with X € B(0,R), y € 0B(0, R).
Therefore, it can be concluded that, according to (3.5), the solution to the
Dirichlet’s problem

—Vzu(i) =f(X)in Q =B(0,R), u(X) =g(X)onI' = 9B(0,R) (3.49)
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Fig. 3.2 Outer spherical domain w

is given by the formula

u(x) Z_/QGD@ EE) dQ—/Fg(?)Dn(y)GD(i y)dr (3.50)

Finally the solution to the Dirichlet’s problem for the domain w and its boundary dw
outside the domain 2 can now be obtained (Fig. 3.2).

Using (3.43) and (3.20) the representation for the solution v to the problem (3.18)—
(3.19) can be deduced from the solution u to the Dirichlet’s problem for the sphere,
where B(0, R) = Q and B(0, R)° = w:

—V2u(X) = f(X) in B(0, R), u(X) = g(X) on dB(0, R) (3.51)

where f is defined through the equation
fx) = —RS |¥|_5f<R2|i|_2i), Tew (3.52)
The solution to the equation R2X|7% = y, X # {0}isX = R2|§|’2§. Indeed, if a
solution X exists, then [X| = R%|y| ™!, so that X = R™?|X|%y = R?|y|~2y. Of course,
it is easy to check that X = R? |y|—2 y solves the given equation. In other words,

the inverse transform coincides with the transform itself. Consequently, it is easy to
verify that f can be expressed in terms of f by the formula

£@ = -RIFH(R2F17%). T e o (3.53)

Then u can be expressed as follows
u® =R’ f G 91517 (R? 71725 do@) +
B(0.R)
+ / g(¥)Dn3)Gp(X,y) do(y) =
9B(0,R)

=u(X) + / g(¥Y)Dn Gp(X,y) do(y) (3.54)
3B(0,R)



3.1 Method of Green’s Function 53

A change of variable in the volume integral defining u; is convenient. To this purpose,
the Jacobian J(1)) of the transformation y = R? 7] -2 1) is to be computed. Assuming

yk = R* M7 ni, Dyyyk = —2R*[| i + R 728 (3.59)

withj,k =1,..., n, n = 2,3, where Sj,k = (—1)j+k is the Kronecker’s index, it
turns out to be

I = 2R?[7 7 (3.56)
whence the formula
_ 1 — o =57 -2 _
w® =38 [ Go® 3 FE (R [51725) do) =
B(0,R)
=R7 / Go (%, R2 1127 [71°F (Mdo @ (3.57)
B(0,R)¢

is obtained. Since the solution v to the problem (3.28) and (3.29) is related to u by
the formula v(§) = u (R2|E |_2§), from (3.57) the desired representation

_ 1 PR, S A
v(E)=3R" /B ore P (R?[E] & R2 @172 ) 171 £ () doo(R) +
+ / &M Dy G (R?[E €. ) o (3.58)
dB(0,R)

is derived.
Finally, in the two-dimensional case one has

f@ =R* 51~ (R2F17'5). 7€ BO.R) (3.59)
and
I =R (7~ (3.60)
It follows
w®@ =R [ G5 (R 5175 do) =
B(0O,R)
k[ Go(RR M)A @ dem G
B(0,R)
and

vE) =R / Gp(R?[E|2E. R? 12 7) [* F (Mo +
B(O,R)

[ aDu o (R B ET) dom (3.62)
dB(0,R)

respectively.
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3.1.3 Field of a Point Charge Surrounded by a Spherical Surface
at Known Potential

The source charge +q gives rise to an induced charge —q on the sphere; in addition
to it, the free charge on the sphere, originating the potential U = k, is ¢’ = 4meRk

(see 2.119).
From Gauss’s theorem the field turns out to be
q Rk
E@) = , 0<r<R; E@=—, r>R (3.63)
4mer? r2

Independently, the problem can be solved using the method of Green’s function.
When {(y) = %6(?) and |[X| < R, from (3.44) with g(y) = k, it turns out to be

U® = / L6n(x, 1800 - / KDapGpX.1AT (3.64)
Q r
After (3.38) and (3.41) one has
q — —s/— q _ q/ 1 1
-G ,Y)0(V)dQ = =G )= — - —, R 3.65
/QS b, DB = 1Gp (X, 0 S(W 4nR> F<R (363
and
L x|> — R?
/ an(y)GD(X, y)dF = k/ —3dF = -k (366)
r I 47R |X — Ruy|
respectively.

It can be verified that U(r) = k solves the particular case of q = 0, for which

2
V2U(@r) = D?U@r) + =D,U(r) =0, UR) =k (3.67)

T

holds.
The potential is given by
v =34(2 "Vik o R (3.68)
rN=-——— , <r< .
e \4nr 4nR
n

Fig. 3.3 Point charge surrounded by a sphere at potential k
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whence (3.63) follows.
In turn, when R < |X|, from (3.58) with f () = 0 and g(1) = k one has

_ o, Rk
v(E) = /Fan@GD (R2 E| zz,ﬁ) dr==—, r>R (3.69)

Again, it can be verified that u(r) solves the particular case of q = 0, for which
2
V2U(@r) = DU + -D,Ur) =0, UR) =k, U(c0)=0 (3.70)
r

holds.

Potential and field are represented in Figs. 3.4 and 3.5, respectively.

Atr = R, U is continuous for any k, while E is not if k # ﬁ. The particular
cases of a grounded sphere and a supplied sphere follow, when k = 0 with q # 0
and k # 0 with q = 0, respectively.

Fig. 3.4 Potential vs position

E

4meR?

= |~

Fig. 3.5 Field vs position (q > 4meRk)
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U
— = E
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_+R + /= T
_+ +7
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Fig. 3.6 Surface dipole distribution on a sphere

3.1.4 Field of a Surface Dipole Distributed on a Sphere
of Radius R

Let a double-layer distribution of charge be considered, characterized by a uni-
form dipole density T = ﬁir (Fig. 3.6). According to (2.124), the potential of a
single dipole of moment p is given by 42'”2, r # 0; summing elementary contribu-

tions, the potential due to the surface dipole distribution is

T 1 T q
Ul = ir=— [ar==_9_ R (371
® /r Amer? 4meR2 /F e 4meR’ - T 37D

The latter holds when the field point Pis within the sphere; when P crosses the sphere,
the solid angle subtended by the surface has a discontinuity equal to 4. Consequently,
the potential has a discontinuity equal to g determining U(r) =0, r > R.

Remarks

The following remark can be put forward. Denoting by ¢ = e%—g the charge density

(C m_z) on I'" and with T = €U the dipole density ((C m_l), see Section 2.2.6) on
I, respectively, Green’s formula (3.5) can be also expressed as

URY) = / 2D 6%, 3) a0 + f D 6, ) dr+
Q € r, €

_/ 1) 3G(X.y) dr (3.72)
r, € 311 .

Hence, the electrostatic potential U in a domain €2 bounded by I' is known, knowing
G’ and p in the domain, ¢ and T on the boundary. The three terms are called volume
term, single-layer term and double-layer term, respectively.

In the case of the surfacle dipole distributed on a sphere, using (3.72) with p =

0, o = 0 and taking G = pr and U = g, the potential results
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10G T 1
U =— | *Zar=| I —ar=
r € on I & 4mr?

_ 9 | /dF: 9  0<r<Rr (3.73)
47eR 4nR2 4meR
withU(r) =0, r > R.

It can be noted that, at r = R, both U and E are not continuous (Fig. 3.6); in
particular, the field is singular and can be expressed as E(r) = ﬁS(r —R)i,.

As a final example, let a surface distribution of charges and dipoles be identified,
such that the field external to the sphere of radius R is zero, while the inner field is
that due to a point charge +q located at the centre.

To this end, forcing a uniform charge distribution of density o0 = — 413%2 on
the sphere, the relevant potential is Uy (r) = 0<r<RandU;(r) =
R <r.

Then, addmg a surface dipole distribution of density T = & R the contributions
U(r) = 4mR, 0<r<RandU(r) =0, R < rtothe potent1a1 originate.

Since the potential due to the point charge is Up(r) = 4n8r, r # 0, summing the
three terms above, one obtains U(r) = 4mr, O<r<RandU() =0, R <.

4nsR ’ 41ter ’

3.1.5 Green’s Formula for Two-Dimensional Magnetostatics

The formula of vector potential A corresponding to (3.5) is

0A G
=/ GquQ+f G— dF—/ A—drl (3.74)
Q I on I an

where ' =T U, = 9Q and 'y N T, = 0; in the latter G’ is the modified Green’s
function and [ is the permeability (H m~1) of the material.

3.1.6 Field of a Line Current in a Three-Dimensional Domain:
Integral Approach

Let a straight conductor, placed in an unbounded three-dimensional domain and
carrying direct current of density J, be considered. Assuming cylindrical coordinates,
from (3.74) it follows

u J

A= AIZ, J_le, A=—

3.75
4n Q |r| ( )

where T is the distance between the fixed field point P and the source point Q (Fig. 3.7)
oriented from Q to P and €2 is the conductor volume.
Moving from potential to field, at point P one has

B=VpxA=1 VPX—dQ (3.76)
an Il
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Fig. 3.7 Line current

where the operator Vp acts on the coordinates of point P. The following identity holds

- 7 1— - - 1
Vp X = —VpxJ—-JxVp— (3.77)

£l I Il

Since . i depends on the coordinates of point Q and not on those of point P, it follows
that Vp x J = 0; then, according to (A.3), it comes out that

- =1 ITxT
—Jx Vp— = — 3 (3.78)
IT| It
and therefore
_ Ixt
B=— [ —ldo (3.79)
ar Jo |t

which is called Laplace’s law of the elementary action.
Since the conductor is cylindrical and the current density is uniform,J dQ2 =1 dz
and the volume integral becomes a line integral

— u [T®I, xT ul [ iy |F| sin o - ul [t sino
B=— —3 dz = — -3 Z =19 — —_2
4 J_ oo T 4n J_o 7| ar J_ o |7

(3.80)

Substituting r cos B = R and cos 3 dz = r df, since sin o, = cos 3, finally it results

T - ul
B=iyj— df = ig—— 3.81
119415R - cosp dp 11921'cR ( )
and
ey (3.82)
=19y .
2R

coincident with (2.227) when B = 0, so thatr = R.
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3.1.7 Field of a Current-Carrying Conductor of Rectangular
Cross-Section

In a two-dimensional unbounded domain, which is supposed to be homogeneous
and free of ferromagnetic material, after (3.4) the Green’s function for a cylindrical
conductor carrying a constant current I is given by

A@) = l'L—OIln r, r>0 (3.83)
2n
Let a conductor of rectangular cross-section, having width 2a and height 2b and car-
rying a constant current distributed with uniform density J, be considered (Fig. 3.8).
At the gravity centre of the conductor cross-section the origin of a rectangular system
of coordinates is placed.

After integrating the elementary contributions, the potential of the rectangular
conductor is given by

A _MOJ “rr ’ P
x,y) = o bln[r(x,y,x,y)]dydx =
.

HJ a b ) / o
=%/_a/_bln[(x—x)z—f-(y—y)z]dydx (3.84)

where (x/, y’) and (x, y) are source point Q and field point P, respectively. It turns
out to be

J
A(x,y>=%{(a—x)(b—y)ln[(a—x)2+(b—y>2]+
+@+xb-yhf@+0>+b-y?]+
+@-0b+yh[a-x2+b+y’|+
|+

+(a+x)(b+y)ln[(a+x)2+(b+y)2

A
y
b LP(xy)
Q1Y)
—a ® a X >
-b

Fig. 3.8 Conductor of rectangular cross-section
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b— b
+ (a—x)? (arctg + arctg + y) +
—X —X

b— b
+ (a +x)? <arctg Y + arctg +y) +
a+x a+x
a+x> N
b+y

+ b +y)? (arctg> == + arctg XX (3.85)
b+y b+y

2 a—x
+(Mb—-y) arctgb + arctg
-y

for x # +a, y # =b. If the assumption b << a holds, the model of the current
sheet follows. It turns out to be

UoJ /a N2 2 /
AX,y) = — In|(x —x")" + dx’ =
*.y) 4 J_, [( ) y ]

_ “_<>J{(a+x)1n[(a+x)2+y2]+(a—x)ln[(a—><)2+y2]+
47

X a
+ arctg

+2y (arctga - X) - 4a}, y#£0 (3.86)

where J is the line current density (A m~! ). After (3.85) or (3.86), from (2.205) the
components of induction field can be obtained.

3.2 Method of Images

Field problems characterized by concentrated sources in non-homogeneous domains
with simple boundaries can be solved by the method of images.

Electrostatic images

Let a dielectric half-space €2 of permittivity & with a point charge q at a distance h
from a conducting half-space be considered. The field in the dielectric region €2 is
uniquely specified by the charge q and the boundary condition of the region, where
E - t = 0 holds. Comparing this field with that produced in an unbounded dielectric
domain of permittivity ¢ by two point charges q and —q at a distance 2h, one can
conclude that in the dielectric region 2 the fields are the same. Therefore in this
region the field is equal to that produced by charge q and its image —q placed at
distance 2h in a homogeneous domain of permittivity € (Fig. 3.9).
Therefore, according to (2.118) the electric field is expressed by
— 1 1 - 1 1
E=

e R — 0 3.87
4nsqx2+(y h)2 B 4n8qx2+(y+h)21r2 v G587



3.2 Method of Images 61

—(---4-- -h €

Fig. 3.9 Point charge near the boundary with a conducting half space: source and image charge

where the radial unit vectors are defined as follows

o X y— h
i = . y>0 (3.88)

Jero-m? 2+ —n?

] h
P = X y+ L y>0 (3.89)

St oem? s any?

In turn, the electric field for y < 0 is given by E = 0.

Field lines are plotted in Fig. 3.10.

More generally, let a dielectric medium of permittivity ¢; be considered, filling
the upper half-space where a point charge q is located; at a distance h from the charge,
let another dielectric medium of permittivity € fill the lower half-space (Fig. 3.11).

In this case, the field in the upper half-space is equivalent to that produced in a
homogeneous region of permittivity ¢; by both source charge q and image charge
q’ = —oqg with 0 < o < 1, placed at a distance 2h from g.

In an analogous way, the field in the lower half-space is equivalent to that produced
by a second image charge q” = Bq with 0 < B < 1, placed instead of q in a
homogeneous region of permittivity ¢».

In fact, at the interface y = 0, the transmission conditions for tangential compo-
nent of electric field and normal component of induction (2.78) and (2.77) imply

Ex —0Ex = BEx, y=0" (3.90)
e1Ey +e10Ey = eBEy, y=0" 3.91)
respectively. It is easily found that

€ — €] 2¢;
g1 +e €]+ &

(3.92)
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0 X

Fig. 3.10 Electrostatic images: field lines fory > 0

' 3

y
o h

v

Fig. 3.11 Point charge near the boundary of two dielectric half-spaces

Therefore, the electric field for y > 0 is expressed by

_ 1 1 - 1 & —¢g 1 -
E= 1 — H 3.93
ame 2 (y—h2 " Amerer +e2 X2+ (y+h)2 (5.95)

. —h

iy = X ) (3.94)
\/x2+(y—h)2 \/x2+(y—h)2

- h

o = AN s § (3.95)
\/x2 +(y +h)? \/x2 + (y + h)?
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Fig. 3.12 Image of a charge with respect to a grounded sphere

In turn, the electric field for y < 0 is given by

1 2g 1

E=
4mes €1 + equz + (y —h)?2

i (3.96)

Now, let a point charge q; be located at point Py externally to a conducting sphere,
of radius rg and centre O, having potential U = 0; the distance between P and the
centre of the sphere is d.

The field distribution does not change if the spherical surface is replaced by
an equivalent point-charge gy, located at a suitable point P;, such that the sphere
represents its zero-potential surface; in that case qp is called the image charge of q
with respect to the sphere. The problem is that of identifying: (i) distance a between
P and P»; (ii) displacement b of P, with respect to the sphere centre O; (iii) value
q> of the image charge, knowing the value q; of source charge and the distance
d = a + b (Fig. 3.12).

From (2.119) the potential at point P is

1
- (cﬂ n q—z) (3.97)
47t80 I I

where 11 and r; are the distances of P from Py and P», respectively.
All points of the domain for which U = 0 should fulfil

a2y (3.98)
I 1
or
o9y (3.99)
n @

In a two-dimensional domain they belong to a circle surrounding the point P, where
the image charge should be located. Equation (3.99) for points A and B gives

a+b-—rg _ a+b-+rg _

nn—b  r+b

k (3.100)
The last two equations yield

k=— (3.101)
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Fig. 3.13 Contour plot of potential for two unlike charges of different magnitude

B d? — rg
a=——2 (3.102)
1
b= (3.103)
Q@ = _1_1 (3.104)

It should be noted that source and image charge are unlike and have different
magnitude.

Assuming q; = 4uC, d = 40cm, rp = 12cm, one has % =03, @@ =
—1.2uC, a =36.4cm and b = 3.6 cm; the corresponding potential lines are shown
in Fig. 3.13.

Finally, if the potential of the sphere is U = Uy # 0, the problem can be solved
as above with the addition of a second image charge q3 = 4megroUop placed at the
centre of the sphere.

Magnetostatic images

A magnetic region 2 of permeability i with a line current I, located at a distance h
from a half-space of infinite permeability and parallel to the space itself, is considered.
The field in the magnetic region €2 is uniquely specified by the current I and the
boundary condition, where H - t = 0 holds. Comparing this field with that produced
in an unbounded magnetic domain by two line currents of equal magnitude and equal
sign at a distance 2h, one can conclude that in the magnetic region the fields are the
same. Therefore in this region the field is equal to that of current I and its image I at
distance 2h placed in a homogeneous domain of permeability L (Fig. 3.14).
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Fig. 3.14 Source and image currents

Therefore, the flux density for y > 0 is expressed by

— 48 1 - o 1 -
B=—l—i + ————=in (3.105)
2t X2+ (y—h? 20 /X2 4 (y+h)?
where the tangential unit vectors are defined as follows
i y—h X (3.106)
1 =\ — ) .
VX (y =7 Vx2 + (y —h)?
- h
ip=|- v , = (3.107)
VR (2 X2+ (y +h)?

In turn, the flux density for y < 0 is given by B = 0.

Field lines for y > 0 are plotted in Fig. 3.15.

More generally, let a line current I, placed in a half-space of permeability p, at
a distance h from the boundary of a half-space of permeability [,, be considered
(Fig. 3.16).

