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Preface

Biomedical engineering is a discipline that is multidisciplinary by
definition. The days when medicine was left to the physicians, and engi-
neering was left to the engineers, seem to have passed us by. I have
searched for an undergraduate or graduate-level biomedical fluid
mechanics textbook since I began teaching at Rose-Hulman in 1987.
I looked for, but never found, a book that combined the physiology of
the cardiovascular system with engineering of fluid mechanics and
hematology to my satisfaction, so I agreed to write one.

This first attempt is published as a monograph on biomedical fluid
mechanics, rather than as a textbook. The book does not include problem
sets and a solution manual that traditionally accompany engineering
textbooks. This work, however, will also form the basis of the next edition
that is planned as a textbook.

Biofluid Mechanics in Cardiovascular Systems begins in Chapter 1
with a review of some of the basics of fluid mechanics that all mecha-
nical or chemical engineers would learn. It continues with two chap-
ters on cardiovascular and pulmonary physiology followed by a chapter
describing hematology and blood rheology. These four chapters provide
the foundation for the remainder of the book.

My 10-week, graduate-level, biofluid mechanics course forms the basis
for the book. The course consists of 40 lectures and covers most, but not
all, of the material contained in the book. The course is intended to pre-
pare some students for work in the health care device industry and
other for graduate work in biomedical engineering.

In spite of great effort on the part of many proofreaders, mistakes may
appear in this book. I welcome suggestions for improvement from all
readers, with intent to improve subsequent printings and editions.

Lee Waite

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use. 
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1

Chapter

1
Review of Basic 
Fluid Mechanics 

Concepts

1.1 A Brief History of Biomedical
Fluid Mechanics

People have written about circulation for thousands of years. I include
here a short history of biomedical fluid mechanics, because I believe it
is important to recognize that in all of science and engineering we “stand
on the shoulders of giants.”1

The Yellow Emperor, Huang Ti, lived in China between 475 and 221
B.C. and he wrote one of the first works dealing with circulation. Huang
Ti wrote “Internal Classics,” in which fundamental theories of Chinese
medicine were addressed. Among other topics, Huang Ti wrote about the
Yin Yang doctrine and the theory of circulation.

Hippocrates (Fig. 1.1) lived in Greece in 400 B.C., is considered by
many to be the father of science-based medicine, and was the first to sep-
arate medicine from magic. Hippocrates declared that the human body
was integral with nature and was something that should be understood.
He founded a medical school on the island of Cos, Greece, and developed
the Oath of Medical Ethics. Hippocrates lived until 377 B.C.

Aristotle lived in Greece between 384 and 322 B.C. He wrote that the
heart was the focus of the blood vessels, but did not make a distinction
between arteries and veins.

1“If I have seen further (than others) it is by standing on the shoulders of giants.” This
quote was written by Isaac Newton in a letter to Robert Hooke, 1675.

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use. 



2 Chapter One

Figure 1.1 Hippocrates. (Courtesy of the National Library
of Medicine Images from the History of Medicine B029254)  

Praxagoras of Cos was a Greek physician and a contemporary of Aristotle.
Praxagoras was apparently the first Greek physician to recognize the
difference between arteries (carriers of air, he thought) and veins (carriers
of blood), and to comment on the pulse.

William Harvey (Fig. 1.2) was born in Folkstone, England, in 1578.
He earned a BA degree from Cambridge in 1597 and went on to study
medicine in Padua, Italy, where he received his doctorate in 1602.
Harvey returned to England to open a medical practice. He married
Elizabeth Brown, daughter of the court physician to Queen Elizabeth I
and King James I. Harvey eventually became court physician to King
James I and King Charles I.

In 1628, Harvey published “An anatomical study of the motion of the
heart and of the blood of animals.” This was the first publication that
claimed that blood is pumped from the heart and recirculated. Up to that
point, the common theory of the day was that food was converted to
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Figure 1.2 William Harvey. (Courtesy of the National Library
of Medicine Images from the History of Medicine B014191)

blood in the liver and then consumed as fuel. To prove that blood was
recirculated and not consumed, Harvey showed, by calculation, that
blood pumped from the heart in only a few minutes exceeded the total
volume of blood contained in the body.

Jean Louis Marie Poiseuille was a French physician and physiologist
born in 1797. Poiseuille studied physics and math in Paris. Later he
became interested in the flow of human blood in narrow tubes and in 1838,
he experimentally derived and later published Poiseuille’s law. Poiseuille’s
law describes the relationship between flow and pressure-gradient in
long tubes with constant cross-section. Poiseuille died in Paris in 1869.

Otto Frank was born in Germany in 1865 and he died in 1944. He was
educated in Munich, Kiel, Heidelberg, Glasgow, and Strasburg. In 1890
Frank published, “Fundamental form of the arterial pulse,” which con-
tained his “Windkessel Theory,” of circulation. He became a physician
in 1892 in Leipzig and became a professor in Munich in 1895. Frank per-
fected optical manometers and capsules for the precise measurement of
intracardiac pressures and volumes.
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2Plasma has a density very close to that of water.

1.2 Fluid Characteristics and Viscosity

A fluid is defined as a substance that deforms continuously under appli-
cation of a shearing stress, regardless of how small the stress. Blood is
the primary example of a biological material that behaves as a fluid
about which I will write in this text. To study the behavior of materials
that act as fluids, it is useful to define a number of fluid parameters. A
list of important fluid characteristics would include density, specific
weight, specific gravity, and viscosity.

Density is defined as the mass per unit volume of a substance and is
given by the Greek character r (rho). The SI units for r are kg/m3 and
the approximate density for blood is 1060 kg/m3. Blood is slightly denser
than water, and red blood cells in plasma2 will settle to the bottom of a
test tube, over time, due to gravity.

Specific weight is defined as the weight per unit volume of a substance.
The SI units for specific weight are N/m3. Specific gravity, s, is the ratio
of the weight of a liquid at a standard reference temperature to the weight
of water. For example, the specific weight of mercury, SHG � 13.6 at
20 °C. Specific gravity is a unitless parameter.

Density and specific weight are measures of the “heaviness” of a fluid,
but two fluids with identical density and specific weight can flow quite
differently when subjected to the same forces. You might ask, “What is
the additional property that determines the difference in behavior?”
That property is viscosity.

1.2.1 Displacement

To understand viscosity, begin by imagining a hypothetical fluid between
two parallel plates which are infinite in width and length. See Fig. 1.3.

The bottom plate A is a fixed plate. The upper plate B is a moveable
plate, suspended above plate A on the fluid between the two plates. The
vertical distance between the two plates is represented by h. A constant
force F is applied to the moveable plate B causing it to move along at a
constant velocity, VB, with respect to the fixed plate.

If we replace the fluid between the two plates with a solid, the behav-
ior of the plates would be different. The applied force F would create a dis-
placement, d, a shear stress, t, in the material, and a shear strain, g.After
a small, finite displacement, motion of the upper plate would cease.

If we then replace the solid between the two plates with a fluid, and
reapply force F, the upper plate will move continuously, with a velocity
of VB. This behavior is consistent with the definition of a fluid; a mate-
rial that deforms continuously under the application of a shearing stress,
regardless how small the stress.
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Figure 1.3 Moveable plate suspended over a layer of fluid.

Moveable plate, B

(constant)
VB

h

F

dg

Fluid @ t = 0 Fluid @ t = t + ∆t
Fixed plate, A

After some finite length of time, dt, a line of fluid that was vertical
at time � 0 will move to a new position as shown by the dashed line in
Fig. 1.3. The angle between the line of fluid at t � 0 and the line of fluid
at t � t � dt, is defined as the shearing strain. Shearing strain is rep-
resented by the Greek character g(gamma).

The first derivative of the shearing strain with respect to time is
known as the rate of shearing strain, dg/dt. For small displacements,
tan(dg ) is approximately equal to dg. The tangent of the angle of shear-
ing strain can also be represented as follows:

Therefore, the rate of shearing strain, dg/dt can be written:

The rate of shearing strain may also be written as , and has the units
of 1/s.

Velocity. The fluid that touches plate A has zero velocity. The fluid that
touches plate B moves with the same velocity, VB, as plate B. That is,
the molecules of fluid adhere to the plate and do not slide along its sur-
face. This is known as the no-slip condition. The no-slip condition is
important in fluid mechanics. All fluids, including both gasses and liq-
uids, satisfy this condition.

Let the distance from the fixed plate to some arbitrary point above the
plate be y. The velocity of the fluid between the plates, V, is a function
of the distance above the fixed plate A. More succinctly written:

V � V(y)

The velocity of the fluid at any point between the plates varies linearly
between V � 0 and V � VB. See Fig. 1.4.

g
.

dg/dt 5 VB/h

tansdgd 5
opposite
adjacent

5
VBdt

h
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Figure 1.4 Velocity profile in a fluid between two parallel plates.

(constant)
VB

Velocity profile

Moveable plate, B
Y

h

Fixed plate, A

X

F

Let us define the velocity gradient as the change in fluid velocity with
respect to y

The velocity profile is a graphical representation of the velocity gra-
dient. See Fig. 1.4. For a linearly varying velocity profile like that shown
in Fig. 1.4 the velocity gradient can also be written as

1.2.2 Shear stress

In cardiovascular fluid mechanics, shear stress is a particularly impor-
tant concept. Blood is a living fluid, and if the forces applied to the fluid
are sufficient, the resulting shearing stress can cause red blood cells to
be destroyed. On the other hand, studies indicate a role of shear stress
in modulating atherosclerotic plaques. The relationship between shear
stress and atherosclerosis (arterial disease) is studied much but not
very well understood.