In analogy to the electrostatic case, the magnetic field in the upper half-space is
equivalent to that produced, in a homogeneous region of permeability [, by both
source current I and image current I’ = ol with 0 < o < 1 placed at a distance 2h
from L.

In a similar way, the field in the lower half-space is equivalent to that produced by
asecond image currentI” = Bl with 0 < B < 1 placed instead of Iin a homogeneous
region of permeability [1,.

The transmission conditions for tangential component of magnetic field and
normal component of induction at y = 0 imply

Hy — oaHy = BH,, y=0" (3.108)
W Hy +poHy = ,pHy, y=0" (3.109)
0<a<1 0<P<I1 (3.110)
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0

Fig. 3.15 Magnetostatic images: vector plot fory > 0

A

y
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25}

Fig. 3.16 Line current near the boundary of two magnetic half-spaces

respectively. It is easily found that

Ho — Uy, 2y

IRTTET TR

Therefore, the flux density for y > 0 is expressed by

_ 1 . - I ]

B=;L—11—it1+;t—lu2 By i
T /X2 4 (y —h)? e I PO

- y—h X

Jero-n ety -n?

(3.111)

(3.112)

(3.113)
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Fig. 3.17 Line current: field of source and image current (i, = 20p;)

) h
F NS X (3.114)

\/x2 + (y +h)? \/x2 + (y + h)?
In turn, the flux density for y < 0 is given by
My 2y I 1

=2 it
2y + My Xz_Hy_h)lt

In Fig. 3.17 the contour plot of flux lines is reported in the case W, = 20u,.

B=

(3.115)

3.2.1 Magnetic Field of a Line Current in a Slot

Let the test case shown in Fig. 2.13b be considered. A rectangular slot, having width a
and height b is surrounded by ferromagnetic material of infinite permeability (closed
slot). A constant line current I is concentrated at the gravity centre of the slot where
the origin of a system of rectangular coordinates is placed (Fig. 3.18). Due to the
presence of ferromagnetic material, the following boundary conditions hold:

b\~ b\ "

Bx=0 for y= +§ and y= —3 (3.116)
a\— a\+

By =0 for x=(+§) and x=(—§) (.117)

for an observer located in the slot (flux lines orthogonal to the air/iron boundary).
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Fig. 3.18 Closed slot and images

Table 3.1 Location of images for the closed slot (single images)

Image k Xk Yk
1 a 0
2 a b
3 0 b
4 —a b
5 —a 0
6 —a —b
7 0 —b
8 a —b

If images due to multiple reflections in x and y directions are neglected, then eight
equivalent currents Iy = I, k = 1, 8 approximate the effect of the slot boundary; they
have to be placed symmetrically according to Table 3.1.

The closed slot is characterized by a double air/iron boundary in both x and y
directions: in principle, the images form an infinite series, because each image current
gives rise to a new reflection with respect to the boundaries. A better approximation
of the field in the slot is obtained if a second layer of images is taken into account;
then, twenty-four sources are originated, according to Table 3.2.

The total field is thus given by the superposition of the fields due to source cur-
rent and like image currents, all of them being located in an unbounded domain of
permeability |1, namely

= Mol = Holk :
R L
2 2 ’
Ay a0+ (5 — ) G1s)
~2ax<l —ESyS—, X # Xk, Y # Yk
2 27 2 2
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Table 3.2 Location of images for the closed slot (double images)

Image k Xk Yk
1 a 0
2 a b
3 0 b
4 —a b
5 —a 0
6 —a —b
7 0 —b
8 a —b
9 2a 0
10 2a b
11 2a 2b
12 a 2b
13 0 2b
14 —a 2b
15 —2a 2b
16 —2a b
17 —2a 0
18 —2a —b
19 —2a —2b
20 —a —2b
21 0 —2b
22 a —2b
23 2a —2b
24 2a —b

with

< y X
ir=1- , (3.119)
< \/X2+y2 \/X2+y2>

and

Y—Yk X — Xk

Jor=x0? + =02 Jx—x02 + (v — i

(3.120)

Itk =

where (xg, yx) are the coordinates of kth image, while the summation index is
k=1,..., 8and k = 1, ..., 24 when single and double images are considered,
respectively.

The case of a magnetically open slot, the height of which is assumed to be much
greater than its width a, accommodating a conductor of height b, can be easily treated;
boundary conditions become

By =0, y= <—g>+ (3.121)
By =0, x= (—%)+, (%)7 (3.122)



70 3 Analytical Methods for Solving Boundary-Value Problems

Again, the field is given by (3.118)—(3.120), this time taking the summation index
k=1{1,5,6,7,8 andk = {1,5,6,7,8,9,17, 18, 19, 20, 21, 22, 23, 24} when sin-
gle and double images are considered, respectively.

The following remark can be put forward. Expanding the field in terms of current
images is equivalent to set a particular solution fulfilling the given boundary condi-
tions. The fact that boundary conditions (3.116) and (3.117) are not fully satisfied is
due to the truncation of multiple images.

3.2.2 Magnetic Field of a Line AC Current over a Conducting
Half-Space

The case of an AC line current located in a magnetic region of permeability | at a
distance h from a conducting half-space of infinite conductivity is here discussed
(Fig. 3.19). The effect of induced currents in the conducting space gives rise to a flux
barrier, i.e. the conducting plane can be treated as a space of zero permeability located
at a distance h from the current; therefore, the field for y > 0 can be expressed as

- l———ip, y>0,y#h (3.123)

y [m]

Fig. 3.19 AC line current near a conducting half-space of infinite permeability: field lines
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with
- y —h X
T = , (3.124)
V=02 x4y —hp?
and
_ h
o = y - X (3.125)

\/x2 + (y + h)? \/x2 +(y +h)?

In other words, the field for y > 0, is given by the superposition of source current
I and image current —I located at a distance 2h in an unbounded homogeneous
region of permeability |; the boundary between magnetic and conducting regions is
a flux line.

3.3 Method of Separation of Variables

In a two-dimensional homogeneous domain €2, with constant permeability | and
no current, using rectangular coordinates, Laplace’s equation of magnetic vector
potential A is from (2.208)

92A %A
el + ke 0 (3.126)

If the domain boundaries lay along constant x or constant y lines, then the following
solution can be tried

AR, y) = XX)Y(y) (3.127)

where X and Y depend on x only and y only, respectively. Consequently, substituting
(3.127) into (3.126), it turns out to be

’x - _d¥y 1d°X  1d%Y

4 X— =0, ——4+—"—"=0 3.128

dx2 * dy? X dx? + Y dy? ( )

if X(x) # 0 for any x and Y (y) # O for any y.
The only way (3.128) are true is that separately

1 d>X
= = -k 3.129
X dx?2 ( )
1d%Y
- —k? (3.130)
Y dy?

where k% # 0 is called the separation constant; it is assumed that both X(x) and Y(y)
are non-constant functions.
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Then, the partial differential equations (3.128) reduce to a pair of ordinary
differential equations

d?X

2y —
o TEX=0 (3.131)
d’y
— —KY=0 (3.132)
dy?

For k? # 0, the two general solutions are given by

X (x) = oy sin(|k| x) + By cos([k| x) (3.133)
Y(y) = Ysh(kly) + dkch(k|y) (3.134)

If k2 = 0, it results
X(x) =0ap+oux, Y(y)=py+By (3.135)

The most general solution of (3.126) is then given by

A(X,y) =c1 + cax + 3y + caxy +

+ Z [0 sin(n [k| x) + By, cos(n [k| x)][y,sh(n k| y) + Sych(n k| y)]
n=1

(3.136)

In principle, the separation constant and all unknown coefficients can be determined
by imposing the boundary conditions. The actual problem is to fit the latter; although
there is an infinite number of solutions to Laplace’s equation, it is often impossible
to identify analytically the right set of constants fulfilling field conditions along the
boundary.
In the case of a current source in the field domain, the Poisson’s equation holds
PA DA J 3.137
a2 T 0y u (3.137)
and a particular solution should be added to the general one in order to take the source
term J into account. In that case, boundary conditions are then imposed on the whole
solution.
Finally, the following remark can be put forward. If the case

ex o,

<2 X =0 (3.138)
d?y

— +h’Y =0 (3.139)
dy

with h? # 0is considered, the behaviour of X(x) and Y(y) is found to be symmetrical
with respect to the corresponding solutions of the case (3.131)—(3.132).
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v

—-a/2 a/2 X

Fig. 3.20 Conductor in the slot

3.3.1 Magnetic Field of a Current Uniformly Distributed in a Slot

Let the test problem shown in Fig. 2.13a be considered; the height of the slot
(Fig. 3.20) is assumed to be much greater than its width a.

A conductor of rectangular cross section, having width a and height b, is located
at the bottom of the slot. The conductor carries a constant current I,supposed to be
uniformly distributed inside the cross section. Due to the presence of ferromagnetic
material of infinite permeability, the following boundary conditions hold

A=0, for y=0" (3.140)
0A a\— a\+
=0 for x= (+§) and x= (—5) (3.141)

Because of symmetry, the potential should be an even function of x; taking this into
account, after (3.136) the general solution to the Laplace’s equation in a rectangular
domain can be expressed as

AL =) cysh(nky) cos(nkx) (3.142)

n=1

with k and c,, to be determined. A particular solution Ap to Poisson’s equation, after
integrating twice the right-hand side of (3.137) with respect to y, is

1 I
Ap(y) = —EuJyz with J = = (3.143)

Consequently, the solution for the potential is

l o0
A=Ap+AL= —Ep_Jyz + Z cnsh(nky) cos(nkx) (3.144)

n=1

0<y<h.
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Intheregiony > b, J = 0 and the field tends to be uniform such that (Bx, By) =
(Bo, 0) at least for y >> b; accordingly, a suitable expression of the potential in
this region is

o0
AL = o+ By + Zyne_“ky cos(nkx), —% <x<=, b<y (3.145)

n=1

with o, B, 7, to be determined.
Boundary conditions are now imposed. It follows

dA > ,
S > " nkepsh(nky) sin(nkx) (3.146)
X
n=1
and
9A ad
= = 1) nkeysh(nky) sin (nk;) —0 (3.147)
X 42
+5 n=1

which is true if k = 2%, ¢, # 0.

a 9
Moreover A(x, 0) = 0 is automatically fulfilled.
Finally, the asymptotic boundary condition states

lim By = By (3.148)
y—00
lim By =0 (3.149)
y—)OO

From (3.145), fory > band —§ < x < §, one has

9A
By = ByL —B- anyn —1kY cos(nkx) (3.150)

n=1

and, because of (3.148), it results B = B.
In turn, one has

dA ad
B, = _3_XL = n;nkyne—“ky sin(nkx) (3.151)

and (3.149) is always fulfilled, fory >>band -5 < x < 5.
Aty = b, the continuity of potential requires Ap, + Ap = Al ie.

——uJbz + Z cnsh(nkb) cos(nkx) = o + Bob + Z Y,e ™ cos(nkx) (3.152)

n=1 n=1

Moreover, the continuity of field components By and By requires
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o o0
—wJb + Z nkcpch(nkb) cos(nkx) = By — Z nkyne_nkb cos(nkx)
n=1

n=1
and
o o
Z nkc,sh(nkb) sin(nkx) = Z nkyne_nkb sin(nkx)
n=1 n=1
respectively.
It follows
Bo = —ulb
1
o = —puJb?
) [

Yo = —cne™ch(nkb) = cpe™Psh(nkb)

One has y, = ¢, = 0 if nkb # 0.
Therefore, one obtains

1
A=—§uJy2, 0<y<b

b
A=uJb<§—y), b<y

-af2 af2

Fig. 3.21 Conductor in the slot: plot of flux lines
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(3.153)

(3.154)

(3.155)
(3.156)
(3.157)

(3.158)

(3.159)
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Correspondingly, the field components are

By=-wy, 0<y<b (3.160)
By=-ub, b<y (3.161)

and By = 0 everywhere. Fig. 3.21 shows the plot of flux lines.



Chapter 4

Numerical Methods for Solving
Boundary-Value Problems

4.1 Variational Formulation in Two-Dimensional Magnetostatics

Let the following magnetostatic boundary-value problem be considered

_Vv. (M—WA) —JinQ 4.1
A =0 alongI'p “4.2)

A
8— =0 alongI'ny 4.3)

on

where I'p U I';yv = T is the boundary of the two-dimensional simply-connected
domain €2, while A and {1 are vector potential and magnetic permeability, respec-
tively. Assuming rectangular coordinates, one has A = Ai, and J = Ji,, whereas in
cylindrical coordinates A = AI(P andJ = Ji igp.

It is assumed that J and the second derivative of A are continuous in 2 so that the
integral of both sides of (4.1) exists.

A way to approximate the solution to (4.1)—(4.3) is to relax the differential formu-
lation of the boundary-value problem (weak formulation); to this end, the average of
both sides of (4.1), weighted by a suitable test function, is considered. Accordingly,
if u is a test function which is continuous up to its second derivative, from (4.1)
one has

u(V- (17'9A) +3) =0 (4.4)
and, by integrating over the domain, one gets
/ uv - (M—WA)dQ +/ JudQ =0 4.5)
Q Q

Due to vector identity (A.14), taking ¢ = u and V = u~ VA, it follows

/V-(u;rIVA)dQ—/ Vu-u*IVAdQJr/ JudQ=0  (46)
Q Q Q

77
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By applying Gauss’s theorem one obtains

/uu’lvA-ﬁdF—/Vu-u’IVAdQ+/JudQ:
r Q Q

_ IA
:/ uu*IVA-ﬁdr+/ up ' —dr+
I'p I'n Bn
—/%.u—l?A dQ+/ JudQ =0 (4.7)
Q Q

Due to boundary conditions (4.2) and (4.3) the first two terms are zero; therefore,
it results

—/ Vu-u~'VA dQ +/ JudQ =0 (4.8)
Q Q

which is the variational equation associated to the differential equation (4.1).
Now, taking u = 0A where dA is the elementary variation of A, (4.8) becomes

—/ SVA - u~'VA dQ +f JSAdQ =0 4.9
Q Q

or, equivalently

8[/ (iVAVA—JA> dQ} =0 (4.10)
o \21

which states the necessary condition for A to be a steady point of the functional
11— —
X(A):/ —VA-VAdQ—/ JA dQ (4.11)
Q21 Q

In other words, if A is a solution of differential equation (4.1) subject to (4.2) and
(4.3), then A is a solution also of variational equation (4.10) and is such to give origin
to a steady point of functional (4.11).

Conversely, having defined the energy functional of the simply connected domain
Q as

1 — —
X:/ —VA-VAdQ—/ JA dQ (4.12)
Q2u Q
or, thanks to (2.15)
1 — —
X:/—B-BdQ—/JAdQ (4.13)
Q21 Q
where
_ 0A 0A —
B=(-—.-220)=(VA)" (4.14)
ay ax

(see Section 2.3.2), equation (4.1) follows.
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In fact, let the first-order variation 8y of functional y, which represents minus
the co-energy of the domain 2 for given current density (see Section 2.3.5), be
considered. It results

1 . — —
oy = / —3&(VA - VA)IQ —f JOA dQ =
Q2u Q
1 = — 1— =
— / [—V(SA) .VA+ —VA- V(SA)} o — / IBAdAQ = (4.15)
ol2u 2u Q
= f n'VA - V(6A)dQ — / J8A dQ
Q Q
Due to (A.14) with ¢ = 8A and V = u~ VA one has
Sy = / v. (SAu—WA) 4o — / SAV - (M—WA) aQ — / JSAAQ  (4.16)
Q Q Q
Then, applying Gauss’s theorem, it follows
dx = / SAPNTI'VA . mdl — / AV -u'VA+1)dQ =
r Q

— A — —
= [ w'SAVA -mdl + u’ISAz—dF—/ SA(V - 'VA +1)dQ
n Q

I'p I'n
(4.17)
If A fulfils (4.2) and (4.3), one has
&y = —/ SA(V -u'VA +1)dQ (4.18)
Q
Since the co-energy has a steady point when &y = 0, the Poisson’s equation
V-u'VA+I=0 (4.19)

is verified; (4.19) is called the Euler’s equation associated to functional (4.12)

As aresult, the equivalence between the search of a solution to Poisson’s equation
and the search of a steady point of an energy functional has been proven. The two
approaches are known as Ritz’s method and Galerkin’s method, respectively.

According to the latter, a numerical procedure approximating the minimization
of the energy functional is developed.

The following remarks are applicable:

(1) Dirichlet’s condition (4.2) is an essential boundary condition, because the value
of A must be forced at least in a point of the boundary.

(i1)) Homogeneous Neumann’s condition (4.3) is a natural boundary condition,
because it is already taken into account both in (4.7) and (4.17).
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4.2 Finite Elements for Two-Dimensional Magnetostatics

4.2.1 Discretization of Energy Functional

Let the following continuous problem be considered: find the steady point of
%(A), A = const. along I'p, %—’: = 0 along I'y, where

A) = ! DA\’ IA )\’ dQ JA dQ 4.20
=[5 (5) +(5) o= ] -

is the energy functional associated to a simply-connected domain €2 in which rect-
angular coordinates are assumed. In (4.20) it is supposed that A is continuous up to
its first derivative, while J is assumed to be a continuous function.