Figure 1.5 represents shear stress on an element of fluid at some
arbitrary point between the plates in Figs. 1.3 and 1.4. The shear stress
on the top of the element results in a force that pulls the element “down-
stream.” The shear stress at the bottom of the element resists that
movement.

Since the fluid element shown will be moving at a constant velocity,
and not rotating, the shear stress, t� on the element must be the same
as the shear stress t. Therefore,

Physically, the shearing stress at the wall may also be represented by:

tA 5 tB 5
force

plate area

dt
dy
5 0� � �  and� � �  tA 5 tB 5 twall.

Velocity gradient ; VB/h

Velocity gradient ; dV/dy
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Figure 1.5 Shear stresses on an
element of fluid.

dx

dy

t ′dx

t dx

Figure 1.6 Stress versus rate of shearing strain for var-
ious fluids.

t 
(N

/m
2 )

Water

Oil

Air

(s−1)

m

g·

The shear stress on a fluid is related to the rate of shearing strain. If
a very large force is applied in moving plate B, a relatively higher veloc-
ity, higher rate of shearing strain, and a higher stress will result. In fact,
the relationship between shearing stress and rate of shearing strain is
determined by the fluid property known as viscosity.

Viscosity. A common way to visualize material properties in fluids is
by making a plot of shearing stress as a function of the rate of shear-
ing strain. For the plot shown in Fig. 1.6, shearing stress is repre-
sented by the Greek character t, and the rate of shearing strain is
represented by .g

.
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Figure 1.7 Shear stresses versus rate of shearing strain for some non-newtonian
fluids.

Bingham plastic

Shear thinning

Shear thickening

Newtonian

m

map

t 
(N

/m
2 )

(s−1)g·

The material property that is represented by the slope of the stress-
shearing rate curve is known as viscosity and is represented by the
Greek letter m, (mu). Viscosity is also sometimes referred to by the name
absolute viscosity or dynamic viscosity.

For common fluids like oil, water, and air, viscosity does not vary with
shearing rate. Fluids with constant viscosity are known as newtonian
fluids. For newtonian fluids, shear/stress rate of shearing strain may be
related in the following equation:

where t � shear stress
m � viscosity 

� the rate of shearing strain

For non-newtonian fluids t and are not linearly related. For those
fluids, viscosity can change as a function of the shear rate (rate of shear-
ing strain). Blood is an important example of a non-newtonian fluid.
Later in this book, we will investigate the condition under which blood
behaves as, and may be considered, a newtonian fluid.

Shear stress and shear rate are not linearly related for non-newtonian
fluids. Therefore, the slope of the shear stress/shear rate curve is not con-
stant. However, we can still talk about viscosity if we define the appar-
ent viscosity as the instantaneous slope of the shear stress/shear rate
curve. See Fig. 1.7.

Shear thinning fluids are non-newtonian fluids whose apparent visco-
sity decreases as shear rate increases. Latex paint is a good example of

g
.

g
.

t 5 mg
.
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a shear thinning fluid. It is a positive characteristic of paint that the
viscosity is low when one is painting, but that the viscosity becomes
higher and the paint sticks to the surface better when no shearing force
is present. At low shear rates, blood is also a shear thinning fluid.
However when the shear rate increases above 100 s�1, blood behaves
as a newtonian fluid.

Shear thickening fluids are non-newtonian fluids whose apparent vis-
cosity increases when the shear rate increases. Quicksand is a good exam-
ple of a shear thickening fluid. If one tries to move slowly in quicksand,
then the viscosity is low and movement is relatively easy. If one tries to
struggle and move quickly, then the viscosity increases. A mixture of corn-
starch and water also forms a shear thickening non-newtonian fluid.

A Bingham plastic is not a fluid but also not a solid. A Bingham plas-
tic can withstand a finite shear load but can flow like a fluid when that
shear stress is exceeded. Toothpaste and mayonnaise are examples of
Bingham plastics. Blood is also a Bingham plastic and behaves as a solid
at shear rates very close to zero. The yield stress for blood is very small,
approximately 0.005 to 0.01 N/m2.

Kinematic viscosity is another fluid property that is used to charac-
terize flow. Kinematic viscosity is the ratio of absolute viscosity to fluid
density. Kinematic viscosity is represented by the Greek character n
(nu). Kinematic viscosity may be represented by the equation:

where m is absolute viscosity and r is fluid density.
The SI units for absolute viscosity are Ns/m2. The SI units for kine-

matic viscosity are m2/s.

1.3 Fundamental Method
for Measuring Viscosity

A fundamental method for measuring viscosity involves a viscometer
made from concentric cylinders. See Fig. 1.8. The fluid for which the vis-
cosity is to be measured is placed between the two cylinders. The torque
generated on the inside fixed cylinder by the outer rotating cylinder is
measured through a torque measuring shaft. The force required to cause
the cylinder to spin and the velocity at which it spins are also measured.
Then the viscosity may be calculated in the following way:

The shear stress in the fluid is equal to the force, F applied to the outer
cylinder divided by the surface area of the internal cylinder, A.

t 5
F
A

n 5
m

r
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F

A

Fixed
cylinder

A

Torque
measuring

shaft

Rotating
cylinder

Section A–A

h

(a)

(b)

Figure 1.8 (a) Cross-section of a rotating cylinder
viscometer. (b) Rotating cylinder viscometer.
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The shear rate, for the fluid in the gap between the cylinders may also
be calculated from the velocity of the cylinder, V, and the gap width, h:

From the shear stress and the shear rate, the viscosity and/or kine-
matic velocity may be obtained:

where m � the viscosity,
n � the kinematic viscosity
r � the density.

A typical value for blood viscosity in humans is 0.0035 Ns/m2 or 0.035
poise (P) or 3.5 cP. A poise is a dyne cm/s2. A poise is also equal to 0.1
Ns/m2. Another useful pressure unit conversion is that 1 mmHg �
133.3 N/m2.

1.4 Introduction to Pipe Flow

An eulerian description of flow is one in which a field concept is used.
Descriptions which make use of velocity fields and flow fields are euler-
ian descriptions. Another type of flow description is a lagrangian descrip-
tion. In the lagrangian description, particles are tagged and the paths
of those particles are followed. An eulerian description of goose migra-
tion could involve you or me sitting on the shore of Lake Erie and count-
ing the number of geese that fly over in an hour. In a lagrangian
description of the same migration we might capture and band a single
goose with a radio transmitter and study the path of the goose, includ-
ing its position and velocity as a function of time.

Consider an eulerian description of flow through a constant cross-
section pipe as shown in Fig. 1.9. In the figure, the fluid velocity is
shown across the pipe cross-section and at various points along the
length of the pipe. In the entrance region the flow begins with a rela-
tively flat velocity profile and then develops an increasingly parabolic
flow profile as distance x along the pipe increases. Once the flow profile
becomes constant and no longer changes with increasing x the velocity
profile does not change. The region in which the velocity profile is con-
stant is known as the region of fully developed flow.

The pressure gradient is the derivative of pressure with respect to dis-
tance. Mathematically the pressure gradient is written as dP/dx, where
P is the pressure inside the pipe at some point and x is the distance along
the pipe. In the region of fully developed flow, the pressure gradient,

m 5
t

g
. � � �  and� � �  � 5

m

r

g
.
5

V
h

g
.
,
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Figure 1.9 Showing the entrance region and fully developed flow in a tube.

Entrance region Fully developed flow

x

Figure 1.10 Showing pressure as a function of the distance along
a pipe. Note that the pressure gradient, dP/dx is constant for
fully developed flow.

Entrance region Fully developed flow
x

dP/dx

P

dP/dx is constant. On the other hand, the pressure gradient in the
entrance region varies with position x, as shown in the plot below in
Fig. 1.10. The slope of the plot is the pressure gradient.

1.4.1 Reynolds number

Osborne Reynolds was a British engineer, born in 1842 in Belfast. In
1895, he published the paper, “On the dynamical theory of incompress-
ible viscous fluids and the determination of the criterion.” The paper was
a landmark contribution to the development of fluid mechanics and the
crowning achievement of Reynolds’ career. He was the first professor of
engineering at the University of Manchester, England.
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The Reynolds number is a dimensionless parameter named after
Dr. Reynolds. The number is defined as

where r � fluid density in kg/m3

V � fluid velocity in m/s
D � pipe diameter in m
m � fluid viscosity in Ns/m2

Unless otherwise specified, this V will be considered to be the average
velocity across the pipe cross-section. Physically the Reynolds number
represents the ratio of inertial forces to viscous forces.

The Reynolds number (Re) helps us to predict the transition between
laminar and turbulent flow. Laminar flow is highly organized flow along
streamlines. When velocity increases, flow can become disorganized
with a random 3D motion superimposed on the average flow velocity.
This is known as turbulent flow. Laminar flow occurs in flow environ-
ments where Re < 2000. Turbulent flow is present in circumstances
under which Re > 4000. The range of 2000 < Re < 4000 is known as the
transition range.

The Reynolds number is also useful for predicting entrance length in
pipe flow. I will write entrance length as, XE. The ratio of entrance
length to pipe diameter for laminar pipe flow is given as

Consider the following example: If Re � 300, then Xe � 18 D and an
entrance length equal to 18 pipe diameters is required for fully devel-
oped flow. In the human cardiovascular system, it is not common to see
fully developed flow in arteries. Typically the vessels continually
branch, with the distance between branches not often being greater
than 18 diameters.

Although most blood flow in humans is laminar, having a Re of  300
or less, it is possible for turbulence to occur at very high flow rates in
the descending aorta, for example in highly conditioned athletes.
Turbulence is also common in pathological conditions such as heart
murmurs and stenotic heart valves.

Stenotic comes from the Greek, “stenos” meaning narrow. Stenotic
means narrowed and a stenotic heart valve is one in which the nar-
rowing of the valve is the result of a plaque formation on the valve.

XE

D
 > 0.06 Re

Re 5
rVD
m
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Figure 1.12 Free-body diagram of the forces acting on an element of fluid in pipe
flow.

(P + dP ) (p r 2)

t (2p r ) dx

P(p r 2) r

dx

1.4.2 Poiseuille’s law

In 1838 Jean-Marie Poiseuille empirically derived this law, which is also
known as the Hagen-Poiseuille law, for Gotthilf Heinrich Ludwig Hagen
for his experiments in 1839. This law describes steady, laminar, incom-
pressible, viscous flow of a newtonian fluid in a rigid, cylindrical tube of
constant cross-section. Poiseuille published the law in 1840.

Consider a cylinder of fluid in a region of fully developed flow. See
Fig. 1.11.

Next I draw a free-body diagram of the cylinder of fluid and sum the
forces acting on that cylinder. See Fig. 1.12 for a free-body diagram.

First, we will need to make some assumptions. Assume that the flow
is steady. This means that the flow is not changing with time; that the
derivative of flow rate with respect to time is equal to zero.

Second, assume that the flow is through a long tube with a constant
cross-section. This flow condition is known as uniform flow. For steady
flows in long tubes with a constant cross-section, the flow is fully devel-
oped and therefore, the pressure gradient, dP/dx is constant.

The third assumption is that the flow is newtonian. newtonian flow
is flow in which the shearing stress, t, in the fluid is constant. In other
words, the viscosity is constant with respect to the shear rate, , and the
whole process is carried out at a constant temperature.

g
.

dQ
dt

5 0

Figure 1.11 An element of fluid
in pipe flow.  
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Now let the x direction be the axial direction of the pipe with down-
stream (to the right) being positive. If the flow is unchanging with time,
then the sum of forces in the x direction is zero and Eq. (1.1) is written:

(1.1)

Solve Eq. (1.1) and the result is

(1.2)

The result from a simple force balance is shear stress as a function of
pressure gradient, dP/dx and radial position, r:

(1.3)

and

(1.4)

Recall from the definition of viscosity that the shear stress is also
related to the shear rate in the following way:

t � �m dV/dr (1.5)

Now if we solve Eqs. (1.4) and (1.5) together, the resulting expression
is an equation relating shear rate to pressure gradient:

(1.6)

Then, separating the variables, this expression produces a differen-
tial equation with the variables velocity, V, and radius, r:

(1.7)

The next step in the analysis is to solve the differential equation
above, producing Eq. (1.8), which gives the velocity of each point in the
tube as a function of the radius, r:

(1.8)

So far, in this analysis, we have made three assumptions. First, steady
flow (dQ/dt � 0); second, fully developed flow in a constant cross-section
tube (dP/dx is constant); and third, viscosity (m), is constant. Now we

V 5
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need to make assumption four, which is the no slip condition. This
means V at the wall is zero when r equals the radius of the tube.

Therefore, set r � Rtube � R and V � 0 to solve for C1. From Eq. (1.8):

(1.9)

(1.10)

The equation, which gives velocity as a function of radius, r, is then:

(1.11)

The fifth and final assumption for this development is that the flow
is laminar and not turbulent. Otherwise, this parabolic velocity profile
would not be a good representation of the velocity profile across the
cross-section.

Note that in Eq. (1.11), dP/dx must have a negative value for pres-
sure drops that cause a positive velocity. This is consistent with the def-
inition of positive x as a value to the right, or downstream. Note also that
the maximum velocity will occur on the arterial centerline. By substi-
tuting r � 0 into Eq. (1.11) the maximum velocity is obtained and may
be written as shown below in Eq. (1.12).

(1.12)

Furthermore, velocity as a function of radius may be written in the
more convenient form:

(1.13)

1.4.3 Flow rate

Now that the flow profile is known and a function giving velocity as a
function of radius can be written, it is possible to integrate velocity mul-
tiplied by differential area to find the total flow passing through the tube.
Consider a ring of fluid at some distance r, from the centerline of the
tube. See Fig. 1.13.

The differential flow, dQ, passing through this ring may be desig-
nated as:

(1.14)dQ 5 2p rdr

V 5 Vmax c1 2 r2
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Figure 1.13 Shows a cross-section
of a tube showing a ring of fluid
at radius r.  The thickness of the
ring is dr.

dr

r

To obtain the total flow passing through the cross-section, integrate the
differential flow for r � 0 to r � Rtube after substituting Eq. (1.11) for V.

(1.15)

(1.16)

This yields the expression:

(1.17)

Finally, it is now possible to solve for the average velocity across the
cross-section and to check assumption 5, that the flow is laminar. The
expression for the average velocity across the cross-section is

(1.18)

To check assumption 5, use Vavg to calculate the Reynolds number and
check to be sure that it is less than 2000. If the Reynolds number is
greater than 2000 the flow may be turbulent and Poiseuille’s law no
longer applies.
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1.5 Bernoulli Equation

For inviscid, incompressible flow along a streamline, the Bernoulli equa-
tion can be used to investigate the relationship between pressures and
velocities. This is particularly useful in situations with converging flows.
The equation, named for the Swiss mathematician and physician, Daniel
Bernoulli, is written:

P1 and P2 are pressures at points 1 and 2. V1 and V2 are velocities at
points 1 and 2, and z1 and z2 are heights at points 1 and 2.

Because the Bernoulli equation does not take frictional losses into
account, it is not appropriate to apply the Bernoulli equation to flow
through long, constant cross-section pipes as described by Poiseuille’s law.

1.6 Conservation of Mass

If we want to measure mass flow rate in a very simple way, we might
cut open an artery and catch blood in a beaker for a specific length of
time. After weighing the blood in the beaker to determine the mass, m,
we would divide by the time required to collect the blood, t, to get to flow
rate, Q � m/t. However, this is not always a practical method of meas-
uring flow rate.

Instead, consider that for any control volume, conservation of mass
guarantees that the mass entering that control volume in a specific time
is equal to the mass leaving that same control volume over the same time
interval plus the increase in mass inside the control volume.

The continuity equation represents conservation of mass in a slightly
different form, for cases where the mass inside the control volume does
not increase or decrease and it is written:

where r1 is the fluid density at point 1, A1 is the area across which fluid
enters the control volume, and V1 is the average velocity of the fluid
across A1. The variables r2, A2, and V2 are density, area, and average
velocity at point 2.

For incompressible flows under circumstances where mass inside the
control volume does not increase or decrease, the density of the fluid is

r1A1V1 5 r2A2V2 5 constant

amass
time

b
in

 �t 5 amass
time

b
out

 �t 1 smass increased

P1 1
1
2

 rV 1
2
1 rgz1 5 P2 1
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2
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Figure 1.14 Shows a bifurcation
in an artery.

Q1

Q2

Q3

1 2
• •

Figure 1.15 A Venturi flow meter
with pressure measuring ports at
points 1 and 2.

constant (r1 � r2) and the continuity equation can be written in its more
usual form:

where Q is the volume flow rate going into and out of the control volume.
Consider the flow at a bifurcation, or branching point, in an artery.

See Fig. 1.14.
If we apply the continuity equation, the resulting expression is.

Q1 � Q2 � Q3 or A1V1 � A2V2 � A3V3

1.6.1 Venturi meter example

A Venturi meter measures flow using the pressure drop between two
points on either side of a Venturi throat as shown below in Fig. 1.15.

We can apply the Bernoulli equation between points 1 and 2, as well
as, the continuity equation as follows. Assume that the Venturi meter
is horizontal and that z1 � z2 � 0.

Bernoulli equation:

P1 1
1
2

 rV1
2
1 gz1 5 P2 1

1
2

 rV2
2
1 gz2

A1V1 5 A2V2 5 Q 5 constant
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Continuity equation:

or

Combining 1 and 2:

Therefore, solving for V1:

Once we have solved for V1, the ideal flow can be calculated by apply-
ing the continuity equation:

However, because of frictional losses through the Venturi, it will be
necessary to calibrate the flow meter and adjust the actual flow using
the calibration constant c:

1.7 Example Problem: Fluid Statics

In general, fluids exert both normal and shearing forces. This section
reviews a class of problems in which the fluid is at rest. A velocity gra-
dient is necessary for the development of a shearing force, so in the
case where acceleration is equal to zero, only normal forces occur. These
normal forces are also known as hydrostatic forces.