Let © be discretized by means of a grid of triangular elements subject to the
following constraints (Fig. 4.1):

— Two adjacent elements do not overlap
— No vertex of a triangle belongs to the edge of an adjacent triangle

The following discretization of problem (4.20) is introduced: find the steady point
of % (A) for the net of triangles of the grid, upon the condition that the restriction of

potential A to an element of the given grid is represented by a linear polynomial and

A = const along I'p, % = 0 along I'N. As a consequence, in the whole domain the

potential A is approximated by a piecewise-linear function.
Given anumbering of gridnodes (i = 1, 2, ..., n), the piecewise-linear functions

Pi(x,y) =latnodei=1,n
Pj(x,y) = O at all the other nodes j = 1,n, j #1i 4.21)

are called global shape functions (Fig. 4.2). A can be written as

AGGLY) =D Wi, A (4.22)

i=1

where Aj is the unknown value of A(x, y) at ith node and A(x, y) varies linearly.

a b c

Fig. 4.1 Examples of incorrectly (a, b) and correctly (¢) shaped triangles
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N /
N/

Fig. 4.2 Detail of a grid: representation of the global shape function associated to ith node. Shaded
triangles show the linear variation of the function

After substituting (4.22) in (4.20) one obtains

n 2 n 2
! i ;i
(A7A21"'aA):'/_ Al_ + Al_ dQ+

—f JZAiwidQ (4.23)
£ =1

that represents the discrete version of (4.20).
In (4.23) the terms dependent on just A; can be separated from those independent
of A;. Explicitly, one gets

_ar () (%
X(Al,Az,...,An)—Ai/;ZZH |:<3X> + 3y dQ+

+2AiZAj/ ! (%%+%%)d9+
=18

ﬁ dx 0x dy dy
j#
n
- Ai/ dQ — ZAkf T dQ (4.24)
Q =1 Q
ki
In order A = (A1, Aa, ..., Ap) to make functional (4.23) steady, it must be
X .
—— =0, i=12,...,n (4.25)

A,
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From (4.24) and (4.25) one obtains
i \>  [ovi\?
Ai / W (2 (2 g
Q dax ady
n
1 (0 05 0 0
A ! — —)de
+J21: Jfg” (E)x 8x+8y dy +
j#

—/pridsz:O, i=1,2,...,n (4.26)
Q

If should be noted that (4.26) represents a linear system of n equations in n unknowns
Aj. If the system is expressed in matrix form, the entries of the coefficient matrix
H(n, n) become

1 /aw a0 9y 0l
hij=/ —(ﬂﬂJriﬁ)dsz, Li=12....n 4.27)
o L\ 9x 0x dy ay

while the entries of the source vector d(n, 1) are
diszq;idSZ, i=1,2,...,n (4.28)
Q

Then, system (4.26) can be written in matrix form as
HA=d (4.29)

where H(n, n) is the reluctance (H_1 m) matrix, while A(n, 1) and d(n, 1) are nodal
potential (Wb m_l) and nodal current (A) vectors, respectively.

It is easy to realize that in (4.27) functions \;, \j can be interchanged, i.e. matrix
H is symmetric. The problem of finding a steady point of functional (4.23) is then
reduced to the solution of a linear system governed by matrix H and source term d.

It should be noted that system (4.29) is singular; in order its solution to be unique,
it is necessary to fix the value of potential A of all np nodes where (4.2) holds; at
least one node located along boundary I" must be constrained.

4.2.2 Local Shape Functions in Rectangular Coordinates

Referring to a triangle of the grid, the following local shape functions

Yk (x,y) =1 atnode k = 1, 2, 3 anticlockwise

Pk (x,y) = 0 at the other two nodes (4.30)

with linear variation with respect to (X, y) can be introduced; they represent the
restriction of (4.21) to node k of the triangle.
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Referring to a triangle of vertices Vi = (X1, y1), V2 = (X2, ¥2), V3 = (X3, ¥3),
the following functions

1
Pi1(x,y) = 7S [(x2y3 — x3y2) + x(y2 — y3) + y(X3 — X2)]
1
Po(x,y) = 7S [(x3y1 — Xx1y3) + x(y3 — y1) + y(X1 — X3)] (4.31)

1
P3(x,y) = S [(xX1y2 — X2y1) + x(y1 — y2) + y(X2 — Xx1)]
where

1 I xy Y1
S=-|1xy (4.32)

1x3y3

is the area of the triangle considered, are linear in both x and y. They fulfil conditions
(4.30) and are the local shape functions. A geometric interpretation of (4.31) is given
in Fig. 4.3.

Considering an inner point V(X, y), the ratio
S Sl _ Sl

= = (4.33)
h  Si+S+S3 S

is called area coordinate & referred to vertex 1; in general, area coordinates are
defined as

Ek = 3 k=1,2,3 (4.34)

(4.35)

Fig. 4.3 Geometric interpretation of local shape functions
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It can be proven that
Yk =%, k=123 (4.36)

In fact, Sk is obtained by substituting vector [1 X, y] in the kth row of area matrix
determinant (4.32); considering (4.34) and (4.31), (4.36) immediately follows.
Consequently, the restriction of potential A(x, y) to the given triangle is

3 Ay
Ax,y) = Z Uk, AL =[U1(x,y) Va(x, y) U3(x, y)] | Az (4.37)
k=1 Az

where A1, A, Az are the nodal values of potential in the triangle itself.

4.2.3 Coefficient Matrix and Source Vector

If (4.27) is applied to all the triangular elements composing the grid, the entry h;; is
the sum of the contributions of each element e

_p [0V 0y 9 0 ..
hii = =y LY ) axdy, i,j=1,2,..., 4.38
ij Z/eu <8x 8x+8y ay . b f ( )

where s, s are the global shape functions.

However, it is easily seen that the contribution of a triangle e to the integral in
(4.38) is zero if either the ith or the jth node does not belong to triangle e itself. As
a consequence, the majority of terms forming the integral is zero and the matrix is
sparse.

In this respect, it is convenient to define the local coefficient matrix He(3, 3)
associated to a single triangle e having area S, with entries

by 9 3
hkx=/u-‘ W dn kO e k=123 (439)
e 0x 0x dy dy

where i, U are local shape functions.
From (4.31), by a cyclic permutation of indices, it results

OWk _ Ykl —Ykg2 _ ak

ax 2S. 2S.
d — b

Ok _ X2 — X1 _ b (4.40)
dy 2S. 2S.

withk =1, 2,3 and x4 = X1, X5 = X2, Y4 = ¥1, Y5 = Y2. The entries of the local
coefficient matrix (4.39) are then given by

bib bib
he, = / (W—2H> dxdy = X TRy 03 @4
e 4uSg 4uS,
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In practice, the entries of the global matrix are assembled starting from entries of
local matrices, for the correspondence between local and global numbering of nodes
is unique. The assembling rules will be clarified later on by means of an example.

Inasimilar way, itis possible to construct (4.28) by assembling local contributions;
in fact

¢:/hwm=§:/WHh®J=Lluqm k=1,2,3 (442
Q e

The local source vector d. associated to a single triangle e has entry
dszka dxdy, k=1,2,3 (4.43)
€

In particular, if current density J is assumed to be constant in the element considered,
each local source term is equal to %

4.2.4 From Potential to Field

Assuming that the magnetic potential A (X, y) is approximated by a linear polynomial
on each element of the grid, if Aj, A,, Az are the values of potential in vertices
Vi = (X1, y1), V2 = (X2, ¥2), V3 = (x3, y3) of triangle e, respectively, the
induction field B = (BX, By, BZ) is approximated on each element by

_ 0A  0A

B=— —,0 (4.44)
ay 0x

From (4.32) and (4.37) it results

Ay
|:Bx:|=L|:X3—X2 X] — X3 Xz—X1] A | = 4.45)
By T 2Se[ys—y2 yi—ys va=yil| ] '
_ L bbby
= 2S. | —a1 —ap —a3 Ai
Apparently, matrix
1[b1m m} (4.46)

2S. | —a1 —ap —a3

approximates the curl operator.

The following remark can be put forward. At the interface between two triangles,
having an edge in common, both normal component B, of induction field and tan-
gential component of magnetic field H, = !By are not continuous. In other words,
field components are approximated by means of piecewise constant functions all
over the domain.
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Fig. 4.4 Grid discretizing a half-slot

4.2.5 Magnetic Field in a Slot Solved by the Finite Element Method

Let the test problem shown in Fig. 2.13a be considered. The rectangular domain cor-
responding to half a slot is discretized by means of six triangular elements numbered,
for instance, as shown in Fig. 4.4. The n nodes are numbered from 1 to 8 arbitrarily
within the grid and from 1 to 3 (anticlockwise) inside each triangle.

Accordingto (4.41), the coefficient matrix associated to a triangle e having vertices
Vi = (X1, y). V2 = (x2, y2) and V3 = (x3, y3) results

[ (2 —y3)*+ (y2—y3) (y3—y)+
+(x3 —x2)> +(x3 — x2) (X| — X3)

oo L (y3 —yD*+ (y3 —yD) (y1 = y2) +
° 7 4us + (x1 — x3)* + (x1 — x3) (X2 — X1)
symmetric (y1 = y2)2 —g
L +(x2 — x1)

(y2—y3) (y1 —y2) +
+ (X3 — x2) (X2 — X1)

(4.47)

where L and S are magnetic permeability and area of the triangle, respectively.

For element 1, given height h and half-width A of the slot, one has V;

©, 0), Vo, =, 0), V3 = (0, %) and the local coefficient matrix is:

h2 2 h?2 2
a2 b
H = — h? 448
" ans Y (4.48)
symm. A2
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Analogously, for element 2, one has Vi = (\, 0), Vo = (), %), V3 = (0, %) and
the local coefficient matrix is:

A2 —22
1 2 2
Hy = — LR A (4.49)
4uS 0 h92
symm. 9

From Fig. 4.4 it can be noted that elements 3 and 5 correspond to element 1 and
keep the same local numbering of nodes as in element 1. The same happens for
elements 4 and 6 with respect to element 2. Therefore, it results: H3 = H; and
Hs = H;; H4 = Hy and Hg = Ho.

Supposing current density J is uniform, local source terms are all equal to % in
each triangle and

s | !

de = (4.50)

In general, the global coefficient matrix H can be assembled node by node according
to the following rule:

— Diagonal terms h;; are obtained as the sum of the corresponding terms of local
matrices of all triangles having ith node in common

— Off-diagonal terms hj; are obtained by summing the corresponding terms of local
matrices of the two triangles sharing the edge between ith node and jth node

For instance, global node 1 belongs to element 1 only, corresponding to local node
1; therefore H(1, 1) = H;(1, 1). Moreover, global node 2 is in common between
elements 1 and 2 for which it corresponds to local nodes 2 and 1, respectively;
therefore H(2, 2) = H;(2, 2) + H»(1, 1). Going on, global node 3 is in common
among elements 1, 2, 3 where it corresponds to local nodes 3, 3, 1 respectively;
therefore H(3, 3) = H;(3, 3) + H2(3, 3) + Hs(1, 1).

Passing to off-diagonal terms, for the sake of an example, the edge joining global
node 3 to global node 4 is in common between elements 2 and 3; moreover, global
node 4 corresponds to local node 2 in both elements 2 and 3; therefore one has
H(3, 4) = Hy(2, 3) + H3(1, 2) = H4, 3).

By iterating the assembling algorithm on all global nodes, finally it results:

- h2 2
e = -2 0 0 0 0 0
B2 0 -2 0 0 0 0
9
2 2
2 42 ol -2 0 0 0
2
o L 242 0 -2 0 0
— J1.Q 2 2
4us b a2 2 a2 0
h2 2 2
b 422 o -
2 2
symmetric % +22 —%
L 22
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It can be noted that H is sparse and has a bandwidth that depends on the global
numbering of the grid nodes; moreover, it exhibits diagonal-dominance, in fact
H@,1) > Z?=i+1 [H@, j)|, i =1, n— 1. By assembling local contributions node by
node, the source vector d(n, 1) is obtained:

JS
d=?[12333321]T (4.52)

In this way, the solving system (4.29) results.

In order matrix H(n, n) to be non-singular, the boundary condition of Dirichlet’s
type should be imposed in at least one node. In the test problem: A; = A, = 0. In
order to fulfil A = 0, the first row and the first column of H are cancelled, while to
fulfil Ay = 0 the second row and the second column of H are cancelled, so obtaining
a matrix H'(n — 2, n — 2) that is non-singular. Correspondingly, the first and the
second terms of source vector are cancelled, obtaining a vector d’'(n —2, 1). Finally,
the reduced algebraic system comes out

HA =d (4.53)
with
(2 ;2 b 2 0 0 0
24 »2 0 20 0
wo L 2 22 ot 2 o
4us 242 0 2
symmetric L + 22 _n
9 ) 9
L b +22 ]
(4.54)
and
IS
d’=?[333321]T (4.55)

It should be noted that matrix H’ is better conditioned than matrix H owing to the
specification of boundary condition of the Dirichlet’s kind.

More generally, when the potential Ay to be imposed in the kth node is different
from zero, one should proceed as follows:

SetH(k,j) =0, j=1,n, j#Kk

— SetH(@,k) =0, i=1,n,i#k

Leave H(k,k) unaltered

Replace dix with H(k, k)Ag

— Replace d; with di — H@i, k)Ag, i=1,n, i #k.

The sizes of matrix H and vector d remain unchanged.
A few physical remarks are worth being considered. The elements of system
matrix, measured in [H™!'m], depend on geometry and material property. In turn, the
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source term JS, measured in [A], can be regarded as the current attributed to element
e while % represents the nodal current.

From the numerical viewpoint, the following data are assumed: h = 6cm, A =
lem, p=1.256100°Hm~", J=105 Am™2.

All triangles have surface area S = 1 cm?. Considering these data, the condition
number of H is 4.5594 10!, while that of H' is 120. Matrix H’ is definite positive;
therefore, the solution of the linear system is unique. The solution of the reduced
system (4.54)—(4.55) is

As 0.1256

A 0.1256

As | 5] 02010 | (Wb

A | =107 | 02009 <F (430
Ar 0.2270

Ag 0.2251

Calculation of the induction field

Knowing node potentials, the components of induction field (Wb m~—2) can be
obtained applying (4.45) element by element. To this end, the correspondence
between local and global numbering of nodes, shown in Table 4.1, should be taken
into account.

Element 1

BT 1 [—n ox]|™M i[-50 o s0]| °
B, [=3s| b_bol|22=19"] 100 —100 0 0
y 281 33 0.1256

0
Element 2
As 0
1 [— _
[E"]=2—[Ox M g} A4 =10—3[ (5)0 —?go 180} 0.1256
y S T33d A4 0.1256

Table 4.1 Correspondence between local and global nodes

Element Local nodes Global nodes
1 1,2,3 1,2,3
2 1,2,3 2,4,3
3 1,2,3 3,4,5
4 1,2,3 4,6,5
5 1,2,3 5,6,7
6 1,2,3 6,8,7
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_ 10 [6.2799}

0
Element 3
By 1 [=x 02| ™ 3[=50 0 50 0.1256
B =551 _hollA[=1071100 100 0 0.1256
y 373 As 0.2010
.3 [3.7705
0 [
Element 4
By 1 [=n » 07| 3[=50 50 o0 0.1256
B |=35| o _bn||As|=10 0 100 100 | 0-2009
y 33 As 0.2010
3.7655
_ -3
=10 [1.043410—2}
Element 5
B,] 1 [=x 0] =50 o 50722010
B, [=35|n —holl|®| =100 _100 0 || ©-200
y SL3 =3 A7 0.2270
_ o3[ 13002
- 1.04341072
Element 6
B,T 1 [=x » 0]|%¢ 4[=50 50 o7]9%20%
y 3311 Ay 0.2270
o3[ 12118
=10 [1.872310—1
Finally, it results
Bix 6.2801 By 0
Box 6.2799 By 0
Bax | ,-3| 37705 | [ B3y | -6 0
By =107 3 7655 | Buy =107 10,434 (4.57)
Bsy 1.3002 Bsy 10.434
Bex 1.2118 Boy 187.23

It should be remarked that in odd elements the value of By depends on A; — A3
and symmetry implies A; = A (indexes 1 and 2 refer to the local numbering);
in an analogous way, in even elements the value of By depends on —A; + A3z and
symmetry implies Ap = Az (indexes 2 and 3 refer to the local numbering). Residuals
of By are due to approximation error in computing potentials.
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Table 4.2 Distribution of nodal error (Fig. 4.4)

Node 3 4 5 6 7 8

Y coordinate 0.02 0.04 0.06

E; —2.3076 2.3076 —2.5961 2.5961 —4.1409 4.1409
1073 1073 1074 1074 1073 1073

Error analysis

The test problem has an exact analytical solution, namely

(w-37)
A=pl{hy -5y (4.58)
(Bx, By) = (W (h—y),0) 4.59)

suchthat A=0aty =0and 0 <y < h.
As far as potential is concerned, the local error

EE=1—-——, 1=3,8 (4.60)

can be defined, where A(i) and A; are approximated and exact values of potential at
the ith node, respectively. The distribution of error is reported in Table 4.2.

It can be noted that the local error increases with the distance from constrained
nodes 1, 2; moreover, the potential is overestimated at the left-boundary nodes (x =
0) and underestimated at the right-boundary nodes (x = \).

In order to test the effect of grid on accuracy, the following norms are introduced

Ifll, = 4.61)
and
[flloo = max {f(i)} (4.62)
i=3,np
with n, = 8 grid nodes.
In terms of the residual it results
. Ag(i)
fi) =|1 - —== 4.63
(@) ' Al (4.63)

where A, is the approximated value of potential computed using grid g while A; is
the exact one.

Having fixed the size of the slot, the test problem can be solved using grids with
an increasing number of triangular elements.
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Table 4.3 Error norms

No. of elements 6 30 46 330 1210
11l 02861072  0.1601072 04411073  0.2331073  0.1401073
11l oo 0.414 1072 0.200 1072 0.504 103 0.252 1073 0.168 1073

Table 4.4 Error on elements (coarsest grid)

Element 1 2 3 4 5 6
E. 0.0624784  —0.0714038  0.0994116  —0.1242645 0.2236068 —0.4472136

The results obtained using different grids give rise to the error norms reported
in Table 4.3; the latter decrease monotonically with the number of elements. In
particular, ||f], and |f|, give a measurement of average and maximum error,
respectively.

In turn, the error in terms of x component of induction field can be defined, in
each element, as follows

Be—1— ¢ 4.64

e = B (4.64)

where B¢ and B are approximated and exact value of the x component of the induc-

tion field, respectively; the exact value is that referred to the gravity centre of the

element. In Table 4.4 the distribution of error is reported, referring to the coarsest
grid composed of six elements.

Again, it can be noted that the error increases as long as the distance from
constrained nodes increases.

Finally, Fig. 4.5 shows the plot of flux lines. The results have been obtained using
a grid composed of 736 triangles with linear variation of potential.

Remarks on the topology of the grid

From Table 4.2 it can be remarked that the approximated values of potential in the
left boundary nodes are greater than the values of corresponding right boundary
nodes. This discrepancy can be attributed to the grid asymmetry. In fact, let a new
grid be considered, as the mirror-image with respect to the previous one; it is shown
in Fig. 4.6.

The coefficient matrices of elements 1 and 2 are

b2 h?
{ v "9 0
H =— h? 2 2 4.65
1 s 5+ n (4.65)
| symm. £z
22 0 2
1 2 2
Hy = Lo (4.66)
us 2
| symm. % +22
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Fig. 4.5 Open slot: plot of flux lines
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respectively. Keeping the same local numbering of nodes, one has H; = H; and
Hs = H;; Hy = Hy and Hg = Hj. In turn, local source terms are equal in all the

elements

1
d1=d2=d3=d4=d5=d6:§ls

(4.67)
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By assembling local coefficient matrices and source vectors the system
H*A* = d* (4.68)
with
L

S
d* = 3 2,1,3,3,3,3,1,2)7 (4.69)

results. It can be remarked that H* is the same as H in the previous case (4.51); in
turn, d* has first and second elements exchanged with respect to d, next-to-the-last
and last elements exchanged as well, the other four components being unmodified.