In Fig. 1.16 a point in a fluid P1 is shown at a depth of h below the sur-
face of the fluid. The pressure exerted at a point in the fluid by the
column of fluid above the point is

where P1 is the pressure at point 1, g is the specific weight of the fluid,
and h is the distance between the fluid surface and the point P1, or

P1 � rgh

where r is fluid density, g is the acceleration due to gravity, and h is the
distance between the fluid surface and the point P1.

P1 5 gh

Qactual 5 cV1A1

Qideal 5 V1A1

V1 5ã
2sP1 2 P2d

r c aA1

A2
b2

2 1 d

P1 2 P2 5
1
2

 rV1 
2 c aA1

A2
b2

2 1 d

V2 5
A1

A2
 V1A1V1 5 A2V2 5 Q
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Figure 1.16 Fluid in a reservoir
showing the depth of point P1.

h

P1

Figure 1.17 Pipeline for example problem 1.7.1.

2 m

1 2

h

Density of gage
fluid = 2000 kg/m3

4 mm

1.7.1 Example problem: fluid statics

A liquid (viscosity � 0.002 Ns/m2; density � 1000 kg/m3) is forced
through the circular tube as shown in Fig. 1.17. A differential manome-
ter is connected to the tube as shown to measure the pressure drop
along the tube. When the differential reading h is 6 mm, what is the
pressure difference between point 1 and point 2?

Solution. Assume that the pressure at point 1 is P1. See Fig. 1.18. The
pressure at point a, is increased by the column of water between point
1 and point a. The specific gravity of the water is 9810 N/m3. If the ver-
tical distance between 1 and a is da, then the pressure at a is

Pa � P1 � gwater da
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Figure 1.18 Enlargement of the manometer for exam-
ple problem 1.7.1.

1 2

b

a

h

The pressure at b can now be calculated from the pressure at a. Point
b is higher than point a, and therefore the pressure at b is less than the
pressure at a. The pressure at b is:

Pb � Pa � ggage � h

� P1 � gwater da � ggage � h

where ggage is the specific weight of the gage fluid and h is the height of
point b with respect to point a.

The pressure at 2 is also lower than the pressure at b and is calcu-
lated by:

P2 � Pb � (da � h)gwater

� P1 � gwater da – ggage � h � (da � h)gwater

Finally, the pressure difference between 1 and 2 is written as

P1 � P2 � (ggage � gwater) � h

1.8 The Wormersley Number, a, a Frequency
Parameter for Pulsatile Flow

The Wormersley number, or alpha parameter, is another dimensionless
parameter that is used in the study of fluid mechanics. This parameter
represents a ratio of transient to viscous forces, just as the Reynolds
number represented a ratio of inertial to viscous forces. A characteristic

�P 5 a2000s9.81d 
N
m3 2 1000s9.81d 

N
m3b 6

1000
 m 5 58.9 

N
m2
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frequency represents the time dependence of the parameter. The
Wormersley number may be written by:

where r � the vessel radius
v � the fundamental frequency3

r � the density of the fluid
m � the viscosity of the fluid
n � the kinematic viscosity

In higher frequency flows, the flow profile is blunter near the cen-
terline of the vessel since inertia becomes more important than viscous
forces. Near the wall, where V is close to zero, viscous forces are still
important.

Some typical values of the a parameter for various species are as
follows:

■ Human aorta, (#) a � 20
■ Canine aorta, (#) a � 14
■ Feline aorta, (#) a � 8
■ Rat aorta, (#) a � 3

a 5 rÅvn � � �  or � �   a 5 rÅvrm

3The fundamental frequency is typically the heart rate. The units must be rad/s for
dimensional consistency.
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Chapter

2
Cardiovascular Structure

and Function

2.1 Introduction

One may question why it is important for a biomedical engineer to study
physiology. To answer this question, we could begin by recognizing that
cardiovascular disorders are now the leading cause of death in developed
nations. Furthermore, to understand the pathologies or dysfunctions of
the cardiovascular system, engineers must first begin to understand the
physiology or proper functioning of that system. If an engineer would
then like to design devices and procedures to remedy those cardiovas-
cular pathologies, then she/he must be well acquainted with physiology.

The cardiovascular system consists of a heart, arteries, veins, capil-
laries, and lymphatic vessels. Lymphatic vessels are vessels, which col-
lect extracellular fluid and return it to the circulation. The most basic
functions of the cardiovascular system are to deliver oxygen, to deliver
nutrients, to remove waste, and to regulate temperature.

The heart is actually two pumps: the left heart and the right heart.
The amount of blood coming from the heart (cardiac output) is depend-
ent on arterial pressure. This chapter deals with the heart and its abil-
ity to generate arterial pressure in order to pump blood.

The adult human heart has a mass of approximate 300 g. If it beats
70 times per minute, then it will beat ~100,000 times per day, ~35 million
times per year, and ~3 billion times (3 � 109) during your lifetime. If each
beat ejects 70 mL of blood, your heart pumps over 7000 L, or the equiva-
lent of 1800 gal per day. That is the same as 30 barrels of blood, each and
every day of your life! The lifetime equivalent work done by the heart is
the equivalent of lifting 30 tons to the top of Mount Everest. All of this work
is done by a very hard working 300 g of muscle that do not rest!
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Figure 2.1 X-ray film showing escaped strut and disk
(arrow). (Figure courtesy of Georg Thieme Verlag KG,
Thorac Cardiovasc Surg. 1993;41:78) 

1 Narrowing or stricture.
2 Artificial body part.
3 Graphically recording the position and motion of the heart walls and internal struc-

tures.

2.2 Clinical Features

A 58-year-old German woman had undergone surgery in 1974 to fix a
mitral stenosis.1 She later developed a restenosis that caused the mitral
valve to leak. She underwent surgery in November 1982 to replace
her natural mitral valve with a Björk-Shiley convexo-concave mitral
prosthesis.2

In July 1992, she suffered sudden and severe difficulty in breathing
and was admitted to the hospital in her hometown in Germany. She had
fluid in her lungs and the diagnosis was that she had a serious hemo-
dynamic disturbance from inadequate heart function (cardiogenic
shock). The physician listened for heart sounds but did not hear the
normal click associated with a prosthetic valve. The patient’s heart rate
was 150 beats per minute, her systolic blood pressure was 50 mmHg,
and her arterial oxygen saturation was 78 percent.

Echocardiography3 was performed and no valve disk was seen inside
the valve ring. An x-ray (see Fig. 2.1) appeared to show the valve disk
in the abdominal aorta and the outflow strut in the pulmonary vein.
Emergency surgery was performed, the disk and outflow strut were
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Figure 2.2 Pulmonary circulation and systemic circulation.

removed and a new Medtronic-Hall mitral valve prosthesis was
implanted into the woman and the patient eventually recovered.

2.3 Functional Anatomy

The cardiovascular system can be further divided into three subsys-
tems. The systemic circulation, the pulmonary circulation, and the coro-
nary circulation are the subsystems that, along with the heart and
lungs, make up the cardiovascular system. See Fig. 2.2.

The three systems can be divided functionally by the tissue to which
they supply oxygenated blood. The systemic circulation is the subsystem
that is supplied by the aorta and that feeds the systemic capillaries.
The pulmonary circulation is the subsystem supplied by the pulmonary
artery that feeds the pulmonary capillaries. The coronary circulation is
the specialized blood supply that perfuses cardiac muscle.

The cardiovascular system has four basic functions:

1. It supplies oxygen to body tissues.

2. It supplies nutrients to those same tissues.
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3. Removal of carbon dioxide and other wastes from the body.

4. The fourth function is that of temperature regulation.

The path of blood flowing through the circulatory system and the
pressures of the blood at various points along the path tell us much about
how tissue is perfused with oxygen. The left heart supplies oxygenated
blood to the aorta at a relatively high pressure.

Blood continues along the path through the circulatory system and its
path may be described as follows. Blood flows into smaller arteries and
finally into systemic capillaries where oxygen is supplied to the sur-
rounding tissues. At the same time, the blood picks up waste carbon diox-
ide from that same tissue and continues flowing into the veins. Eventually,
the blood returns to the vena cava. From the vena cava, deoxygenated
blood flows into the right heart. From the right heart, blood that is still
deoxygenated flows into the pulmonary artery. The pulmonary artery
supplies blood to the lungs where carbon dioxide is exchanged for oxygen.
Blood, which has been resupplied with oxygen, flows from the lungs,
through the pulmonary veins and back to the left heart.

It is interesting to note that blood flowing through the pulmonary
artery is deoxygenated blood and blood flowing through the pulmonary
vein is oxygenated blood. Although systemic arteries carry oxygenated
blood, it is a mistake to think of arteries only as vessels which carry oxy-
genated blood. A more appropriate distinction between arteries and
veins is that arteries carry blood at a relatively higher pressure than
within their corresponding veins.

2.4 The Heart as a Pump

The heart is a four-chambered pump and is the driving force for moving
blood through the circulatory system. The four chambers can be broken
down into two upper chambers or atria, and two lower chambers, known
as ventricles. Check valves between the chambers ensure that the blood
moves in only one direction and enables the pressure in the aorta, for
example, to be much higher than the pressure in the lungs, without blood
flowing backwards from the aorta toward the lungs.

The four chambers of the heart including the right atrium, right ven-
tricle, left atrium, and left ventricle are shown in Fig. 2.3. Blood enters
the right atrium from the vena cava. From the right atrium, blood is
pumped into the right ventricle. From the right ventricle, blood is pumped
downstream through the pulmonary artery, to the lungs where it is
enriched with oxygen and gives up carbon dioxide.

On the left side of the heart, oxygen enriched blood enters the left
atrium from the pulmonary vein. When the left atrium contracts it
pumps blood into the left ventricle. When the left ventricle contracts it
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Figure 2.3 Heart chambers and flow through the heart. Arrows indicate
direction of blood flow.
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pumps blood to a relatively high pressure and ejects the blood from the
left ventricle into the aorta.

2.5 Cardiac Muscle

The myocardium is composed of millions of elongated, striated, multinucle-
ated cardiac muscle cells. These cells are approximately 15 mm � 15 mm �
150 mm long and can be depolarized and repolarized like skeletal muscle.
Figure 2.4 below shows a typical group of myocardial muscle cells.

Individual cardiac muscle cells are interconnected by dense struc-
tures known as intercalated disks. The cells form a latticework of mus-
cular tissue known as a syncytium.

A multinucleate mass of cardiac muscle cells form a functional syn-
cytium (pronounced sin–sish′e-um). The heart has two separate muscle
syncytia. The first is the mass that makes up the two atria and the
second is the muscle mass that makes up the two ventricles. Fibrous
rings that surround the valves between atria and ventricles separate
the two syncytia. When one muscle mass is stimulated, the action
potential spreads over the entire syncytium. As a result, under normal
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Figure 2.4 Photomicrograph of
myocardial muscle.

circumstance, both atria contract simultaneously and both ventricles
contract simultaneously.

Contraction in myocardium takes 10 to 15 times as long as it takes
in average skeletal muscle. Myocardium contracts more slowly because
sodium/calcium channels in myocardium are much slower than sodium
channel in skeletal muscle during repolarization. In addition, immedi-
ately after the onset of the action potential, the permeability of cardiac
muscle membrane for potassium ions decreases about five-fold. This
effect does not happen in skeletal muscle. This decrease in permeabil-
ity prevents a quick return of the action potential to its resting level.

2.5.1 Biopotential in myocardium

The cellular membranes of myocardial cells are polarized in the resting
state like any other cells in the body. The resting, transmural electrical
potential difference is approximately �90 mV in ventricular cells. The
inside of the cell is negative with respect to the outside. This trans-
membrane potential exists because the cell membrane is selectively
permeable to charged particles. Figure 2.5 shows the transmembrane
resting potential in a cardiac cell.

The principal electrolyte ions inside of myocardial cells, which are
responsible for the transmembrane potential, are sodium, potassium,
and chloride. Negative anions associated with proteins and other large
molecules are also very important for the membrane potential. They
attract the positive potassium ion that can go inside the cell.

The permeability of the membrane to sodium ions is very low at rest,
and the ions cannot easily pass through the membrane. On the other
hand, permeability of the membrane with respect to both potassium and
chloride ions is much higher and those ions can pass relatively easily
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through the membrane. Since sodium ions cannot get inside the cell and
the concentration of positively charged sodium ions is higher outside of
the cell, a net negative electrical potential can be measured across the
cell membrane.

The net negative charge inside the cell also causes potassium to con-
centrate inside the cell to counterbalance the transmembrane potential
difference. However, the osmotic pressure caused by the high concen-
tration of potassium prevents a total balancing of the electrical poten-
tial across the membrane.

Since some sodium continually leaks into the cell, maintaining steady
state balance requires continual active transport. An active sodium-
potassium pump in the cell membrane uses energy to pump sodium out
of the cell and potassium into the cell.

2.5.2 Excitability

Excitability is the ability of a cell to respond to an external excitation.
When the cell becomes excited the membrane permeability changes allow-
ing sodium to freely flow into the cell. In order to attempt to maintain equi-
librium, potassium that is at a higher concentration inside the cell, flows
to the outside. In Fig. 2.6 a cardiac muscle cell is shown depolarizing.

In order to obtain a regulated depolarization, it is crucial that the
increases in sodium permeability and in potassium permeability are
offset in time. The sodium permeability must increase at the beginning
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of depolarization and the potassium channel then increases during repo-
larization. It is also important that the potassium channels that open
during an action potential are different from the leak channels that
allow potassium to pass through the membrane at rest. In cardiac
muscle, the action potential is carried mainly by calcium from the extra-
cellular space rather than by sodium. This calcium is then used to trig-
ger the release of intracellular calcium to initiate contraction.

The ability of a cell to respond to excitation depends on the elapsed time
since the last contraction of that cell. The heart is refractory to stimula-
tion until it has recovered from the previous stimulation. That is, if you
apply stimulation below threshold, before the refractory period has passed,
the cell will not give a response. In Fig. 2.7, the effective refractory period
(ERP) for a myocardial cell is shown to be approximately 200 ms. After
the relative refractory period (RRP) the cell is able to respond to stimu-
lation if the stimulation is large enough. The time for the relative refrac-
tory period in the myocardium is approximately another 50 ms.

During a short period following the refractory period, a period of
supernormality (SNP) occurs. During the period of supernormality, the
cell’s transmembrane potential is slightly higher than its resting
potential.

The refractory period in heart muscle is much longer than in skele-
tal muscle, because repolarization is much slower. Ventricular muscle
in dogs has a refractory period of 250 to 300 ms at normal heart rates.
The refractory period for mammalian skeletal muscle is 2 to 4 ms and
0.05 ms for mammalian nerve fiber.
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2.5.3 Automaticity

Automaticity is the ability of a certain class of cells to depolarize spon-
taneously without external stimulation. All cardiac cells in the conduc-
tion system have automaticity. The sinoatrial (SA) node is a small group
of cardiac muscle fibers on the posterior wall of the right atrium and the
muscle cells that make up the SA node have especially strong auto-
maticity. Under normal circumstances, the cells of the SA node control
heart rate. They form the pacemaking site of the heart. The atrioven-
tricular node (AV) is located at the lower interatrial septum. The AV node
provides a limiting effect on the maximum heart rate. The AV node can
only transmit impulses up to about 200 beats per minute. If the atrial
rate is higher, as in atrial tachycardia, then some beats will be trans-
mitted to the ventricle and others will not. This condition is known as
atrioventricular block.

2.6 Heart Valves

Four cardiac valves help to direct flow through the heart. Heart valves
cause blood to flow only in the desired direction. If a heart without heart
valves were to contract, it would compress the blood causing it to flow
both backward and forward (upstream and downstream). Instead, under
normal physiological conditions, heart valves act as check valves to pre-
vent blood from flowing in the reverse direction. In addition, heart
valves remain closed until the pressure behind the valve is large enough
to cause blood to move forward.

Each human heart has two atrioventricular valves that are located
between the atria and the ventricles. The tricuspid valve is the valve
between the right atrium and the right ventricle. The mitral valve is the
valve between the left atrium and the left ventricle. The mitral valve
prevents blood from flowing backwards into the pulmonary veins and
therefore into the lungs, even when the pressure in the left ventricle is
very high. The mitral valve is a bicuspid valve having two cusps and the
tricuspid valve has three cusps.

The other two valves in the human heart are known as semilunar
valves. The two semilunar valves are the aortic valve and the pulmonic
valve. The aortic valve is located between the aorta and the left ventri-
cle and when it closes, it prevents blood from flowing backward from the
aorta into the left ventricle. An aortic valve is shown in Fig. 2.8. The
pulmonic valve is located between the right ventricle and the pulmonary
artery and when it closes it prevents blood from flowing backwards,
from the pulmonary artery into the right ventricle.

Papillary muscles are cone shaped projections of myocardial tissue that
connect from the ventricle wall to the chordae tendineae, which are ten-
dons connected to the edge of atrioventricular valves. The chordae



34 Chapter Two

Figure 2.8 Aortic valve. (Reprinted
with permission from Lingappa
VR, Farey K,  Physiological
Medicine. New York: McGraw-
Hill; 2000.)

tendineae are fine fibrous cords of collagen. These structures allow the AV
valves to open and close, but they constrain the valves and prevent them
from prolapsing, or collapsing backwards into the atria. Functionally, the
papillary muscles and chordae tendineae are part of the valve complex with
which they are associated. When the papillary muscles contract, they help
maintain systolic close of the mitral or tricuspid valve.

2.6.1 Clinical features

Chordae tendineae rupture and papillary muscle paralysis can be con-
sequences of a heart attack. This can lead to bulging of the valve, exces-
sive backward leakage into the atria (regurgitation) and even valve
prolapse. Valve prolapse is the condition under which the valve inverts
backwards into the atrium. Because of these valve problems, the ventricle
does not fill efficiently. Significant further damage, and even death, can
occur within the first 24 h after a heart attack because of this problem.

2.7 Cardiac Cycle

Figure 2.9 is a graphical representation of the cardiac cycle during one
heartbeat. Figure 2.10 also shows typical pressure in the aorta, left
ventricle, and left atrium as a function of time.