After imposing boundary conditions in nodes 1 and 2 and introducing numerical
data, the non-singular system

1.9904 —1.5924 —0.1990 0 0 0 Az 3
1.9904 0 —0.1990 0 0 Ay 3
3109 1.9904 —1.5924 —0.1990 0 As | |3
1.9904 0 —0.1990 Ag | | 3
symmetric 0.9952 —0.7962 Ay 1
0.9952 Ag 2
(4.70)
is obtained, the solution of which is
Az 0.1255
Ay 0.1256
As | . 3] 0.2009 Wb
A | =107 | 02010 <H “.7D)
Ay 0.2251
Ag 0.2270

The mirror-like aspect of the grid gives rise to the exchange of two pairs of
components of the source vector.

As shown in Table 4.5, this exchange has the final effect of making the potentials
at right-boundary nodes overestimated with respect to the corresponding potentials
at left-boundary nodes.

Table 4.5 Distribution of nodal error (Fig. 4.6)

Node 3 4 5 6 7 8

Y coordinate 0.02 0.04 0.06
E; 3076 1075 —2.3076 1075 2.5961 10~* —2.5961 10~* 4.1409 10~3 —4.1409 103
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4.3 Finite Elements for Three-Dimensional Magnetostatics

4.3.1 Surface and Solid Modelling

Generally, the three-dimensional model of an object can be built by means of either
of two techniques: surface modelling and solid modelling, respectively.

According to the former, given a rectangular reference system, the orthogonal
projection of the given object onto one of the three coordinate planes (Oxy, Oyz,
Oxz) defines the base plane, which is then extruded to form volumes. Subsequently,
the finite-element mesh is generated in two steps: first, a surface mesh is created in the
base plane, using triangles or quadrilateral elements; next, the volume mesh follows,
based on tetrahedrons or prisms, if the surface mesh is composed of triangles, or on
hexahedral elements, otherwise.

In turn, solid modelling uses three-dimensional elementary volumes and Boolean
operations to build the model of the object. This technique allows generating an
object through operations such as transformations and combinations. Basic elements
are parallelepipeds, cylinders, discs, spheres, cones, pyramids and thoroids; they
can be generated at any point and then combined. Using Boolean operators, basic
elements can also be merged, intersected or subtracted to model complex geometries.
Finally, the finite-element mesh is generated, based on either tetrahedra or hexahedra
or prismatic elements.

4.3.2 Local Shape Functions in Rectangular Coordinates

The extension of the results of Section 4.2 to the three-dimensional case can be easily
obtained.

Let the domain €2 be discretised by means of a grid of tetrahedral elements,
such that:

— Two adjacent elements do not overlap
— No vertex of a tetrahedron belongs to either the face or the edge of an adjacent
tetrahedron

Moreover, let the magnetic potential be approximated by means of a linear polyno-
mial within the element.

For the sake of simplicity, only the case of a source-free simply-connected field
region is considered; consequently, the scalar magnetic potential ¢(X,y, z) can be
used (see 2.212).

Referring to a tetrahedron of vertices vi = (Xi, Vi, zi) i = 1, 4, the following
functions

_ det(C)

Ilfi(X, Yy, Z) = det(C) s

i=1,4 4.72)
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can be defined, where

1X1 Y1 721
1 x2y2 22
1 x3y3 23
1 X4 y424

det(C) = =6V 4.73)

In (4.73) V is the volume of the given tetrahedron, det(C) is constant while

1 xy z 1x1y1 21
1 x2y2 22 1 xy z
det C = s det C =

€D 1 x3y323 ) 1x3y323

1 X4 y4 24 1 X4 y4 24

1 X1y1 21 1 x1y121

| 1x2y222 _|1x2y22
det(C3) = Ixy 2| det(Cy) = 1 %3 y3 73 4.74)

1 X4 y4 74 1 xy z

are linear functions of the coordinates (x, y, z) of a point P inside the tetrahedron.

A straightforward geometric interpretation in terms of volume coordinates is pos-
sible (Fig. 4.7); in fact, the denominator of (4.72) is proportional to the volume of
the given tetrahedron, while the numerator is proportional to the volume of another
tetrahedron, included into the given one and having the ith vertex coincident with
point P(x, y, z).

It is easy to prove that 0 < Yy < 1, k = 1,4 and Zﬁ:l Yr(x,y,z) = 1.
Consequently, (4.72) can be assumed as the local shape functions.

In turn, the restriction of potential ¢(X, y, z) to the tetrahedron is

4
Oy, 2) = Y k(X y, 2)dk

k=1
¢1
=[x, y,2) V2(x,y,2) U3(X,y,2) Pa(x,y, 2)] ij (4.75)
by

1

Fig. 4.7 Geometric interpretation of 3D local shape functions
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where (¢1, d2, ¢2, d4) are the nodal values of the potential at the vertices Vi =
(Xi, Vi, zi), 1 =1, 4 of tetrahedron.

The coefficient matrix and source vector are formed and assembled like in
Sections 4.2.3 and 4.2.5, respectively.

A similar procedure applies when passing from the potential to the induction field
B= (Bx, By, BZ) which is approximated on each element by

— ap 0¢ 09
B— _uf 2 2% %¢ (4.76)
ax dy 0z
From (4.72) and (4.75) it follows
a9 [,
Bx X X X X ¢
_ o d 03 o 2
By [ =—u a_yl —yz a_; 3_y4 3 4.77)
B, Yo 32 A3 g 0}
a0z z a0z 9z 4

where L is the element permeability.

Since (4.72) are linear in (X, y, z), each entry in the gradient matrix above is
constant; therefore, the induction field in the domain €2 is approximated by means
of a piecewise-constant function.

4.3.3 Comparison of 2D and 3D Simulations of an Electromagnet

Let the electromagnet discussed in Section 2.3.6 be considered again. The magnetic
field is here computed by means of the finite-element method, based on both two-
dimensional and three-dimensional models.

In Fig. 4.8 the two-dimensional mesh of the electromagnet is represented, for an
air-gap t = 1 mm wide; the mesh is composed of 4,500 triangles, approximately.
The resulting vector plot of the induction field is represented in Fig. 4.9; the air-gap
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Fig. 4.8 2D finite-element mesh of the electromagnet (t = 1 mm)
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Fig. 4.9 Vector plot of magnetic induction (t = 1 mm)

a0

Fig. 4.10 3D finite-element mesh of the electromagnet (t = 10 mm)

width is comparable with the linear size of the central limb and a consequent leakage
field can be noted.

Using the solid modelling technique, the model shown in Fig. 4.10 is obtained.
From this model a three-dimensional mesh composed of about 250,000 tetrahedra
has been generated. The depth of the magnetic core, in particular, has been taken
equal to the square root of the cross-section of the central limb (30 mm).

The corresponding plot of computed vectors is shown in Fig. 4.11.

The force acting on the movable part of the electromagnet is computed too, by
means of the Maxwell’s stress tensor. A surface embedding the movable core is taken
as the integration surface. The two models can be compared: in Fig. 4.12 the forces
vs air-gap curves are shown for both two- and three-dimensional models.
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v

Fig. 4.11 Vector plot of magnetic induction (t = 10 mm, winding not shown)
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Fig. 4.12 Force vs air-gap curve (42D, *3D)

The discrepancy between the two curves can be attributed to the leakage field in
the z direction, that is neglected in the two-dimensional analysis. In principle, the
three-dimensional analysis gives a more accurate prediction of the force. On the other
hand, the remarkable increase of the number of elements, and so the computational
cost, when passing from two to three dimensions, must be noted as well.



Chapter 5
Time-Varying Electromagnetic Field

5.1 Maxwell’s Equations in Differential Form

In general, the presence of a charge distributed with density p (C m~3) and of
an impressed current density Jo (A m~2) variable with time gives origin to the
electromagnetic field described by the following time-dependent vectors:

D electric displacement (C m—2)

E electric field intensity (V m™')
B magnetic induction (T)

H magnetic field intensity (A m~")
T current density (A m_z)

As far as the origin of current density is concerned, the following remark can be put
forward. In a solid or liquid medium the conduction current density is a function
of E

T=1(E) (5.1
For a linear medium the above function becomes
T=06E (5.2)

Another kind of current is originated by the movement of free ions and electrons
(e.g.1in gases or vacuum). This convection current density is expressed by the formula

J=ppuy +pu- (5.3)
where p and p_ are positive and negative charge densities, respectively, while u.

and u_ are the relevant velocities of positive and negative free charges.
Finally, the displacement current density is defined as

J=—— 5.4

101
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Considering the principle of charge conservation in any point of the domain, the
following equation always holds (charge continuity equation)

VIi+—=0 5.5

+ 5 (5.5)

The coupled electric and magnetic fields influence a charge q (C) by exerting a
mechanical force F (N) on it (Lorentz’s equation)

F=q(E+uxB) (5.6)

where U is the velocity of the charge with respect to the magnetic field. In particular,
the term qE modifies the value of velocity, while the term q x B modifies also the
direction of velocity.

In a simply-connected domain 2 with boundary I" filled in by a linear medium
characterized by permittivity €, permeability 1 and conductivity o, the time-varying
electromagnetic field is described by the following equations:

VxE= —% Faraday’s equation 5.7
V-D=p Gauss’s electric equation (5.8)
VxH=T+ % Ampere’s equation (5.9
V-B= Gauss’s magnetic equation (5.10)

In a three-dimensional domain, the above equations represent a set of eight scalar
equations to which constitutive relations (2.65), (2.187), (2.255) must be added.

In total, fifteen scalar unknowns (i.e. field components) have to be determined,
subject to suitable boundary conditions.

The system of eight plus nine equations can be solved since there are two rela-
tions among the unknowns which are automatically satisfied. In fact, taking the
divergence of (5.9) and the time derivative of (5.8), continuity equation (5.5) fol-
lows. Similarly, taking the divergence of (5.7) and the time derivative of (5.10), one
obtains an identity.

It should be remarked that in (5.9), in general,

T=TJp+oE +uou x H (5.11)

where Jj is the term impressed by an external source, while the last term of the
right-hand side takes into account the current density due to motional effect, if any.

In steady conditions all vectors are independent of time. Therefore, the two equa-
tions governing the electric field, namely (5.7) and (5.8), are decoupled with respect
to the two equations governing the magnetic field, namely (5.9) and (5.10) (see
Section 2.2 and Section 2.3).
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5.2 Poynting’s Vector

Let Maxwell’s equations (5.7) and (5.9) be considered. By means of a vector identity
(see A.13) one obtains

V. ExH)=H (VxE)-E-(Vx<H)=-H 2 -E 2 EJ 512

Referring to the specific energy in the electric and magnetic case and under the
assumption of linear constitutive relationships, one has

13(ﬁ BAE B)—l E8E+B_aﬁ 41 EaB+D_aE _
2 9t 2 at ot 2 at at |

— 9B - 9D

— 5.13
ot at >.13)

Integrating (5.12) over 2 and using Gauss’s theorem (see A.10), it results
. 9 H-B E-D _
(ExH)~ndF:—— — 4+ —|d2— | E-JdQ (5.14)

r ot Jo 2 2 Q
Vector
S=ExH (5.15)

is called Poynting’s vector (W m™2).

According to (5.14), its flux out of a closed surface I' is equal to (minus) the
sum of the power of the electromagnetic field inside the domain 2 and the power
transferred to the current (Poynting’s theorem).

5.3 Maxwell’s Equations in the Frequency Domain

The most important case of time-varying electromagnetic fields occurs when field
sources, namely charge and current densities, vary with sinusoidal law. A given vector

V(x,y,z,t) = [Vox(x,y, 2) cos(wt — ¢), Voy (X, y, z) cos(ot — ¢),
Voz(X, ¥, z) cos(wt — @)] =
= Vo cos(wt — ¢) (5.16)

can be expressed as
V(x.y.z,1) = [Vox (x,y,z)Re {ej(wtw)}, Voy(x,y, z)Re {ej(w‘*"’)},

Vo.(x.y. z)Re {eﬂwt—@ ” -
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— VRe {ej(‘”t_“))} (5.17)

The algebraic quantity V = Ve J¢ (phasor) represents the vector V(x, y,Z,t)in a

unique way; moreover, in the frequency domain, since % cos(wt) = w cos(wt + %),

the differential operator B% is transformed into the complex operator jo.
Consequently, Maxwell’s equation (5.7), (5.8), (5.9) and (5.10) are transformed

as follows:

V xE = —joB (5.18)
V-B=0 (5.19)
V xH=T+joD (5.20)
V.-D= (5.21)

The latter equations are referred to as Helmholtz’s equations and are valid at
sinusoidal steady state for frequency f = 7> (field equations in the frequency domain).

It should be remarked that field quantities in the latter equations are the phasors
corresponding to the associated time functions; by definition, the amplitude of the
phasor is the maximum value of the corresponding time function.

Considering the constitutive equations, in a non-conducting region free of spatial
charges (p = 0) and impressed currents, from vector identity (A.12), taking into
account (5.21) one has

VxVxE=V(V-E)-VE=-VE (5.22)
From (5.18) and (5.20), if i is a constant and o = 0, Jo = 0, it follows
VxVxE=V x (—jwm = —joV xB =
= —jouV x H = —jou(jwD) = w’ueE (5.23)
Comparing (5.22) and (5.23), Helmholtz’s equation of electric field results
VE = —o?ueE = K°E (5.24)

with k = jo/JLe. _
If the same procedure is applied to field H, one obtains

V’H = —o?ueH = K2H (5.25)

At sinusoidal steady state, the Poynting’s vector (phasor) resulting from the time
average of (5.15), considering the root-mean-square value of each vector, is

Tk

ExH
2

where the star denotes the conjugate phasor.
Referring to a volume 2 with boundary T, (5.14) takes the form

ExH\ _ ) H-B® E.D E.T
f ~nd1"=—2jo)/ e dQ—/ = dQ (5.27)
2 o\ 4 4 q 2

S = (5.26)
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Fig. 5.1 Travelling plane electromagnetic wave

5.4 Plane Waves in an Infinite Domain

Let a simply-connected unbounded domain, filled in by a perfectly insulating medium
(p =0, o0 = 0), be considered. For the sake of simplicity, let a time-harmonic electric
field Ep cos wt have only a non-zero component in the y-direction and vary only in
the x direction (Fig. 5.1).

The Helmholtz’s equation (5.24) reduces to

9’E

a7 = —w’ueE (5.28)

It can be easily proven that the complex function
- = jw\/ﬁ(xfit)
E = Epe Ve (5.29)

with Ey phasor of the given electric field, is a solution of (5.28).
In the time domain it results

E(x, t) = Eg cos [f(x _ ut)] (5.30)
u
. _ 1 —1 .
withu = TE (ms™"). It can be verified that also

E(x, t) = Eg cos [%(x n ut)] (5.31)

once transformed in its complex form E = Ege'” “E(Hﬁt) is a solution of (5.28).
From the physical standpoint, (5.30) and (5.31) represent harmonic waves trav-
elling with velocity u in positive and negative x-direction, respectively.
Owing to (5.18) a time-harmonic field B is associated to E.
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In the frequency domain it results

— 1 3E —
B= (0, 0, .——) = (0,0, VueE) (5.32)
jo 0x
In the time domain one obtains:
Eo o
B(x,t) = — cos [— x* ut)] (5.33)
u u

From (5.30), (5.31) and (5.32), it results that the couple of vectors (E, E defined
above is a plane wave; E and B are orthogonal vectors; the ratio of electric field
intensity to induction field intensity is equal to the velocity u of propagation in the
dielectric medium.

Moreover, the Poynting’s vector S in the time domain results

— — — E(z) 2w T
S=ExH=—|14cos|{— (x=xut)||ix (5.34)
up u
Therefore, the direction of propagation of the plane wave is orthogonal to both electric
and magnetic field (transverse electromagnetic wave, TEM).
5.5 Wave and Diffusion Equations in Terms of Vectors E and H

Considering the constitutive relations (2.65_), (2.1_87), (2.255), Maxwell’s equa-
tions (5.7)—(5.10) become, in terms of fields E and H,

- — oH
\Y = —u— 5.35
X R (5.35)
)
VxH=J0+0E+s¥ (5.36)
v.E="? (5.37)
e
V-H=0 (5.38)
where Jj is the impressed current density.
From (5.35) one has
- — — 0 — —
VXVXE:—&(VXLLH) (5.39)

Since (see A.12)

VxVxE=V(V.-E)-VE (5.40)
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taking into account that, in the absence of free charges (i.e. p = 0), if € is a constant
V-E=V- % = 0, one obtains

VE= —%(6 x ) (5.41)

Then, for a homogeneous medium from (5.41) and (5.36) it results

o 9°E 9E 3T
— — fu— 5.42
+ Uo 50 +u ot (5.42)

namely, the equation governing electric field E; if 3a_t0 = 0, the homogeneous wave

equation is obtained.
Similarly, it can be proven that for field H the following equation holds

—2 H = -
V'H=ue— +Huo— —V xJp (5.43)

If in (5.36) the displacement current density 8% can be neglected, then equa-
tions (5.42) and (5.43) become

9E 3o

—2—
VE = uo— — 5.44
oo +u P (5.44)
and
o oH _  _
V'H= MOE -V xJp (5.45)

respectively; they are the differential equations governing the electromagnetic field
under quasi-static conditions (diffusion equations).

In turn, by taking the divergence of both sides of (5.36) and considering (A.8),
the equation of charge relaxation follows

_ _  JE _
V. (cE—i-sﬁ) =-V-]p (5.46)

where the driving term is due to the impressed current density. It can be remarked
that (5.46) states the current density balance in a dissipative dielectric medium,
characterised by both conductivity o and permittivity e. In the frequency domain,
(5.46) transforms as

V- [(o+joe)E] ==V -] (5.47)

where the complex conductivity o + jwe appears; in (5.47) E and J are the phasors
corresponding to the associated time functions.
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5.6 Wave and Diffusion Equations in Terms of Scalar
and Vector Potentials

In a simply connected domain €2 filled in by a linear and homogeneous medium, the
magnetic vector potential A(Wb m~!) is defined by the equation (see 2.205)
B=VxA (5.48)

associated to a suitable gauge condition to be specified later on.
By means of (5.7) one has

—  [— A
VX(E-FR):O (5.49)

This means that the vector in brackets can be expressed as the gradient of a scalar
potential @(V)

—  3A _
E+—=—-Vo (5.50)
at
Hence
R LY (5.51)
YT N '
Substituting (5.51) into (5.36) one obtains
T T =To—oTg— o2 _ oLy oA (5.52)
xH=Jy—oV¢g—0— —e— —e—— .
0 ¢ ot o P e
From (5.48) one has
VxH=Vxu!'VxA (5.53)
and
T T AT g A Ty oV oA (5.54)
— — = —oVo—0— .
HEV e THEGa TR ¢ ot

In the case of a current-free and charge-free ideal dielectric region Jo = 0, p =0
and o = 0) it results

T T AT 4 el A (5.55)
x V x eV — g—— = .
HEVSr TSR
On the other hand, substituting (5.50) into (5.37) gives
0 _
_VZ(p _ a(ﬁ . A) =0 (5.56)

Equations (5.54) and (5.56) represent the link between the two potentials.
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Taking into account that (see A.12)
— = — R, S — —
VxVxA=-VA+V(V-A) (5.57)

and by substituting this expression into (5.55) one has

—2— e —8(p 82K
—V'A+V (VA V— — =0 5.58
+V (V- A) +ueV - + e (5.58)
or
VALY (T A+uel®) 4+ A g (5.59)
i He5e = '
If the Lorentz’s gauge
- BI0)
V-A+ usa =0 (5.60)
is imposed, then from (5.59) one obtains
TR el Z o (5.61)
— £E—— = .
Heoe

which is the wave equation for the magnetic vector potential A, subject to boundary
and intial conditions. After determining A, following (5.60), ¢ is given by

t
Q(t) = @o — L / V- A@tHdt (5.62)
ne Jo

with g to be determined.
Alternatively, imposing gauge (5.60) to equation (5.56), the wave equation for
the electric scalar potential is obtained
329
~V2@+pe— =0 5.63
¢+ HeZs (5.63)
After determining ¢, A can be recovered.

In the case current Jo and charge p are present, (5.61) and (5.63) become

o 3°A
8¢

respectively.
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In a three-dimensional unbounded domain €2, their particular solutions are (see
2.48 and 2.49)

_ 7

A= /Q :‘ﬁdsz (5.66)
p/

¢ = fQ Rl (5.67)

where the values .T:) and o’ are taken at an earlier time t' = t — r,/[le with respect
to the time t at which A and ¢ are observed. The latter two potentials are therefore
called retarded potentials. Additionally, it can be noted that A depends only on Jg
and ¢ depends only on p. This dependence is, except for the correspondence of time,
the same as in magnetostatics and electrostatics, respectively.

In the case of a conductor (p = 0, ¢ # 0), by imposing the following gauge

—— 3
V-A+ “Ea_T Floe=0 (5.68)

from (5.54) and (5.57) it follows

VA+V(V A+ o¢ +uo@ | +u 82“+u a“_uf (5.69)
f— . 8_ ()’ 8_ ()’_ —_— .
at at2 at 0
or
— 2A —82_ —8 = j (5 70)
E .
V + W o2 + uo ot Wo

After determining A and so V - A, ¢ can be recovered from (5.68).

5.7 Electromagnetic Field Radiated by an Oscillating Dipole

Let a point charge q(t) = qsin(wt) oscillate with angular frequency o along an
element d\ of line \ in a three-dimensional domain, so that the resulting current is
i = wqcoswt. If line A is coincident with the z axis, in the frequency domain the
phasor of the elementary vector potential (see 5.66) can be expressed as

Bl

eIT A, (5.71)
4mr

dA =

where I is the phasor of current i, r is the distance between field point and source point,

¢ = —— is the velocity of the electromagnetic wave in free space and the

+/€oHo

operator e accounts for the phase delay of dA with respect to 1.
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Fig. 5.2 Field radiated at point P by an oscillating dipole

Assuming spherical coordinates with origin at the gravity centre of the dipole
(Fig. 5.2), the components of vector potential are

dA; = dA cos ¢
dAy = —dAsin ¢
dA, =0 (5.72)

Since pyH = V x A, the components of the elementary magnetic field in the
frequency domain are (see A.21-A.23)

dH, =dHy =0
Ji Isin 9dn (1 n ,oor) _jer (5.73)
= —-—— —_— c C .
¢ 4mr? L

Thanks to (5.73), it can be noted that lines of magnetic fields are circular and are
located on planes normal to the direction of z axis.

According to the Lorentz’s gauge (5.60), the phasor of the elementary scalar
potential associated to vector potential is

2
do = j%V . (dA) (5.74)

Considering (5.51) and (5.74), the relationship between potentials and electric field
dE = —jwdA — Vdg (5.75)

becomes

2
dE = —jwdA — j—V (V- dA) (5.76)
(O]
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After (5.72), (A.19) and (A.24), the components of the elementary electric field
follow in phasor form

— 21 cos9dn L@Or\ _or
dE, = -j =2 (1 +J—)e i
4meor’ C
i Isin9dn 1+,wr (mr)Z _jer
= -1 — — | — (& ¢
i J4n£0r3oo e c
dEy, =0 (5.77)

The situation is represented in Fig. 5.2.

It is interesting to consider the approximated expressions of field components
near the oscillating dipole and far from it, respectively.

Under the approximation - << 1 of near field, the field components become in
phasor form

_— Isin 9dn

dH, = 5.78
¢ 47ir? (5.78)
— 21 cos $dn
dE, = - j———— 5.79
' ] 4mepri w (5.79)
_ Isin 9dn
dBy = —j—n et (5.80)
4megrim

It can be noted that the magnetic field scales as rl2 following the Laplace’s law of
the elementary action valid for a steady current (see 3.79); in turn, the electric field
scales as - according to the static field of a dipole (see Section 2.2.6).

Conve;sely, under the approximation < >> 1 of far field, the field components

become
— Tsin¥dn /o - or
dH, = j—0 2 (—) i 5.81
0= 4mc r ¢ ( )
— Isin 9dn or
By = j—n v (9) e i¥ (5.82)
4megc? \r

The component dE; can be neglected with respect to dEy, apart from points in which
| sin¢| << 1. It is important to note that electric and magnetic fields are orthogonal,
in phase and tangent to the sphere of radius r; consequently, the Poynting’s vector
has a radial direction only and the corresponding phasor results

dS =

dEy x dH,  Psin’9 (@0 f0\2-

- ( ) i (5.83)
2 16m2¢qc>

where I is the root-mean-square value of current.

It comes out that the power radiated by the dipole is maximum for ¢ = % (equa-
torial plane) and zero for ¢ = 0 (z axis); furthermore, the average power flowing
through a spherical surface is independent of its radius. Finally, the amplitude of
fields depends on ; therefore, to make a long-distance transmission, it is necessary
to increase the source frequency.

T
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5.8 Diffusion Equation in Terms of Dual Potentials

Let alinear homogeneous isotropic medium, characterized by conductivity o, perme-
ability U and permittivity € be considered, where an impressed current Jy is present,
the time variations of which are small, i.e., if time harmonic variations occur, the
angular frequency is much lower than 2. Then, displacement current density %
may be neglected with respect to impressed Jo and induced oE current densities
(quasi-static approximation). In this case, Maxwell’s equations reduce to

_ _ 9B

VxE=—— (5.84)
at

V-D=0 (5.85)

VxH=J=Jy+0E (5.86)

V-B=0 (5.87)

along with the constitutive relations (5.2) and (2.187).

Given appropriate boundary and initial conditions, vectors H (or B) and E (or J
and D) are uniquely defined.

This is a special case of Section 5.1 and is particularly important in low-frequency
applications (eddy current problem).

The electromagnetic field can be also described in terms of potentials in two
different ways.

According to the A — ¢ method (see Section 5.6) a magnetic vector potential
A(Wb m_l) is introduced by (5.48); moreover, an electric scalar potential ¢(V) is
defined according to (5.50).

In order to specify A uniquely, a further condition must be introduced: this may
be the Coulomb’s gauge (2.206) or the Lorentz’s gauge (5.60).

This way E and H can be expressed by means of two potentials (see Section 2.1.4),
namely A and ¢.

From (5.86) taking into account (5.48) and (5.51) one has

_ — A —
Vxu 'VxA=T)— i oV (5.88)

From (5.5), taking into account (5.51), it follows
— /- ) -
V. (Jo - O'E - cV(l)) =0 (5.89)

Equations (5.88) and (5.89) with appropriate boundary and initial conditions solve the
electromagnetic problem in terms of A and ¢. In a region where ¢ = 0 (eddy-current
free) the latter reduce to the classical equations of magnetostatics (see Section 2.3.1).
On the other hand, (5.88) is a special case of (5.54).
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Moreover, imposing the gauge V - A + no¢ = 0, from (5.88) one obtains
— A
VA + po = = ulo (5.90)

that represents the diffusion equation in terms of vector potential; it is an approxima-
tion of equation (5.70) in the quasi-static state. After determining A, scalar potential
o =— (uc)_1 V - A can be recovered.

Alternatively, following the T — € method, in regions free of impressed current
(Jo = 0) an electric vector potential T (A m_l) can be defined as

VxT=]J (5.91)

Comparing (5.91) and (5.86) it turns out that H and T, which have the same curl,
must differ by the gradient of a function €2(A) (magnetic scalar potential)

H=T-VQ (5.92)

The electric and magnetic vectors, 7 and H, have been so expressed in terms of two
potentials.

In order to define T uniquely, a gauge must be introduced.

The equation governing the electromagnetic field can be now expressed in terms
of T and . In fact, from (5.86) taking the curl of both members and taking into
account (5.84) and (5.92), one has

_ N — -
Vx (07 VxT) =V xo T - ST -VQ) (5.93)

and from (5.87)
Vou(T-vVQ)=0 (5.94)

In regions where ¢ = 0 one has T = 0 and therefore, from (5.91), VxT=0.

Moreover, imposing the gauge V- T = uc%, from (5.93) and (5.94) one obtains

two independent equations for T and €2, namely

VT - uca =-V xJp (5.95)
and
) 082
subject to appropriate boundary conditions. They are
AaxT=0 Q=0 (5.97)
or
_ = 082
n-T=0, =0 (5.98)

on
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if the boundary is normal to a flux line (i.e. i x B = 0) or it is parallel to a flux line

(i.e.n- B = 0), respectively.
After determining T, €2 is given by

t
Q(t) = Qo + (o) ™! / V.-T(t)dt (5.99)
0

with Q¢ to be determined.

5.9 Weak Eddy Current in a Conducting Plane
under AC Conditions

Let a conducting plane of thickness b and infinite extension, as shown in Fig. 5.3, be
considered.

A time-varying magnetic field H= (H, 0, 0), with H = Hy sin wt, is impressed
to the conductor characterized by conductivity o.

Thanks to symmetry, all variables depend merely on y coordinate. From (5.35),
V x E turns out to be directed along the x axis and to depend merely on the z
component of E. It follows that the electric field E induced within the conductor is
E= (0, 0, E); the same holds for induced current density T= (0, 0, J). Therefore

_ _ 9E
VxE= <—, 0, 0) (5.100)
ay

From (5.35), neglecting the magnetic field created by J = oE, one has

oE oH

— = —Uy— 5.101
dy Ho ot ( )

6#0 ®

v

—-b/2

Fig. 5.3 Conducting plane in a magnetic field
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or
J0E
— = —wlgHp cos wt (5.102)
dy

Therefore:
E(y,t) = E(y) cos wt (5.103)
E(y) = —ouyHoy +k (5.104)

with k to be determined. B B
Following (5.86) with Jo=0 (solenoidality of the specific current oE), the

boundary condition is
b b
E(—<z)=-E|= (5.105)
2 2

1 1
5 @HoHob + k = SwligHob —k (5.106)

It follows

Therefore, it results that k = 0 and
E(y,t) = —wuyHoy cos wt (5.107)

In terms of eddy current density one has

- - b b
I(y, t) = —owuyHopy cos wtiy, —3 <y< 2 (5.108)

and J(y, t) = 0 elsewhere.
By assuming b = 2cm, Hy = 10* Am™!, 6 =5.9310’Q 'm~!, f = 50 Hz,
the amplitude of induced electric field is shown in Fig. 5.4.

5.10 Strong Eddy Current in a Conducting Plane
under AC Conditions

Unlike the previous example, if the magnetic field due to the induced current dom-
inates over the impressed field within the conductor, then the governing equations
become

V xE=—yy— (5.109)
VxH=o0 (5.110)
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Fig. 5.4 Induced electric field in the conductor cross-section (weak reaction)

Thanks to symmetry

- oE . — oH
VXE={—,0,0); VxH=1{0,0,—— (5.111)
ay dy
From (5.109) one has
JE oH
— =y — 5.112
gy 0T ©-112)
and from (5.110)
oH
dy

so that differentiating the latter with respect to y and substituting into the former
yields

10°H  oH (5.114)
o dy? Hog '
Likewise, after differentiating (5.112) with respect to y and (5.113) with respect to
t, one has

9°E oo . 90H_ 9B

e o 5.115
ay2 Mooy M Taiay T Yo (5.115)
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respectively. Therefore

_,9’E  JE
—_— =0—
Ho dy? ot

results.
It is assumed that both H and E are time-harmonic functions

H(y, t) = H(y) cos(wt + ¢n)
E(y. ) = E(y) cos(wt + ¢E)

or
H(y, ) = fe {H(y)ej“’“ej‘”t} — N {ﬁei““]
E(y, t) = Se {E(y)ei‘PEej‘”t} = e {Eeiw‘]
Combining (5.118) with (5.114) gives

19%H = ’H _
ga—yz = llo](DH and W —J(DO‘H()H =0

where H now denotes the phasor corresponding to H(y, t).
Similarly

0T GoE and LE _ joopgE -
MO a—yz = 0oJw an 3_y2 — Jwolg =0
holds.
Let quantities
1
0? = joop: k= [ ZFLm; 8= fm)

(5.116)

(5.117)

(5.118)

(5.119)

(5.120)

(5.121)

be defined, where § is called penetration depth or skin depth. It results (1 4 j)*k? =

o =(1+ j)28_2. The general solution to the equation

is
H= Cre™ 4+ Cre™®

The application of the boundary conditions

(5.122)

(5.123)

(5.124)
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gives
ﬁ() = C]C_a% + Cze+a%
— b b
Hp = C1e%2 4+ Cre™*2 (5.125)
This implies
e 3 (Cy — Cp) = et3(C) — Cy)
C=C (5.126)
and

H
Ci=Cy= Ob (5.127)
2ch (o)
Finally, from (5.123) it follows
. _ e —oy _ ¢ch
HeH, T g, hw) (5.128)
2ch(0c‘§’) ch(oc%)
Because of (5.113), one has
_ H — sh
T= —2— B, (“yb) (5.129)

Returning to the time domain, the amplitude of time-varying field H inside the
conductor is given by the norm of (5.128). Using the identity |ch(u +jv)| =

v cos? u + sh?v with u and v real numbers, after (5.121) and (5.128) it follows

Jcos? ¥ 4 sh?¥ b b
0 0 (5.130)

[H(y)| = |Ho| ; —o<y<=z
coszz%—i—shz%5 2 2

while |H(y)| = [Ho| elsewhere.

By assumingb = 2cm, Hy = 10* Am™!, 6 =59310’Q 'm~!, f = 103 Hz,
the distribution of magnetic field shown in Fig. 5.5 is obtained. When frequency f
decreases, the magnetic field tends to become constant and equal to Hy.

In turn, after (5.129) the amplitude J of the eddy current density is given by:

7 _ ’\/ 2 Y .2y 2Y . 2Y ’ﬁo‘ .2y 2y
|J(y)| = cos? =sh +51n SCh 5 —BT /sin S+Sh 5 (5.131)
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Fig. 5.5 Magnetic field in the conductor cross section

with B_l:%@,/cosz%+shzzﬂ, = /#uo, —'% <y<§ and J(y) = 0

elsewhere.
The maximum value Jy, of the induced current density is

Im =J<—g> = J(;) _ ﬁ|ﬁ60|

By assuming the previous data, the distribution of electric field E(y) = o~ 'I(y)
shown in Fig. 5.6 is obtained. When frequency f decreases, the maximum value of
electric field decreases and its distribution tends to become linear. In turn, when f
increases, the magnetic field decreases in the limits

b

2 b 2
sin %+sh

25
(5.132)
2 b 2b

cos %-i-sh 75

Hl -0, —g <y < g (5.133)
and
H| — [Ho|, y= :I:g (5.134)

when f tends to infinity.
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Fig. 5.6 Induced electric field in the conductor cross section (strong reaction)

Resorting to the definition of power loss given in Section 2.4.3, the surface power
density P(W m~2) dissipated in the conductor is

b b
1 (21~ H? 3
P= —/ —[J(y)lPdy = 5 0 / (sin2 % + shzg) dy =
2J)%0 oo (0052 % + shZ%) -5
:H_(% Sh%—sin% :H_(z) sh%—sin% _
2698 cos? % + shz% 208 cos 41 (e%_e‘%)Q
2 + 4
. H} sh% - sin% 2 [wl, sh kb — sinkb (5.135)
~ 0d cos% —i—ch% ~ 0V 26 chkb+ coskb ’

where k = &'
Alternatively, in the frequency domain, since E and H are orthogonal vectors, the

phasor of the Poynting’s vector (5.26) is

(5.136)

S _ EH _ _OLH(z) sh(oy)ch™(ay)
2

2
7 e (2)



122 5 Time-Varying Electromagnetic Field

It results

sh(2ky) + jsin(2ky)
2

sh(oy)ch* (o) = (5.137)

where the star denotes the complex conjugate and

b (V[ Z e (R + cos? (X2 (5.138)
C —_— =S —_— COS —_— .
2 2 2

respectively. After substitution, it comes out

_ kHg [sh (2ky) — sin (2ky)] 4 j[sh (2ky) + sin (2ky)]

S= (5.139)
40 sh? (%) + cos? (l<2_b)
Therefore, the total power dissipated per unit section of the conductor is
— 2
—/ b — (b k|H h kb — sin kb
porel5(=2)] Zrels ()] = Kol s =
2 2 20 sh2k2—b + cos? %
— h kb — sin kb
= [,/ 2o o (5.140)

20 ch kb + cos kb

coincident with (5.135).