Systole is the term used to describe the portion of the heartbeat during
which ejection takes place. Figure 2.9 shows atrial systole occurring
over a period of 0.1 s, just before ventricular systole. Ventricular systole
is shown to occur over a time-period of 0.3 s, directly after atrial systole.

During atrial systole, pressure is generated in the atria, which forces
the AV valves to open. The AV valves include the mitral valve and the
tricuspid valves. The AV valves remain open during atrial systole, until
ventricular systole generates enough ventricular pressure to force those
valves to close.
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Diastole is the term used to describe the portion of the heartbeat
during which chamber refilling is taking place. The ventricles undergo
refilling, or ventricular diastole, during atrial systole. When the ventricle
is filled and ventricular systole begins, then the AV valves are closed and
the atria undergo diastole. That is, the atria begin refilling with blood.

Figure 2.9 shows a period of 0.4 s after ventricular systole, when both
the atria and the ventricles begin refilling and both heart chambers are
in diastole. During the period when both heart chambers are refilling,
or undergoing diastole, both AV valves are open and both the aortic and
pulmonic valves are closed. The aortic and pulmonic valves are also
called semilunar valves.
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The semilunar valves are always closed except for a short period of
ventricular systole when the pressure in the ventricle rises above the
pressure in the aorta for the left ventricle and above the pressure in the
pulmonary artery for the right ventricle. When the pressure in the left
ventricle drops below the pressure level in the aorta, the pressure in the
aorta forces the aortic valve to close, thus preventing blood from flow-
ing backward into the left ventricle. Similarly, when the pressure in the
right ventricle drops below the pressure levels in the pulmonary artery,
the pressure in the pulmonary artery forces the pulmonic valve to close,
preventing blood from flowing backward into the right ventricle.

2.8 Heart Sounds

Figure 2.9 also shows heart sounds associated with events during the car-
diac cycle. Heart sound one is the “lub” associated with the closing of the
AV valves. Heart sound two is the “dub” associated with the closing of
the semilunar valves. Heart sounds are relatively low pitched. Most are
between 10 and 500 Hz and of a relatively low intensity. Blood movement
between atria and ventricles produces some components of sounds one
and two, by vibration of the ventricular walls, and even by vibration of
the base of the aorta and pulmonary arteries. A third, less distinct heart
sound may occur shortly after the opening of the AV valves. This sound
can be heard most often in children or in adults with thin chest walls.
A fourth sound may occur during atrial systole, when a small volume of
blood is injected into the nearly filled ventricle. Once again, this less dis-
tinct sound is heard most often in children or in thin adults.

2.8.1 Clinical features

An increased end-systolic volume is typical in heart failure. In a patient
with a failing heart, rapid early ventricular filling produces an audible
third heart sound termed S3, which occurs after S2.

Late ventricular filling with atrial contraction is normally silent. In
patients with hearts that have become stiffer, the end-diastolic blood flow
is against a noncompliant ventricle resulting in an audible fourth heart
sound termed S4. Heart sound S4 would occur just prior to S1.

The ECG is also plotted for timescale comparison. During ventricu-
lar systole, the ventricular pressure waveform rises rapidly and when
the ventricular pressure rises above the aortic pressure, the aortic valve
opens. The aortic valve remains open during the time when the aortic
pressure is lower than the left ventricular pressure. When the ventric-
ular pressure drops below the aortic pressure, the aortic valve closes to
prevent back flow into the ventricle from the aorta.

Figure 2.11 shows a more detailed aortic pressure-time curve. Systolic
pressure is the largest pressure achieved during systole. Diastolic pressure
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Figure 2.11 Aortic pressure waveform.

is the lowest aortic pressure measured during diastole. The pulse pres-
sure is defined as the difference between the systolic and diastolic pres-
sure. The anacrotic limb of the pressure waveform is the ascending limb
of the pressure waveform and the descending portion of the waveform is
known as the catacrotic limb. A notch exists in the normal catacrotic limb
of the aortic pressure waveform. This notch is known as the dicrotic
notch and is related to a transient drop in pressure due to the closing of
the aortic valve.

Figure 2.12 shows a close-up view of a single pulse from an aortic
pressure-time curve. The systolic pressure, diastolic pressure, and pulse
pressure are shown graphically in the figure. It is possible to find the
mean pressure over the beat by integrating the area under the curve and
then dividing by the length of the time interval between t1 and t2. In the
graph shown the mean pressure, P can be found by

Pmean 5
1

t2 2 t1
3

t1

t2

 P dt 

t1

Pdiastolic

Psystolic

t2

Figure 2.12 A single pressure
waveform plotted against time.
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2.9 Factors Influencing Flow and Pressure

The relationship between blood flow and blood pressure is one of the
chief topics of this book. An engineer who is familiar with constant
stroke volume pumps might imagine that flow from the heart is a simple
function of heart rate. An engineer who designs pressure controllers
may think of flow to a given capillary bed as related directly to the
hydraulic resistance in that bed. In fact, the heart can sometimes be
modeled as a constant stroke volume, variable-speed pump, but the
system containing the heart and circulatory system is a complex network
with a control system that includes pressure inputs, flow inputs, as
well as neural and chemical feedback.

The pulse pressure in the aorta can be thought of chiefly as a func-
tion of heart rate, peripheral resistance, and stroke volume.

Figure 2.13 shows the effect of heart rate on pressure. If peripheral
resistance and stroke volume remain constant, an increase in heart
rate causes the heart to pump more blood into the aorta over a fixed
time-period, and systolic blood pressure increases. At the same time, the
increased rate of pumping leaves less time between heartbeats for the
pressure in arteries to decrease, simultaneously the diastolic pressure
also increases. As the heart rate increases, with fixed peripheral resist-
ance and fixed stroke volume, cardiac output, or flow into the systemic
circulation, increases.

On the other hand, if heart rate and peripheral resistance are con-
stant, but stroke volume changes, pressure and flow are also affected.
Figure 2.14 shows the effect of stroke volume on pressure. An increase
in stroke volume increases pressure because of the extra volume of
blood that is pumped into the aorta during each heart beat. However, a
healthy human would not normally experience a case of constant heart
rate and constant peripheral resistance with increasing stroke volume.
As shown in the figure, under resting conditions heart rate drops and
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Figure 2.13 Aortic pressures as a function of heart rate. PS is the systolic pressure and
PD is the diastolic pressure. Picture 2, the middle picture, shows the fastest heart rate
and the picture on the right, picture 3, shows the slowest heart rate.
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Figure 2.15 Shows aortic pressure as a function of peripheral resistance while heart
rate and stroke volume are held constant.

peripheral resistance increases. The result is that a large stroke volume,
as might be seen in well trained athletes, increases systolic pressure or
perhaps maintains it at a steady level, while the decreased heart rate
allows more time between beats and the diastolic pressure decreases.
A very small stroke volume, as might be seen in a patient with severe
heart damage, would normally result in an increased heart rate as the
cardiovascular system attempts to maintain cardiac output although a
very small amount of blood is ejected from the left ventricle during each
heart beat.

The third parameter that controls blood pressure and flow is periph-
eral resistance. This peripheral resistance comes chiefly from the resist-
ance found in capillary beds and the more capillaries that are open, the
lower the resistance will be. If heart rate and stroke volume remain con-
stant as the need for oxygenated blood increases in peripheral tissues,
more capillaries open to allow more blood to flow into the tissue and this
corresponds to a decrease in peripheral resistance. Figure 2.15 shows
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that blood pressure increases with increasing peripheral resistance
when heart rate and stroke volume are held constant.

Heart rate, stroke volume, and peripheral resistance are the primary
factors that control the relationship between blood pressure and flow, or
cardiac output, but there are other factors which contribute. For example,
in the case of diseased heart valves, blood leakage backward through the
valve into the heart can alter the relationship. This type of leakage through
a valve is known as regurgitance. Regurgitance in heart valves has a sim-
ilar effect to that of decrease in stroke volume. Blood that has been ejected
into the aorta can flow backwards into the left ventricle through a faulty
aortic valve resulting in a decreased effective stroke volume.

Arterial compliance, a characteristic that is related to vessel stiff-
ness, can also affect the pressure flow relationship. Very stiff arteries
increase the overall hydrodynamic resistance of the system. This
increase in resistance causes a decrease in blood flow to the peripheral
tissue. The complex control system in the cardiovascular system will
result in compensation that increases heart rate and therefore increases
blood pressure to compensate for the increased resistance.

2.10 Coronary Circulation

The blood supply to the heart is known as the coronary circulation.
Because heart muscle requires a blood supply in order to be able to pro-
vide blood supply to the rest of the body, this system, which is relatively
small by blood volume, provides a very important function. Approximately
one-third of people in the countries of the western world die as a result
of coronary artery disease. Almost all elderly people have some impair-
ment of the coronary circulation.

The resting coronary blood flow in humans is around 225 mL/min,
which is a bit less than 5 percent of cardiac output. During strenuous
exercise, cardiac output in young healthy people increases four-to seven-
fold. Because the heart is also providing this increased flow at a higher
arterial pressure, the work of the heart is increased six to nine times
over the resting work output. The coronary blood flow only increases six
to nine fold to supply oxygen and nutrients needed by the cardiac muscle
during this increased workload.