5.11 Eddy Current in a Cylindrical Conductor under Step
Excitation Current

The problem is that of searching for the current density distribution J(r, t) in a con-
ductor of infinite length and circular cross-section of radius R carrying current i(t)
defined as a step function: i(t) = O whent < O and i(t) = I when t > 0.

According to (5.2) and (5.44), assuming cylindrical coordinates, the following
equation holds

9% 10] AN

—— —uwo—=0, 0<r<R 5.141
a2 T rar Mot r= (514D

subject to the boundary condition

3

— =0, r=0 (5.142)
or

the integral condition

R
2ch J(r,Ordr =1 (5.143)
0
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and the initial condition
I
Jr, 0" = —§ ¢t —R 5.144
(r,0™) TR (r ) ( )

where 8 (r —R) = lim 3(r —1g). At t = O™ a step of current is applied; in the

ro—R~
frequency domain, it corresponds to a vanishing penetration depth (see Section 5.10);
accordingly, current I is concentrated at r = R. The laminar current density Jg =
J(r, 0") determines the magnetic field H such that i x H = Js.
The solution to (5.141) can be obtained by means of the separation of variables

I, t) = + ZRk(r)Tk(t), 0<r<R (5.145)
k=1

Substituting (5.145) into (5.141) gives

00 9 00 0
d“Rg 1 dRy dTx
T - —Tx — Rp— =0 5.146
Zdrz k"‘rz K HOGZ S ( )
k=1 k=1 k=1
Let one assume that for any k > 1
" 1
R, Ty + —RIQTk - HOGRka( =0 (5.147)
r
where R = dj%, . = % and T, = % respectively.
After dividing each term of (5.147) by Ry Tk, it results
Rl: + IRI/‘ Ti‘ 0 (5.148)
Rk r Rk lJyoch - '

The latter transforms into the following pair of ordinary differential equations (see
Section 3.3)

T __.2
Mo = =g (5.149)
k
R, IR
k k 2
kg _ k= 5.150
Rk + T Rk k ( )
namely
)\2
T+ Ty =0 (5.151)
Koo
" 1
R, + —R[ + MRy =0 (5.152)
T

where )\12( # 0 is the separation constant.
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The solution to (5.151) is of the type
2
Nt
T (t) = oie Moo (5.153)

where oy is a coefficient to be determined.
In turn, from (5.152) it results

Ry (1) = B Jo(hkr) + %5 Yo(hkr) (5.154)

where By and 7y, are coefficients to be determined, while Jo(hxr) and Yo(hgr) are
the zero-order Bessel’s functions of first and second kind, respectively. It is to be
noted that Jo(hxr) and Yo(hkr) tend to 1 and to minus infinity, respectively, when
r approaches zero. Since at r = 0 current density should take a finite value at any
time, constant Y, must be zero. Therefore, it results

At
o0 e —
I, ) =y + ch JoOur)e M09 0<r<R (5.155)
k=1

where constants Jp,, cx = ox By and A are to be determined by imposing boundary
and initial conditions.

If R is very large and so the term %% in (5.141) is neglected, a closed form of
(5.155) can be determined in a straightforward way. In fact, under this assumption
(5.152) and (5.154) become

R, + 2Ry =0 (5.156)
and
Ry (r) = ag cos(hgr) + by sin(Agr) (5.157)

respectively, where ax and by are coefficients to be determined. As a consequence,
(5.145) becomes

At

o0 ——_
Jar,t) =Jn + Z e MoO [ay cos(hgr) + by sin(hgr)] (5.158)

k=1
From (5.142) it follows that:
2
Mt

abre MO =0 (5.159)

Therefore, by = 0. In turn, from (5.143) and (5.158) it results
2
At

o0 L
21
JmTR? + E dee M09 [aR sin(AkR) + cos(hkR) — 1] =1 (5.160)
k=1 "k
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where dy = ag; (5.160) is fulfilled if J,, = #, which represents the impressed
current density when t — oo, and if either dy =0, k > 1 or

[WR sin(\R) + cos((R) — 11 =0, k> 1 (5.161)

Two solutions to (5.161) exist, namely Ay = 2k” with k > 1 integer number and

{ic} such that M < ¥ < hiyr withk > 1 integer number.
Accordingly, a particular solution is

I
Jr,0") = —8& r—R 5.162
(r,0M) R (r—R) ( )
and
o 4K>212t
1 - 2 r
_ oR
J(r,t)_@JrI;dke HooR? (g (2kn§> (5.163)

where coefficient di is determined for r = 0 by means of (5.144); this implies
= I
de =-——5 1€lOR) (5.164)

Considering the kth contribution to (5.163), it can be noted that the current carried
by the round conductor is distributed sinusoidally in space and diffuses exponen-

tially with a time constant Ty =

4k2 2 . At time t the penetration depth can be defined

as o = 21 /ﬁ and the minimum value of current density is located on the axis
of the conductor; t = 07 is the critical instant, when a laminar current density Jg is
originated at r = R such that [;.JsdT" = [, Jind$2 fulfilling condition (5.143).
In the insulating medium surrounding the conductor, the current density is zero,
while the induced electric field E = Ei, fulfils the equation
oE
ar

By integrating the latter with respect to r, the finite variation AE of the field between
any position r > R and the boundary r = R of the conductor results

= M—OIS(t), r>R (5.165)
2nr

AE=E@) ~ER) = S -1 6 ), r>R (5.166)

The field is impulsive, i.e. E =0, t # 0.

5.12 Electromagnetic Field Equations in Different
Reference Frames

In free space, let us consider an inertial frame of reference O = (x, y, z) in which
the observer perceives an electric field of intensity E and a magnetic field of induction
B at time t.
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Let a second frame of reference O’ = (x,y/,z’) move at a constant velocity
= (u, 0, 0) with respect to O at time t'.

Lorentz’s transformation of coordinates, in which any observer measures the
same velocity c of light in the free space, i.e. defines the same wave equation, can be
obtained in the following way. Let time t and time t’ be initialised so thatatt = t' = 0
the axes of the two frames are coincident, namely x’ = x, y' =y, z/ = z. Owing
to symmetry, it can be stated that O" moves at a velocity u with respect to O and,
conversely, O moves at a speed —u with respect to O’. This implies

x" = y(x — ut) (5.167)
x = Y(x' +ut’) (5.168)

where 7 is a dimensionless coefficient to be determined. To this end, let a light flash,
originated at the origin of both systems att =t = 0, be considered. The light travels
as a spherical wave in both frames with the same speed c; therefore, the equation of
the wavefront is

24y 422 = A (5.169)
in frame O and
X2 4+y? 422 = 2 (5.170)

in frame O'. Since y’ = y and 7’ = z, it follows

x> — 22 = x2 — 22 (5.171)
and then
” 2
= -4 (5.172)
C C

Replacing x" by means of (5.167) one obtains

2 2 2..2
—1
2= = X2 — 270_2“xt i <YC_‘2‘ + 1)t2 (5.173)

Independently, taking t’ from (5.168) and using (5.167) one has

1 —y2\? 2
2 = (—Y> 22 T iy (5.174)
u u

By equating the corresponding coefficients of (5.173) and (5.174), it results

= (5.175)
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and then

U= —5— (5.176)
] —u
c2

Finally, the Lorentz’s transformation from O to O results
X =yx—u); y =y 7 =z t’zy(t—cu—zx> (5.177)
The inverse transformation can be obtained by changing the sign of velocity u, namely
x=yX +ut); y=y; z=1z t=y<t/+:—2x/> (5.178)
Galilean transformation, on the contrary, is:
X'=x—ut; yy=y; 72 =z t' =t (5.179)
and
x=x+ut;y=yiz=7;t=" (5.180)

Using Lorentz’s transformation, Maxwell’s equations remain the same, if electric
field intensity E transforms as follows:

E; = Ey; E’y :y(Ey —uBZ); E/Z :y(EZ—i-uBy) (5.181)
Ifu <<c,theny= 1 and
E; = Ey; E’y =Ey —uBy; E’Z =E, +uBy (5.182)
For vector B, the transformation is
B, = By; By =7(By + upgeoE,) ; B, = (B, + upgeoEy) (5.183)
Ifu << c, then
B, = By; B'y = By + upyeoE;; B/Z = B, + ulyeoEy (5.184)

For the sake of some examples, let us first focus on a point charge q moving at a
constant velocity U withu << cin free space with respect to a fixed frame (Fig. 5.7).
If the observer moves together with the charge, he/she just observes

— q -
E/

4meqr? I
B =0 (5.185)
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E:uosoﬁxﬁ

Fig. 5.7 Fields of a moving charge in different frames: (a) moving observer; (b) fixed observer

where r is the radial coordinate. An observer in the fixed frame sees

—=/

=F
B = lyeol x E (5.186)

[es]

Therefore, it is reasonable to state that magnetism is a relativistic aspect of electricity;
in other words, a magnetic field is given, if a relative motion between charge and
observer is established.

In particular, (5.186) gives the field of a single travelling charge; the induction
field can be expressed as

Mo qU X ir
4t 12

If nd2 travelling charges of value q are available in the elementary volume d<2,
the elementary field is

B= (5.187)

@nqﬁxidg_ﬁfxﬂ

dB = —
4t 12 4t 12

dQ (5.188)
where J = nqu is the current density. If the direction of u, and so 7, is coincident
with the z axis, then (5.188) corresponds to (3.79) and by integration the Biot-Savart
law follows (see 3.81).

As a second example, let a rectangular coil placed in a uniform induction field B
orthogonal to it be considered (Fig. 5.8). It is assumed that one of the four sides of
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the coil is movable with a constant velocity U with u << c. While an observer at
rest with respect to a fixed frame measures the magnetic field of induction B and no
electric field, a second observer, located on the movable side, observes an electric
field E parallel to the movable side, the magnitude of which is E = uB.

5.12.1 A Relativistic Example: Steady Motion and Magnetic
Diffusion

Let a pair of plane and parallel electrodes be considered; they are supposed to have
infinite extension in the x direction, along which a finite portion of width w is taken
into account. The length of the electrodes in the z direction is finite and equal to \
while the distance between them is equal to d (Fig. 5.9). An external circuit forces
a constant current I through a conductive strip, filling the region between the two
electrodes, such that current lines are normal to the electrodes; assuming d <<\,
end effects in the current distribution are neglected.
Current lines when the strip speed is zero are also shown.

B
R ® ®M®
E
® ® ®||®
® ® ®||® u
® ® ®||®
® ® ®||®
® ® ® ®

Fig. 5.8 Rectangular coil with a movable side in an induction field

A A
y y
d d
vYvyly vliv A iriv vvvll\rv v i
Ho,& i - 1,0 ; R
0 w X 0 A 7

a) b)

Fig. 5.9 Parallel electrodes with a conducting strip: (a) x — y cross-section, (b) z — y cross-section
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The strip of infinite extension, which exhibits conductivity o and permeability L,
is free to slide at a constant speed U = ui,. After (5.45) and (5.11) the induction field
in the strip is governed by the following equation

B —— — _
Hoo 5 V’B = oV x (T x B) (5.189)

subject to appropriate boundary and initial conditions; thanks to the assumptions
made on the geometry of the electrodes,J = (0, J, 0) and B = (B, 0, 0). The problem
can be tackled in either of two ways.

Steady State in the Fixed Frame

This viewpoint implies that

— the observer is at rest with respect to the electrodes
— the strip slides at a speed u with respect to the observer
— the field is steady, i.e. B _ 0

En
The governing equation (5.189) reduces to

9’B 9B

= Hoou—

7= (5.190)

As far as the boundary conditions are concerned, the following remark can be put
forward. At z = \, the Ampere’s law gives —H(0)w + H(\)w = L. Assuming that
the field is zero at z = 0, it turns out to be

B0)=0, B = %I (5.191)

Consequently, the solution to (5.190) is
2
B(z) = Z kjei? (5.192)
i=1

with A; such that )\iz — Wpouk; = 0, giving Ay = 0 and Ay = You, respectively.
Applying boundary conditions (5.191), it follows

I
Ki+k =0, ki + koehoowr — Koo (5.193)
W
namely
T
K, = 2o Ky = —k; (5.194)

w 1 — ehooun’
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Therefore, it results

“OI 1 — eMoouz
w1 — eMooud’

B(z) = — uzx0, O0<z<nh (5.195)
The distribution of flux lines is noll-linear Eith z.
The associated current density J = [, IV xBis

_19B ol ouetoo

1@ = o 9z w eloou — [’

u#0, 0<z<AX\ (5.196)

which is non-uniform with z.
In the case u = 0 (strip at rest), after (5.195) and (5.196) it follows

Hoozeto™ ol z

B(z) = Mol iy Hooze™™ 5.197
() = w u—>0 Hoohetoou: — w ) %
and
wol . et 4y oluzetoot? T
J(z)=—1 = — 5.198
@ W us0 oo heHoou wh ( )

The distribution of flux lines is linear with z, while the current density is uniform.

Transient State in the Moving Frame

This viewpoint implies that the observer travels at the same speed as the field; there-
fore, in (5.189) u = 0. In order to have a non-uniform field in the strip equal to
(5.195), an appropriate value of the time derivative of B should be prescribed; this
way, a problem of transient magnetic diffusion is set up. In particular, comparing
(5.189) with u = 0 and (5.190), it turns out to be

9B 3’B

with

B BB uOI ou?zetoo”

— _— 5.200
at Bz w eHoouh _ | ( )

It can be noted that the time derivative varies with coordinates and is constant in
time. Accordingly, the initial condition is

Kol 2

B(z) ="

t=0 (5.201)

Boundary conditions are the same as in the previous case.
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5.12.2 Galileian and Lorentzian Transformations
in Electromagnetism

It can be shown that equations of electromagnetism are invariant with respect to the
Lorentzian transformation, not to the Galilean transformation. In particular, referring
to the one-dimensional wave equation (see Section 5.6), it can be proven that if
d(x, t) fulfils the equation

%o 1 0%
IR S 5.202
ax2  c2? a2 ( )
then ¢p(x’, t) fulfils the equation
%d 1 9%
et b 0 (5.203)
where (x,t) is related to (x’, t') through (5.177), in which u is now called v.
In fact, using the chain derivation rule with respect to x’, one has
1
B ap dx 9 At 3 vi\ 2
_¢=_¢_+_¢_=_¢ 1] — — +
ax’  9x ax’ It Ix’  Ox c?
_1
LAy (Y (5.204)
at c2 c? ’
at the first order, and
_ _1
Po _ 00 VT 20y (VYT
ax2  9x2 c? xot c2 c2 ox’
1
92 VT oot 3%pv2 vy !
1—-— — t—— |1 - = 5.205
+ atdx < 02> ax’ + ot ¢* < 02> ( )
at the second order. Since %Zat = %;X, it follows that
52 52 2y ! 52 A
_¢=_¢ 1_V_ +2_¢1 1_V_ _X+
ax2  9x? c2 9xat c2 c2 ax’
324 v2 AN
— (1= 5.206
+ ot2 c* < 02> ( )

In turn, by deriving with respect to t’, one obtains

9 BT b ot 9 2\ 72
90 _9pdx gt _ ¢ (1 v\
ar — ax ot | At ot oax

b}
+@(1 M ) ’ (5.207)

a2
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at the first order, and

1
82 82 2 29 82 2\ "2 P
O_ 20 (1 VN Tax 9% (1 v\ TRax
8t/2 aXz 2 2

1 1
82 2\ 72 ot 82 2\ 72 ot
ALY R B Y R B
atax c? o ot? c2 ot/

at the second order. It follows that

A%
9t 9x2 axat

As a result, it turns out to be
e 19% e 19%
ax? 2 a2 9x2 2 a2

Conversely, using Galileian transformations (5.179) one has

2
o 199 el-5 P p-F
0x2 2 at?  9x2q_ ¥ axat 1 _ ¥2
C2 C2
2 2
Btzl_z_i czat21_z_§
It follows that
7o 9%
ax2  9x2
and

92 92 92 92
d) = Vz—d) =+ 2V (I) + _(I)
a2 9x2 axot  ot?

One obtains

¢ 19%  9%d vl v 9%
ax? 2ot T 9x2 2 9x2 c2 9xat 2 a2
B (1 v2> 9% 5 2 1 9%

c2 ) ox? 2 axat 2 a2

19%

Finally, it results

2¢ 13% 9% 1 9%
ax? 2otz T 9x2 2 at?

2 2 2N\~ 2 2N\~
a¢:@2(1_z_2) +28¢v<1—v—> +
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(5.208)

(5.209)

(5.210)

(5.211)

(5.212)

(5.213)

(5.214)

(5.215)



Chapter 6
Inverse Problems

6.1 Direct and Inverse Problems

Typically, direct (or forward) problems are defined as those where, given the input
or the cause of a phenomenon or a process, the purpose is that of finding the output
or the effect.

Inverse problems, conversely, are those where, given the measured or expected
output or effect, one wants to determine the input or the cause; inverse problems
are also those where, given the input and the corresponding output, one tries to
understand their interconnection.

The two types of problems, when applied to the same phenomenon or process,
represent the two logical ways of conceiving it: from input to output or the other
way round. The latter way is central for design applications. This is why students
of engineering, in particular, are invited to get familiar with inverse problems, after
making experience with direct problems.

In applied electricity and magnetism, inverse problems may appear in two forms:

(i) Givenmeasured data, which may be affected by noise or error, in a field region, to
identify, or recover, the relevant field sources or material properties or boundary
conditions of the region (identification or parameter-estimation problems)

(i) Given desired fields in a device, or given the device performance based on
them, to determine, or to design, sources or materials or shape of the device,
producing the specified performance (synthesis or design problems)

6.2 Well-Posed and Ill-Posed Problems

From the mathematical viewpoint, following the Hadamard’s definition, well-posed
problems (or, properly, correctly-posed problems) are those for which

(i) a solution always exists;
(ii) there is only one solution;
(i1i) a small change of data leads to a small change in the solution.

135
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The last property implies that the solution depends continuously upon the data, which
often are measured quantities and therefore are affected by noise or error.
Ill-posed problems, instead, are those for which

(i) a solution may not exist;
(ii) there may be more than one solution;
(iii) a small change of data may lead to a big change in the solution.

The Hadamard’s example of an ill-posed problem is the so called Cauchy’s problem.
For Laplace’s equation in two dimensions it reads:

solve
u  9%u 0 0 6.1)
— ——=0, —-o0<Xx<o00,Vy> .
0x2  dy? y
subject to boundary conditions
au
u(x,0) =f(x) and B—(X, 0) = g(x) (6.2)
y

where f and g are given functions. For wave equation in one dimension it reads:

solve
Pu_u_ o 6.3)
— = — =0, > .
ax2 a2
subject to boundary condition
ux, 0) =fx) (6.4)
and initial condition
ou
5(& 0) =g(®) (6.5)

It can be proved that a small change in boundary/initial conditions produces a big
change in the solution.

In a similar way, another ill-posed problem can be set up. To this end, let the mag-
netic field of a current uniformly distributed in a slot be considered (see Section 3.3.1).
The governing equation in terms of vector potential is

92A %A

a a
8x2-|-a—yz=—uo], -3 <x<=-,y>0 (6.6)

2

The solution to the homogeneous equation, subject to boundary conditions

A(—g,y)zA(%,y>=0, y >0 6.7)
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8A( 0) 12 n 21X a a 68)
—x,0) = —sin|{—], —=z<X<= .
ay Ho 2n a 2 2
is
a\2 6 [2nx 2y
AX,y) = Hpd (ﬁ) sin <T> sh (T) (6.9)

with -5 <x < §, y > 0.
The homogeneous solution (6.9) is unstable with respect to a small variation of
parameter a; in fact, the derivative of A with respect to a gives

1 0A a 21X h 2y n
— — =—gsin| — |sh| —
pol 9a  2m? a a

— L |:x cos (m_x) sh <2ﬂ) + y sin (2ﬁ> ch (M_y)] (6.10)
2 a a a a

It turns out to be

dA 2 2 2
da 2n2 a 2n a 21 a
2y 2y
~ea +e a (6.11)

i.e. a perturbation of the parameter a is magnified exponentially.

6.3 Fredholm’s Integral Equation of the First Kind

In field theory, using an integral approach (Green’s function, Biot-Savart law, etc.),
one frequently encounters an equation of the type:

g(x) = /H(x, Yf(y)dy, xeQ, yeQ (6.12)
Q

where 2 is the domain. This is called Fredholm’s equation of the first kind.

When g is given, f is the unknown and H is the so-called known kernel, the
problem of finding f is an inverse problem. Normally, kernel H is assumed to be
bounded, i.e. a constant M > 0 exists such that |[H(x, y)| < M, and symmetrical, i.e.
H(x,y) = H(y, x). It can be shown that f does not depend continuously upon the
given function g. Therefore, the problem is an ill-posed problem.

6.4 Case Study: Synthesis of the Source Producing a Magnetic
Field in Two Dimensions

The problem is that of identifying the density J(x') with —§ < x" < 5 of the

current flowing along a linear conductor in air, such that the induction produced in

a controlled subregion 2 defined by 0y < x < op and B; <y < B, (Fig. 6.1) is
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By |-

v

—al2 o, a2 (05} X

Fig. 6.1 Linear conductor producing a prescribed field in ¢

equal to a prescribed value. From Section 3.1.7, one has that the vector potential,
parallel to J, has amplitude given by

:
Amw=%f

_a
2

In [(x — x’)2 + yz] J (x’) dx’ (6.13)

where the kernel is equal to the Green’s function in an unbounded two-dimensional
domain.
If induction B = (BX, By) is given in the controlled subregion, one can get the

. . . . . . BN 9A
corresponding potential A by integrating the relationships By = By and By = —%2.
Therefore, (6.13) becomes a Fredholm’s equation of the first kind. The solution

can be arranged by a numerical technique.

6.5 Under- and Over-Determined Systems of Equations

In general, the numerical solution of problems, including field problems, usually
leads to a system of equations of the type:

Ax =b (6.14)

where A is a rectangular m X n matrix, x is the unknown n-vector and b the known
m-vector.

If m < n, the system is called under-determined. If, on the contrary, m > n, the
system is called over-determined.

Finally, if m = n, the matrix A is square. In this case, if det(A) # 0, then A is
non singular; therefore A~! exists and the corresponding system of equations has a
unique solution for any b.
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The effect of a small perturbation of b on x is represented by the condition number
of A:

cond(A) = [|A HA—l H _ max (6.15)
Nmin
where hmax and Apjp are the maximum and minimum eigenvalues of matrix A,
respectively. If cond(A) is large, then the matrix is called ill-conditioned and the
solution may be perturbed substantially by even a small change of b. An example of
condition number calculation was already reported in Section 4.2.5 for the stiffness
matrix resulting from a finite-element scheme.

For the inversion of a square non-singular matrix there are various methods, the
most popular of which is the Gauss’s factorisation of matrix A = LU into the product
of a lower triangular matrix L by an upper triangular matrix U.

If A is rectangular, theoretically the inverse of A does not exist and the system of
equations has no solution or infinite solutions. However, if m > n and the rank of A
is equal to n (i.e. the n columns of A are linearly independent), a pseudo-inverse of
A can be looked for in terms of a related least-squares problem.

6.6 Least-Squares Solution

If Ais am x n matrix (m > n) of rank n and b is a given m-vector, then a solution to
(6.14) can be found by minimizing a norm, for instance the Euclidean or two-norm,
of the residual Ax — b; this corresponds to solving the least-squares problem

min |Ax — b|l, (6.16)
X

In order to carry out the solution of (6.14), a number of numerical techniques can be
adopted.

A possible way is to solve the normal equations associated to (6.14), which are
defined as

ATAx = ATb (6.17)
where ATA is a square n x n matrix. It can be proven that the vector
x* = (ATA>71 ATh (6.13)
fulfils the condition
|Ax* —b|, < |Ax = bll (6.19)

for each n-vector x and so x* is the least-squares solution to (6.14).
In principle, if A has full column rank, ATA is positive definite; however, from
the numerical viewpoint, this assumption might fail for a twofold reason

— the magnification of ill-conditioning when passing from A to ATA;
— the round-off errors.
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Therefore, the use of normal equations is not recommended because it might lead to
instability.

A more effective approach is given e.g. by the Singular Value Decomposition
(SVD) method; basically, it consists of decomposing the matrix A, which is assumed
to be full column rank (m > n), into the product of three matrices, i.e. a m x m
orthogonal matrix U, am X n block diagonal matrix S, a n x n orthogonal matrix V,
such that A = USVT. In particular, it results

>0
S=|:00:| (6.20)

with ¥ = diag (o1, ..., op).
The diagonal entries of X are the singular values of A. The solution to the least-
squares problem is then given by

x* =VS~'UTb (6.21)
with
—1
o _[='o
S _[ 0 0} (6.22)
and 27! = diag (0171, e on_l>.

Matrix VS™'UT is called also pseudo-inverse of A.
For the sake of an example, let the case

11
A=1|1 1 ., b=1|1 (6.23)
010~

be considered. Apparently, bad scaling is the source of ill conditioning of A.
The normal-equation matrix and known vector are

2 2 2
T T
ATA = [ 5 51108 ] ATb = [2 10_4} (6.24)

with cond(ATA) = 8 108; the corresponding solution is

« _ 1od | —0.9998
x* =10 [ 0.9999 (6.25)
In turn, the SVD decomposition gives
—0.7071 2.5107°  0.7071 2 0
U=| —-0.7071 2.5107°  —0.7071 S = 0 7.071107°
—3.53107° —0.9999 0 0 0

(6.26)

v _ [ —07071 07071
~| —0.7071 —0.7071
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with solution

*

x* =104 [_O'?999} (6.27)

The two solutions are practically coincident.

6.7 Classification of Inverse Problems

The formulation of inverse problems in electricity and magnetism implies to associate
a routine for field computation (direct problem) to a routine for the solution of the
inverse problem.

There are many ways to classify inverse problems. A classification can be based on
the approach for field computation (integral or differential, analytical or numerical).
Another classification can be made, according to the formulation of the inverse
problem and to the relevant mathematical method employed for the solution.

When the given data come from measurements and the parameters governing field
equations, including field source, are to be found, one has identification problems.

Otherwise, when the given data are arbitrarily taken and the field source or spec-
ifications of the field region (boundary conditions, material properties, etc.) are
required, the problem is called a synthesis problem.

In engineering applications often the goal is to design the geometry of a device or
to select suitable materials and source so that a prescribed performance of the device,
depending on the field, is obtained. This kind of problem is commonly defined as
optimal shape design problem.

The ultimate goal of engineering problems is to perform an Automated Optimal
Design (AOD); in this case, the solution is obtained automatically in terms of the
required or best performance.



Chapter 7
Optimization

7.1 Solution of Inverse Problems by the Minimization
of a Functional

The n unknowns x of an inverse problem are normally called design variables. In
general, they are real values, although in some cases they are integer, belonging to a
feasible region 2. In multivariate problems, n > 1.

The design variables may be geometric coordinates of the field region or values
of sources or parameters characterizing the region or whatever.

The solution of the inverse problem is generally performed by means of the
optimization (minimization) of a suitable function f(x) called objective function or
cost function or design criterion

given xg € 2, find inf f(x), xe€Q (7.1)
X

where xg is the initial guess; properly speaking, (7.1) is a problem of unconstrained
optimization. Normally, it is assumed that f is bounded in 2.

Function f may represent some performance depending on the field or simply the
discrepancy between computed and known field values (error functional), that is the
residual ||[Ax —b]| in (6.16).

When it is required to maximize an objective function, it must be considered that

sup f(x) = igf[—f(x)] (7.2)

In general, the objective function f, which depends on the field, is not known ana-
lytically. Consequently, the classical conditions of optimality (i.e. null gradient and
positive-definite Hessian matrix) cannot be applied a priori, because the objective
function is known only numerically as a set of values at sample points. Moreover,
in general, f is neither convex nor differentiable or smooth. Therefore, it is not guar-
anteed to get solutions; in particular, f might exhibit some local minima in addition
to the global one. Any way, a solution to (7.1) can be obtained just numerically and
the procedure may be troublesome and time-consuming.

143
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As said before, the numerical solution of inverse problems in electricity and
magnetism requires, as a rule, a routine for calculating the field, which is integrated
with a routine minimizing the objective function.

Usually, the device or system to be optimized is represented by a finite-element
model in two or three dimensions. The main flow of the computation is driven by the
minimization routine, which in the simplest way is carried out step by step. Starting
from X¢, an iterative procedure updates the current design point xy as

Xk+1 = Xk + Ask (7.3)

where '\ is a scalar and sy is the current search direction within the feasible region.
Given xi 1, the routine of field analysis generates a new finite-element grid, the field
simulation is restarted and the evaluation of f(x) is so updated.

At the end of computation, the result could represent either a local minimum or
simply a point which is better than the initial one because f has decreased; in the
latter case, a mere improvement (and not the optimization) of f has been achieved. In
general, the optimization trajectory may converge to different local minima, depend-
ing on the initial point, and the global optimum cannot be deduced from the local
behaviour of the objective function.

7.2 Constrained Optimization

In a more advanced formulation, the objective function should fulfil constraints,
which may be expressed as inequalities, equalities and bilateral bounds. Formally,
the problem can be stated as follows

given xg € 2, find inf f(x), xeQ (7.4)
X
subject to
gi(x) <0 i=1 ..., (7.5)
hj(X):O j=n+1,...,nc
Mx<u k=1,....m

Constraints and bounds set the limits of the feasible region €2. A simple technique
to manage constraints is to transform the constrained problem into an unconstrained
one, by adding a penalty term to the objective function, when the design variables
violate the constraints. This way, a sequence of unconstrained problems is solved,
which is assumed to converge to the solution of the constrained problem.

A cost-effective and accurate solution to the optimization problem depends on the
number of design variables and constraints, as well as on the properties of objective
function and constraints.
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7.3 Multiobjective Optimization

In some cases many objective functions are prescribed simultaneously. Problems of
this kind belong to the category of multi-objective or multi-criteria optimization.
Several design problems in electricity and magnetism are characterized by a vector
of n¢ objective functions in mutual conflict, for which the most general solution is
represented by the Pareto front of non-dominated solutions, i.e. those for which the
decrease of a function is not possible without the simultaneous increase of at least
one of the other functions. Non-dominated solutions are called also non-inferior or
efficient solutions.
Formally, considering ny variables, a multiobjective optimization problem can be
cast as follows
given xo € 2, find igf Fx), xeQ (7.6)

subject to (7.5).

In (7.6), F(x) = {fi(x),...,f,;(x)} C R™ is the objective vector, assuming
ng > 2. Therefore, F defines a transformation from the design space R™ to the cor-
responding objective space R™. It is assumed that the objectives are bounded and
conflicting, namely

there exists x;" such that f;(x') = inf fi(x), i=1,...,n¢ (7.7)

* * s ior—
and x; ;éxj, i#j, j=1,...,nf.
In general, the utopia solution

U={Uj} ={inf fix)}, i=1,...,n¢ (7.8)

minimizing all f; does not exist and non-dominated solutions X € Q2 are accepted.

In this respect, given two feasible solutions x; € 2 and xp € €2, X, is said to
dominate xp if f;(x,) < fi(xp), i =1, ...,nf and fj(x,) < fj(xp) for at least a value
ofindexi =1, ..., ns. Now, let P C Q be a set of non-dominated solutions X, if, for
any X, € P, there is no x, € €2 dominating X,, then P represents the Pareto set and the
corresponding image F(P) is the Pareto front; the latter is called also trade-off curve.

Traditionally, the multiobjective problem is reduced to a single-objective one by
introducing a preference function yr(x), e.g. the weighted sum of fj(x):

ny ng
Y(x) = Zcifi(x), 0<ci<l, Zci =1 (7.9)
i=1

i=1

The numerical identification of the whole Pareto front can be pursued as shown later.

7.4 Gradient-Free and Gradient-Based Methods

Several algorithms for both unconstrained and constrained optimization are avail-
able; basically, they can be sorted into two broad classes, i.e. gradient-free and
gradient-based methods; in the former case, the information about the derivative is
not used while in the latter case it is.
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Methods that use only function evaluations (zero-order methods) fall under the
first class; they are suitable for problems characterized by non-linearity and disconti-
nuities of the objective function. The computational efficiency is low, due to repeated
calls to the objective function.

In turn, first-order gradient-based methods basically follow the direction of the
steepest descent; they are more efficient than the zero-order ones. when regular
objective functions are dealt with. The simplest way to approximate the gradient
of the objective function relies on finite differences; e.g. if gj(xj) = g—fl is the ith
component of the gradient, a forward difference gives

f(xi +h) —f(xp)

) =1,..., 7.10
o n (7.10)

gi(xj) =
where h is the incremental step. However, it should be noted that the approximation
of the gradient is expensive and represents also an additional source of numerical
ill conditioning (round-off errors in the computation of both objective functions and
finite differences).
Higher-order methods, like Newton’s method, are rarely used because they are
suitable only when the Hessian matrix can be easily computed.

7.5 Deterministic vs Non-Deterministic Search

Regardless of the order, all the aforementioned methods are local in a sense, because
they are able to identify the closest minimum to the starting point, which is a local
one, unless fis convex. For this reason they are said to perform a deterministic search.

To cope with these difficulties, non-deterministic minimization algorithms, which
are derivative-free and perform a stochastic search, have been developed.

Non-deterministic methods offer remarkable advantages over methods that use
only local information to improve the current solution. In fact, they are robust, reli-
able and suitable for non-convex, non-smooth and discontinuous functions, also
with discrete-valued variables. In particular, they give a chance to approximate the
global minimum of the objective function, regardless of the starting point. Another
advantage is that they exhibit an inherent parallelism. The drawbacks are the huge
computational effort and the slow convergence.

Since they have a heuristic background, it has to be pointed out that for non-
deterministic methods convergence is proven just in numerical terms and not on
theoretical basis, contrary to what happens for their deterministic counterpart.

In the non-deterministic category, the most popular methods are: simulated anneal-
ing, evolution strategies, genetic algorithms. More recently, a class of nature-inspired
methods has been developed, among which: ant colony, particle swarm, artificial
immune systems.
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7.6 A Deterministic Algorithm of Lowest Order:
Simplex Method

The simplex method is based on the comparison among the cost function values at
the n + 1 vertices of a polytope (simplex), where n is equal to the dimension of the
search space. In the case of n = 2 (n = 3), the polytope is a triangle (a tetrahedron).

The algorithm begins with n 4 1 points, which form the starting polytope, and
the calculation of the associated objective function values. At each iteration a new
polytope is set up by generating a new point to replace the worst vertex of the
old polytope, i.e. the vertex corresponding to the highest value of objective function.
Specifically, the worst vertex is replaced by its reflection with respect to the remaining
n vertices. If the objective function evaluated at the new point is higher than at the
worst vertex, then the new point is rejected and the vertex with the second worst
value is reflected.

When it happens that a vertex belongs to the polytope for a number of iterations
which exceeds the given one, then the polytope is updated by contraction. The whole
procedure is iterated until the diameter of the simplex is less than the specified
tolerance.

7.7 A Non-Deterministic Algorithm of Lowest Order:
Evolution Strategy

Evolution strategy mimics the survival of the fittest individual that is observed in
nature. An algorithm of the lowest order (i.e. a single parent generates a single
offspring) is here shortly presented (Fig. 7.1). The search in the design space begins
in a region of radius dg (standard deviation) centered at the initial point mg (mean
value); mq is externally provided, while dy is internally calculated on the basis of
the bounds boxing the variation of the design variables.

Setting m = mg and d = dy at the initial iteration, the generation of the design
vector x = m + ud then proceeds, resorting to a stochastic sample u € (0, 1);
generally, u is a normally distributed sample. It is verified that x fulfils bounds and
constraints (i.e. that x is feasible), otherwise a new design vector is generated until
it falls inside the feasible region.

The associated objective function f(x) is then evaluated and the test f (x) < f(m)
is performed; if the test is successful, m is replaced by x (the so-called mutation or
selection process), otherwise m is retained.

The next step is concerned with the size of the search region that will be used for
the successive iteration. The underlying rationale is that, when a point better than
the current one is found, the radius of the search region is increased around the new
point to search for further improvements; if no improvement is found, the radius of
the search region is gradually decreased up to convergence (annealing process).

In this respect, the evolutionary algorithm substantially differs from a determinis-
tic one, in which the search region would be narrowed around the better point in order
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Initial solution
mean mg
standard deviation dg
Probability of success P
Rate of annealing q
m=my
d=dy

GENERATION  [% ulli
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Generation of a normal
sample O<u<l

SELECTION ¥ ANNEALING «—

Is the
probability that
£z)<fm)
greater than p?

Fig. 7.1 Flow-chart of the evolutionary minimization algorithm

to converge towards the corresponding nearest minimum. The drawback, in the latter
case, is that this minimum might be a local one. On the contrary, the evolutionary
algorithm, if successful in finding a better point, covers a larger region of search in
order to see if there might be another good candidate in the neighborhood, and then
does the opposite when this is not possible. This way, there is a non-zero probability
of finding the region where the global optimum of the objective function is located.