The main coronary artery arises from the root of the aorta. It then
branches into the left and right coronary arteries. Seventy-five percent
of the coronary blood supply goes through the left coronary artery and
25 percent through the right coronary artery.

The left coronary artery supplies blood to the left lateral portion of the
left ventricle and the anterior (front) portion of the ventricular septum.
The ventricular septum is the wall between the left and right ventricles.
The left coronary artery then branches into the anterior descending
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coronary artery and the circumflex coronary artery. Those two branches
provide blood supply to the left ventricle.

The right coronary artery supplies the right ventricle, and the poste-
rior (back) portion of the ventricular septum. The right coronary artery
also supplies blood to the specialized muscle fibers of the sinoatrial (SA)
node that is located at the top-rear-right of the right atrium and is the
primary electrical pacemaking sight of the heart.

Blood flows through the capillaries of the heart and returns through
the cardiac veins to the coronary sinus. The coronary sinus is the main
drainage channel of venous blood from the heart muscle. It is a groove
on the back surface of the heart between the left atrium and ventricle
and it drains into the right atrium. Most of the coronary blood flow from
the left ventricle returns to the coronary circulation through the coronary
sinus. Most coronary blood flow to the right ventricle returns through the
small anterior cardiac veins that flow directly into the right atrium.

2.10.1 Control of the coronary circulation

Control of the coronary circulation is almost entirely through local arte-
rial and arteriolar control. The coronary arteries and arterioles vasodi-
late in response to the cardiac muscle’s need for oxygen. Whenever
muscular activity of the heart increases, blood flow to the heart
increases. Decreased activity also causes a decrease in coronary blood
flow. As blood flows through the coronary arteries, about 70 percent of
the oxygen in the arterial blood is removed as it passes through the heart
muscle. This means that there is not much oxygen left in the coronary
venous blood that could have been removed in activity that is more
strenuous. Therefore, it is necessary that coronary flow increases as
heart work increases.

2.10.2 Clinical features

When blockage of a coronary artery occurs gradually over months or
years, collateral circulation can develop. This collateral circulation
allows adequate blood supply to the heart muscle to develop through an
alternative path. On the other hand, since atherosclerosis is typically a
diffuse process, blockage of other vessels will also eventually occur. The
end result is a devastating and sometimes lethal loss of heart function
because the blood flow was dependent of a single collateral branch.

2.11 Microcirculation

Microcirculation is the flow of blood in the system of smaller vessels of
the body whose diameters are 100 �m or less. This includes arterioles,
metarterioles, capillaries, and venules. The microcirculation is involved
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chiefly in the exchange of gases, fluids, nutrients, and metabolic waste
products.

2.11.1 Capillary structure

Capillaries are thin tubular structures whose walls are one cell layer
thick. They consist of highly permeable endothelial cells. In the periph-
eral circulation there are about 10 billion capillaries with an average
length of about 1 mm. The estimated surface area of all the capillaries
in the entire system is about 500 m2 and the total volume of blood con-
tained in those capillaries is about 500 mL. Capillaries are so plentiful
that it is rare that any cell in the body is more than 20 �m away from
a capillary.

Consider the structure of blood vessels in terms of branching “gener-
ations.” If the aorta branches or bifurcates into two, those branches
may be considered the second generation. Arteries branch six or eight
times before they become small enough to be arterioles. Arterioles then
branch another two to five times, for a total of eight to thirteen gener-
ations of branches within arteries and arterioles. Finally, the arterioles
branch into metarterioles and capillaries that are 5 to 9 micrometers
(�m; also called microns) in diameter.

In the last arteriole generation, blood flows from the arterioles into
the metarterioles, which are sometimes called terminal arterioles. From
there the blood flows into the capillaries.

There are two types of capillaries. One type is the relatively larger
preferential channel and the second type is the relatively smaller true
capillary. At the location where each true capillary begins from a metar-
teriole, there is smooth muscle fiber surrounding the capillary known
as the precapillary sphincter. The precapillary sphincter can open and
close the entrance to a true capillary, completely shutting off blood flow
through this capillary.

After leaving the capillaries most blood returns to venules and then
eventually back into the veins. However, about 10 percent of the fluid
leaving the capillaries enters the lymphatic capillaries and returns to
the blood through the lymphatic system.

2.11.2 Capillary wall structure

The wall of a capillary is one cell layer thick and consists of endothelial
cells surrounded on the outside by a basement membrane. The wall
thickness of a capillary is about 0.5 �m. The inside diameter is approx-
imately 4 to 9 �m, which is barely large enough for an erythrocyte, or
red blood cell, to squeeze through. In fact, erythrocytes, which are
approximately 8 �m in diameter, must often fold in order to squeeze
through the capillary.
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Capillary walls have intercellular clefts, which are thin slits between
adjacent endothelial cells. The width of these slits is only about 6 to
7 nanometers (nm) (6 to 7 � 10�9 m) on the average. Water molecules
and most water soluble ions diffuse easily through these pores.

The pores in capillaries are different sizes for different organs. For
example, intercellular clefts in the brain are known as “tight junctions.”
These pores allow only extremely small molecules like water, oxygen, and
carbon dioxide to pass through the capillary wall. In the liver, the oppo-
site is true. The intercellular clefts in the liver are wide open and almost
anything that is dissolved in the plasma goes through these pores.
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Chapter

3
Pulmonary Anatomy,

Pulmonary Physiology,
and Respiration

3.1 Introduction

Three primary functions of the respiratory system include gas exchange,
acid-base balance, and the production of sound. The most basic activity
of the respiratory system is to supply oxygen for metabolic needs and
to remove carbon dioxide. Carbon dioxide, which is carried in the hemo-
globin of our red blood cells, is exchanged in the lungs for oxygen, which
is also carried in the hemoglobin. Fresh air that we continuously inspire
into the lungs is exchanged for air that has been enriched with carbon
dioxide. An increase in carbon dioxide leads to an increase in hydrogen
ion concentration resulting in lower pH or more acidity. The respiratory
system aids in acid-base balance by removing CO2 from the body.
Phonation or the production of sounds by air movement through vocal
cords is the third important function of the respiratory system. When
you speak, the muscles of respiration cause sound to move over the
vocal cords and through the mouth resulting in intelligible sounds.

To understand the path of air through the respiratory system, consider
the system components, which include two lungs, a trachea, bronchi,
bronchioles, alveoli, and their associated blood vessels. These components
are shown in Fig. 3.1. Air enters the respiratory system through the
mouth or nose. After being filtered and heated the air passes into the phar-
ynx and the larynx and then the air enters the trachea where it passes
to the bronchial tree. There are three generations of bronchi, which are
conducting airways greater than about 0.5 cm in diameter. Bronchioles are
also conducting airways that have diameters greater than approximately
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Figure 3.1 Functional anatomy of the lung. (Reprinted with permission
from Selkurt E. Basic Physiology for the Health Sciences. Boston, Little,
Brown; 1982.)

0.05 cm. There are approximately 13 generations of bronchioles with the
last generation being known as terminal bronchioles.

Beyond the terminal bronchioles, air enters the transitional zone.
There are several generations of respiratory bronchioles, just beyond
the bronchi. Respiratory bronchioles have a diameter of approximately
0.05 cm and a length of about 0.1 cm. At the ends of the respiratory
bronchioles, air passes into alveolar ducts and finally into alveolar sacs.
Alveolar ducts and alveolar sacs make up the respiratory zone of the res-
piratory system. Figure 3.1 shows the functional anatomy of the lungs.
At the left, you can see the gross structure of the right lung and the con-
ducting airways. At the upper right, the branching of a bronchiole can
be seen. Finally, at the lower right, at highest magnification, respiratory
bronchioles, alveolar ducts, alveolar sacs, and alveoli are shown.

3.2 Clinical Features

Oxygen and carbon dioxide in blood are carried in hemoglobin, a substance
inside the red blood cells. Hemoglobin in oxygenated blood that is return-
ing from areas of the lung where gas exchange has occurred is normally



Pulmonary Anatomy, Pulmonary Physiology, and Respiration 47

8

6

V
ol

um
e,

 L

4

2

0

Total lung
capacity

Vital
capacity

IRV

Tidal
volume

ERV

Functional
residual
capacity

Residual
volume

Figure 3.2 Standard lung volumes
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saturated. Therefore hyperventilation of room air will not add much
oxygen to the blood stream. If a patient suffers from low oxygen due to a
mismatch in ventilation and perfusion, the patient must breathe air with
a higher percentage of oxygen than that which occurs in room air.

3.3 Alveolar Ventilation

Alveolar ventilation is the exchange of gas between the alveoli and the
external environment. It can be measured as the volume of fresh air
entering (and leaving) the alveoli each minute. Oxygen from the atmos-
phere enters the lungs through this ventilation and carbon dioxide from
the venous blood returns to the atmosphere. Physicians and biomedical
engineers often discuss alveolar ventilation in terms of standard lung
volumes. These standard lung volumes are represented graphically in
Fig. 3.2.

3.3.1 Tidal volume 

Tidal volume (TV) is the volume of ambient air entering (and leaving)
the mouth and nose per minute during normal, unforced breathing.
Normal tidal volume for a healthy, 70-kg adult is approximately 500 mL
per breath, but this value can vary considerably during exercise.