The annealing process is ruled by the history of the k previous iterations, used to
establish a trend: if at least a fraction p of the last k iterations were successful (an
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iteration is successful if x is feasible and improves the objective function), then the
trend is said to be positive, while it is negative otherwise. If the trend is positive, the
radius d of the search region is set to q’ld; otherwise, it is set to qd. In particular,
during the first k iterations, d remains unchanged.

The procedure stops when the prescribed accuracy |%| is achieved. Quantities
p and q are named probability of success and rate of annealing, respectively and
represent the “tuning knobs” of the algorithm; heuristic values for k, p and q are 50,
0.2 and 0.8-0.9, respectively.

7.8 Numerical Case Studies

A few case studies are here presented.

The solution of the direct problem relies on a finite-element analysis of the field,
while the inverse problem is solved by optimizing a suitable objective function
subject to constraints.

All case studies refer to the computational domain shown in Fig. 7.2, which in
Section 2.3.7 has been assumed as a test problem to simulate the so-called slot of
electrical machine.

The direct problem is formulated as follows

4
find the magnetic potential A(X1, x2) such thatin Q = U €2
i=1

V. (m‘VA) = Jxa, (7.11)

where J is constant and ¥, . is the characteristic function of €21 (i.e. the current
density is uniform in the winding and zero elsewhere); (7.11) is subject to boundary
conditions

A(x1,0) =0 (7.12)
A
X2
A
FLE E— air gap
Q, winding Q; slot i/ Q

ag [====" ; ! core

i ()  pole i

a] a> P }q X1

Fig. 7.2 Single-side slotted electrical machine: field domain
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and along 02\ {xo = 0}
0A
on
The problem might be either linear or non-linear, depending on the constitutive
relationship assumed for the ferromagnetic material.
Some cases of solution to problem (7.11)—(7.13) are shown in the following.

0 (7.13)

7.8.1 Identification of the B-H Curve of the Iron Region
of a Magnetic Pole

The problem reads

given the geometry of the pole and the current density in the winding, find the
constitutive relationship B = B(H) of the ferromagnetic region 25 U 4, such that
the x1-directed component of induction is prescribed along the line x; = x1(P), 0 <
X2 < \p passing through point P (Fig. 7.2).

The following analytical model for the iron reluctivity is assumed:

=20
— I1+v|B
v<|B|2>:v0 v[B] . 20>1, 70 (7.14)
umax + Mmin’Y ’B|
where vy is the reluctivity of the free space, while u .. and W ;. are maximum and
minimum values of relative permeability, respectively. Fig. 7.3 shows a typical B-H
curve of an iron lamination; it corresponds to

(o, y) = (5, 51072) and (Wuy Hyin) = (5 103, 2110%).

B

08

08

o 2000 4000 6000 8000 10000 12000 14000 16000

HA

Fig. 7.3 A typical B-H curve of iron lamination



7.8 Numerical Case Studies 151

From the theoretical viewpoint, (7.14) makes the direct problem (7.11)—(7.13) a
non-linear one so that, in principle, existence and uniqueness of the solution are not
given a priori; nevertheless it could be proven that the derivative % = u(H|) +
[H| dlil ||11-31|| + H | | is bounded for any |H| and this makes the direct problem
a Welll -posed one. To solve it numerically, the Newton-Raphson method (see Sec-
tion 2.3.2) is applied.

Therefore, a bivariate identification problem is set up
given the geometry of the pole and the current density in the winding, find (o, 7)
in (7.14) such that B (x1(P), x2) = Bg (x2), 0 < X2 < h\», where By is the known
air-gap induction.

In practice, the error functional

f(o,y) =sup|By (x1(P), x2,0,7) —Bo(x2)], 0 <x2 <\ (7.15)
X2

is minimized with respect to (o, 7Y), taking o > % Y>0

The prescribed distribution of induction By at the air-gap, coming from a finite-
element solution of the direct problem, is shown in Fig. 7.4.

The finite-element mesh used for solving the direct problem is composed of 7,008
triangles with linear variation of the potential; it is shown in Fig. 7.5.

The minimization results are reported in Table 7.1; they have been obtained using
the algorithm presented in Section 7.7.

The starting point corresponds to a permeability constant and equal to ..
(linear case).

The minimization trajectory in the design space is shown in Fig. 7.6.

The field solution, in terms of the flux lines corresponding to the optimal values
of parameters (., 7), is represented in Fig. 7.7.

08

B, Il
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02

0 0.005 0.01 0.015 0.02 0.025 0.03

%, [m]

Fig. 7.4 Known air-gap induction
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Fig. 7.5 Finite-element discretization of the computational domain

Table 7.1 B-H curve identification: Results

Y o f
Start 0 0 1.43455
End 3.8737 1072 5.2541 9.71965 10~*

Tolerance at convergence < 10~°

Iterations 182

Runtime 14,107 [s]
Processor 2 GB, 2 GHz

0.8
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03

0.2

0.1

alpha

Fig. 7.6 Optimization trajectory in the design space (start, circle; end, star)
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0 0.02 0.04 0.06 0.08 0.1
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Fig. 7.7 Identification of B-H curve: geometry and flux lines

7.8.2 Shape Design of a Magnetic Pole (Static Optimization)

Let the vector g = (aj, a, a3, a4) of geometric variables as in Fig. 7.2 be defined,
such that

O <a;p <ax <0 (7.16)
and
03 <az <ag <0y (7.17)

with a; > 0, i = 1, 4. Then, the problem reads
defined the objective function

f(g) = sup [Balx1, X2, )l (7.18)

(X1,%2)€Q
find the vector g = [aj, ap, a3, a4] such that
f(g) =inf f(g) (7.19)
under the constraint
h(g) = k; >0, h(g) = [By (x1(P), 0, )] (7.20)

The objective function (7.18) accounts for the maximum value of the fringing field
in the winding, which is to be minimized, while (7.20) is the air-gap field at point P
(Fig. 7.2) constrained by the threshold kj.

As far as the direct problem is concerned, the current density in the winding and
the material properties are given; in particular, the non-linear relationship (7.14) with
(o, )=G,5 1072) is assumed for the ferromagnetic material.

This is a problem of static optimization, because both direct and inverse problems
do not depend on time.
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Fig. 7.8 Static optimization: initial geometry and flux lines

0.04r

_ ooef
E
oN
>
ootk [z
=

-0.01 L 1 L 1 L
0 0.02 0.04 0.06 0.08 0.1

%, Im]

Fig. 7.9 Evolutionary algorithm: final geometry and flux lines

The initial geometry shown in Fig. 7.8 has been used to start the optimization.

Using the evolutionary algorithm, the results reported in Figs. 7.9 and 7.10 and
Table 7.2 have been obtained.

For the sake of a comparison, the optimization has been repeated, using the sim-
plex algorithm; in particular, the constraint h(g) > kj has been taken into account
by means of a penalty term added to the objective function (7.18). The results are
reported in Figs. 7.11 and 7.12 and Table 7.3.

Comparing the two curves of the objective function vs iterations represented in
Figs. 7.10 and 7.12, respectively, it can be remarked that the oscillating behaviour is
particularly evident for more than 80 iterations in the former case while it disappears
after 20 iterations in the latter case. This peculiarity can be attributed to the global
search performed by the evolutionary algorithm with respect to the local search of
the simplex algorithm. On the other hand, the latter requires a runtime remarkably
shorter (see Tables 7.2 and 7.3).

Finally, comparing the results obtained by the two methods it can be remarked
that two different final geometries are found, starting from the same initial geometry.
Certainly, they represent an improvement with respect to the initial solution, but they
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Fig. 7.10 Evolutionary algorithm: history of the objective function

Table 7.2 Evolutionary algorithm: Optimization results

a; (mm) ap (mm) a3 (mm) a4 (mm) f(T) h (T)
Start 40 79 12 22 11.8191 1072 1.13239
End 33 59 8 22 5.5324 1072 1.00014

Mesh triangles 6,752 (start), 5,712 (end)
Tolerance at convergence < 10~°
Constraint threshold k| = 1 [T]
Iterations 182

Runtime 18,946 [s]

Processor 2 GB, 2 GHz
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Fig. 7.11 Simplex algorithm: final geometry and flux lines
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Fig. 7.12 Simplex algorithm: history of the objective function

Table 7.3 Simplex algorithm: Optimization results

a; (mm) ay (mm) a3 (mm) a4 (mm) £(T) h(T)
Start 40 79 12 22 11.8191 1072 1.13239
End 42 69 12 24 6.0638 102 1.0114

Tolerance at convergence < 1070
Constraint threshold k| = 1 [T]
Iterations 33

Constraint violations 15
Objective function calls 133
Runtime 339 [s]

Processor 2 GB, 2 GHz

are not coincident because they depend on the tuning knobs of the numerical algo-

rithm; moreover, it cannot be stated that a unique end of the optimization procedure
exists.

7.8.3 Shape Design of a Magnetic Pole (Dynamic Optimization)

The direct problem reads

4
find the magnetic potential A (X1, X, t) such thatin Q = U €

i=1
i (M”VA) = Iy, (7.21)

where ¥ . is the characteristic function of subdomain €21, subject to initial condition

A(x1,%x2,0)0 =0 (7.22)
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and boundary conditions

A(x1,0,t) =0 (7.23)
and along 02\ {x, = 0}
dA
— = (7.24)
on

A problem of transient magnetic diffusion under current step excitation is set up; the
constitutive relationship of the ferromagnetic material is assumed to be linear.

The time integration of (7.21) is based on a standard Runge-Kutta routine.

As far as the inverse problem is concerned, let the vector g = (ay, ap, a3, as) of
geometric variables as in Fig. 7.2 be defined, such that

O =ap<a=w (7.25)
and
o3 <az <ag <oy (7.26)

witho; >0, i=1,4.
Then, the problem becomes
defined the objective function

f(g)= sup [By(xi,x2, 80| (7.27)

(X1,%2) €9
find the vector g = [aj, ap, a3, a4] such that
f(g) = inf f(g) (7.28)
under the constraint

h(g) = ki >0, h(g) = Bx (xi(P),0, g, 1)] (7.29)

It is assumed that t = %T, where T = 22 max ([;07) with A = min(a; —ay, a4 — az)
is the diffusion time constant. i=1.4

In other words, the geometry which minimizes the fringing field at time t for
a given air-gap field at the same time instant is searched for. This is a problem of
dynamic optimization, because both direct and inverse problems are time-dependent.
Itis important to underline that the actual value of T, and so t, varies with the geometry
g considered; in turn, the ratio of the controlled time t to the time constant T is
prescribed. When t — oo the corresponding static case is set up, which was already
developed in the previous Section 7.8.2.

The initial geometry considered for the optimization is shown in Fig. 7.13. The
following data are assumed: [l; = U3 = Wy, Uy = Uy = 103 U, J =3 10°A m~—2,
A1 =96 mm, k> = 30 mm; the air-gap is 1 mm wide.

Using the evolutionary algorithm, the results reported in Fig. 7.14 and Table 7.4
are obtained.

Considering the distribution of flux lines in Figs. 7.13 and 7.14, it can be remarked
that at time t the magnetic field has not yet diffused completely through the ferro-
magnetic region. Moreover, from Table 7.4 it results that initial and final geometries
are characterized by the same value of diffusion time constant T = 628 ms.
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Fig. 7.14 Dynamic optimization: flux lines at time t for the final geometry

Table 7.4 Dynamic optimization results (t = t)

aj (mm)  a (mm) a3 (mm) a4 (mm) f(T) h (T)
Start 40 79 12 22 7.41645 1072 0.70006
End 42 69 12 24 3.66103 102 0.60893

Mesh triangles 6,752 (start), 6,048 (end)
Tolerance at convergence < 10~°
Constraint threshold k; = 0.6 [T]
Iterations 182

Runtime 6,128 [s]

Processor 2 GB, 2 GHz
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7.8.4 A Multiobjective Approach to the Shape Design
of a Magnetic Pole

Let the vector g = (aj, a, a3, a4) of geometric variables as in Fig. 7.2 be defined,
such that

o) <ar<a <0 (7.30)
and
03 <az <ag <04 (7.31)

with a; > 0, i = 1, 4. Then, the following inverse problem is set up
defined the objective functions

fi(2) = [Bx(x1(P), 0, )| (7.32)
and
f2(e) = sup |By(xi,x2, 9| (7.33)
(X1,X2)€R

find the family of vectors g = [a;, a3, a3, a4] such that

f(g) = inf £(g) (7.34)
under the constraint
fi(e =k >0 (7.35)
or
f1(8) = supfi(g) (7.36)
under the constraint
f2(g) > ka >0 (7.37)

The problem formulation (7.34)—(7.35) or (7.36)—(7.37) leads to the associated Pareto
front when thresholds k; or k; are varied, respectively.

A simple numerical procedure to identify the non-dominated solutions of a mul-
tiobjective optimization problem is given by the sample-and-rank method; to this
end, a distribution of samples is generated in the feasible region of the design space,
based on a uniform probability-density function. Samples are then mapped into the
objective space via calculation of the objectives, so determining a distribution that
in general is a non-uniform one. This way, the search space is explored exhaustively.
The criterion of Pareto optimality is then applied and non-dominated solutions are
extracted from the set of samples in the objective space; the corresponding points in
the design space identify the optimal geometries.
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Fig. 7.15 Sampled objective space (dot) with non-dominated solutions outlined (circle)

The accuracy of the method in capturing the Pareto front depends on the density
of samples in the design space; the whole computational cost ¢ of the method can
be estimated as

c| = npn" - Nf - Co (7.38)

where n, is the number of points discretizing each of the ny variables, nf is the
number of objectives and ¢ is the processor-dependent cost of a single finite-element
analysis.

Fig. 7.15 shows a discrete representation of the objective space (f, f2) obtained
by random sampling the design space (aj, a3, a3, a4). In particular, 10* points are
generated assuming the following data: L, = Uz = Mg, Uy = My = 103 Ug, J =
3 10° Am_z, A1 = 96 mm, hy = 30 mm; the air-gap is 1 mm wide.

For each point a finite-element mesh composed of about 6,000 triangles with
linear variation of potential is generated and the subsequent analysis of the direct
problem (7.11)—(7.13) is performed. After ranking all the points in the (f1, f) plane,
146 out of 10* points approximate the Pareto front.

From the technical viewpoint, the Pareto front of non-dominated solutions corre-
sponds to the set of geometries such that the fringing field in the winding is minimum
for a given value of air-gap induction. A posteriori, a single non-dominated solution
can be selected according to an additional criterion of decision making.



Chapter 8
Conclusion

At the end of this short excursion in the domain of static and quasi-static electro-
magnetism, looking back at the pathways run through, the authors realize that it was
possible to highlight just some basic topics of the domain and to describe them in a
very concise and essential way.

When possible, they tried to offer an original insight into well-known topics, but
they do not pretend to have been exhaustive and are happy if they have been clear
and hopefully correct.

The main intention was to provide the readers with methods for modelling elec-
tric and magnetic devices and systems, adopting a problem-solving approach. Both
direct and inverse problems have been proposed and developed. In this respect, the
Euclidean linear space, equipped with the usual norm, has been assumed to describe
the geometry of the electromagnetic field. Therefore, all the analysis of Maxwell’s
equations has been based on the concepts of vector and relevant operators grad, div,
curl. Accordingly, singularities due to lumped sources have been treated directly in
terms of fields rather than potentials.

Throughout the book, in particular, a couple of magnetic test problems has
been considered and solved by different methods. The comparison of the differ-
ent approaches and of the relevant results is left to the readers; nevertheless, the
leading idea is that different methods, both analytical and numerical, can be used to
solve a given class of real-life problems: the actual choice depends on the acceptable
trade-off between cost and accuracy of methods.

The authors will be satisfied if the readers, especially students, find the book
helpful and not too heavy; in any case, they will be pleased to receive comments and
suggestions for improvements.
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Appendix

Delta Function

Let f(x) be a given real function of real variable x. The so-called delta function
d(x — xq) (or Dirac’s delta) is an operator which transforms the given function f(x),
supposed to be continuous in X, into f (xp), namely

b
/ f(x)0(x —xp)dx =f(xg), a<x9<b (A.0)

Elementary Vector Analysis

In a three-dimensional domain, using rectangular coordinates, special vectors are the
space vectors I'p = (Xp, yp, zp) and TQ = (XQ, YQ, ZQ), defining field point P and
source point Q, respectively (Fig. A.1).

The Euclidean distance between P and Q is

r= Il =[ (v —x0)" + (v —v0) + (e —20)°| = [fe—Fo| (A1)

A special function is %, r # 0; it turns out to be:

S T
Vpl‘z -, Qr = —- (A.2)
T T

o l_ T gl T a3
T T T '

Vp-t=3, Vo -T=-3 (A4)
1

vg; = —4nd(r) (A.5)
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X

Fig. A.1 Field point P and source point Q

Gauss’s or divergence theorem

fVEdQ:/E.ﬁdr
Q r

with I' = 92 closed surface enclosing €2 and n outward normal versor.

Stokes’s or circulation theorem

jéx.fdxzf(vxx).adr
N r

Appendix

(A.6)

(A7)

(A.8)
(A.9)

(A.10)

(A.11)

with A = 9T closed line representing the border of T and t anticlockwise tangential

VETSOr.
Vector identities

(A.12)
(A.13)
(A.14)
(A.15)
(A.16)



Appendix 165

In cylindrical coordinates

SR Y (G, 1) S\ N\

= (A.17)
ar % oz
3°U auU ?U  3°U
VU= — +r'— 412 — A.18
o2 7T T s Tz (A.18)
In spherical coordinates
_ (v 9(Vy sin ¢ A
V. V=200V | gingy-1 2V eyt e A
ar 99 3¢
9 U ] U 92U
VU = r—2a (r2¥> + 172 (sin®)~! 5 (sin 1‘}%> + (r sin$) ™2 e
(A.20)
_ d(Vysin®) Vv
(VxV) = (rsind)~! dWysind) _ 9Vs (A21)
r 39 ¢
_ dV, 9(rsin9V
(V= V), =@sing " | = - drsindVy) (A22)
0 R10) ar
_ AV ERY
(VxV), =r" (tVe) 9V (A.23)
¢ ar 0%
_ aU 19U 1 aU
VW=(—,-——, ——— (A.24)
ar r d% rsing dg
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