3.3.2 Residual volume 

Residual volume (RV) is the volume of air left in the lungs after maxi-
mal forced expiration. This volume is determined by a balance between
muscle forces and the elastic recoil of the lungs. Residual volume is
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approximately 1.5 L in a healthy, 70-kg individual. Residual volume is
much greater for individuals with emphysema.

3.3.3 Expiratory reserve volume 

Expiratory reserve volume (ERV) is the volume of air expelled from the
lungs during a maximal forced expiration that begins at the end of
normal tidal expiration. The expiratory reserve volume plus the reserve
volume combine to make up the functional reserve capacity. Normal
ERV for our standard 70-kg individual is approximately 1.5 L.

3.3.4 Inspiratory reserve volume 

Inspiratory reserve volume (IRV) is the volume of air that is inhaled
during forced maximal inspiration beginning at the end of normal tidal
inspiration. This volume depends on muscle forces and also on the elas-
tic recoil of the chest wall and the elastic recoil of the lungs. The IRV of
a healthy 70-kg individual is approximately 2.5 L.

3.3.5 Functional residual capacity 

Functional residual capacity (FRC) is the volume in the lungs at the end
of normal tidal expiration. FRC depends on the equilibrium point at
which the elastic inward recoil of the lungs balances the elastic outward
recoil of the chest wall. Functional residual capacity consists of the sum
of the residual capacity and the expiratory reserve volume and can be
represented by Eq. (3.1). The FRC of a healthy 70-kg adult is approxi-
mately 3 L.

(3.1)

3.3.6 Inspiratory capacity 

Inspiratory capacity (IC) is the volume of air taken into the lungs during
a maximal inspiratory effort that starts at the end of a normal tidal
volume expiration. Inspiratory capacity is the sum of TV and IRV and
can be represented by Eq. (3.2). The IC of our healthy, 70-kg, adult is
about 3 L.

(3.2)

3.3.7 Total lung capacity 

Total lung capacity (TLC) is the volume of air in the lungs after a max-
imal expiratory effort. The strength of contraction of inspiratory muscles,

IC 5 IRV 1 TV

FRC 5 RV 1 ERV
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the inward elastic recoil of the lungs, and the chest wall determine the
total lung capacity. The total lung capacity is also equal to the sum of the
inspiratory reserve capacity, the tidal volume, the expiratory reserve
capacity, and the reserve volume. A typical value for total lung capacity
of a healthy 70-kg male is about 6 L. An equation representing the total
lung capacity may be written by:

(3.3)

3.3.8 Vital capacity 

Vital capacity (VC) is the volume of air expelled from the lung during a
maximal expiratory effort after a maximum forced expiration. The vital
capacity is the difference between the total lung capacity and the reserve
volume. Vital capacity in a normal healthy 70-kg adult is about 4.5 L.
Equation (3.4) is for vital capacity:

(3.4)

3.4 Ventilation—Perfusion Relationships

Ventilation is the act of supplying air into the lungs and perfusion is the
pumping of blood into the lungs. In this book we will use to represent
the air flow rate associated with ventilation and to represent the
blood flow rate associated with perfusion. The ratio of ventilation
to perfusion is important for lung function and is represented as the
ventilation/perfusion ratio as shown in Eq. (3.5).

(3.5)

Pulmonary arterial smooth muscle vasoconstricts the vessels of the
pulmonary capillary beds in response to hypoxia, or low oxygen. This
type of vasoconstriction is one of the most important parameters that
determine pulmonary blood flow. In other capillary beds within the
body, smooth muscle vasodilates in response to tissue hypoxia, improv-
ing perfusion.

Resting ventilation is about 4 to 6 L/min. Resting pulmonary artery
blood flow is about 5 L/min. At rest, therefore, the ventilation/perfusion
ratio is about 0.8 to 1.2. Figure 3.3  shows a schematic representing a
ventilation/perfusion ratio of 1 with a ventilation rate and perfusion rate
both equal to 5 L/min.

Ventilation perfusion ratio 5 V
.

Q
.

Q
. V

.

VC 5  TV 1 IRV 1 ERV

TLC 5 IRV 1 TV 1 ERV 1 RV
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Tidal volume
500 ml

Anatomic dead space
150 ml

Alveorlar gas
3 L 

Pulmonary capillary blood
70 ml

Pulmonary perfusion
5 L/min

Ventilation/perfusion
ratio ~1

Alveolar ventilation
5 L/min

Respiration frequency
15 breaths/minute

Figure 3.3 Pulmonary volumes and flows showing a ventilation perfusion ratio of 1.

3.5 Mechanics of Breathing

For the normal physiological case of breathing, air flows into the lungs
when the alveolar pressure drops below the pressure of the surrounding
ambient air. This is known as negative pressure breathing because the
pressure in the alveoli must be negative with respect to the surrounding
air. This negative pressure in the alveoli is caused by muscle contractions
that increase the volume of the lung causing the alveoli to expand.

Transmural pressure gradient is defined by the difference in pressure
between atmospheric air and the pressure in the alveoli. As the trans-
mural pressure gradient increases, the alveoli expand.

Intrapleural pressure, which is also known as intrathoracic pressure,
is caused by the mechanical interaction between the lung and chest
wall. When all muscles of respiration are relaxed, left to themselves the
lungs have a tendency to collapse whereas the chest wall tends to
expand. This causes the intrapleural pressure to drop and this result-
ing negative pressure has the effect of holding the lung and the chest
wall in close contact.

The primary muscles of breathing are the diaphragm, the external
intercostals, and the accessory muscles. The diaphragm is a dome-
shaped sheet of muscle with an area of about 250 cm2. The diaphragm
separates the abdominal cavity from the thoracic cavity.

During eupnea, or normal quiet breathing, in the supine position the
diaphragm is responsible for two-thirds of the air entering the lungs.

3.5.1 Muscles of inspiration

The rib muscles (external intercostals) raise and enlarge the rib cage
when contracted. The diaphragm and the rib muscles contract simul-
taneously during inspiration. If they did not, the contraction of the
external intercostals could cause the diaphragm to be pulled upwards.
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Accessory muscles are not used in normal quiet breathing. They are
used however; during heavy breathing, as in exercise, and during the
inspiratory phase of sneezing and coughing. An example of an accessory
muscle is the sternocleidomastoid, which elevates the sternum to
increase the anteroposterior (front to back) and the transverse (side to
side) dimensions of the chest.

3.5.2 Muscles of expiration

Expiration is passive during quiet breathing and no muscle contraction
is required. The elastic recoil of the alveoli due to alveolar stiffness is
enough to raise the alveolar pressure above atmospheric pressure, the
condition required for expiration.

Active expiration occurs during exercise, speech, singing, and the
expiratory phases of coughing and sneezing. Active expiration may also
be required due to pathologies such as emphysema. Muscles of active
expiration are the muscles of the abdominal wall including the rectus
abdominis, external and internal obliques, transverse abdominis, and
internal intercostals muscles.

3.5.3 Compliance of the lung and chest wall

The slope of the pressure-volume curve of the lung is known as lung com-
pliance. This volume compliance can be written as dV/dP, representing
a change in volume per change in pressure. Compliance has the units
of m3/Pa and is inversely related to elasticity, or lung stiffness.

The pressure-volume curve for the lung is different for inspiration
than it is for expiration. The difference in volume for a given pressure
upon inspiration versus the same pressure upon expiration is known as
hysteresis. At low lung volumes, the lung is stiffer (has a lower compli-
ance) during inspiration than during expiration. At high lung volumes,
the lung is less stiff (has a higher compliance) during inspiration.

3.6 Work of Breathing

The rate and depth at which one breathes, under normal circumstances
is managed to minimize the amount of work that is done. If you try to
breathe rapidly and shallowly for an extended period of time, you can
transfer the necessary oxygen, but will rapidly grow tired from the
effort. Work for a system that executes a cyclic process with only expan-
sion and compression can be modeled by Eq. (3.6):

(3.6)WaSb 5 3
a

b

 PdV 
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Figure 3.4 Shows intrapleural pressure versus lung volume for inspi-
ration and expiration.

In Eq. (3.6), W represents the work done between points a and b.
P represents the pressure inside the system (in this case the lung). The
volume of the system is represented by V. Figure 3.4 shows a typical
pressure-volume curve during breathing. The work term can be thought
of as an area under the pressure-volume curve.

For example, one part of the work done by the diaphragm on the
lungs due to inspiration can be thought of as the work needed to over-
come the elastic resisting forces of the chest wall and diaphragm. This
work done to overcome elasticity can be represented by the area under
the line AB as shown in Fig. 3.5.

The total work done by the diaphragm on the lungs due to inspira-
tion can be thought of as the work needed to overcome the elastic
resisting forces of the chest wall and diaphragm, plus the work done
to overcome the resistance to flow. This total work of inspiration can
be represented by the area under the inspiration curve as shown in
Fig. 3.6.

During expiration, the elasticity of the lungs and chest wall help
provide the stored energy so that diaphragm work is not necessary.
The energy stored in these elastic tissues can be partially recovered
during expiration. The work done to overcome resistance to flow
cannot be overcome. The total work of one total breathing cycle,
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Figure 3.5 Pressure-volume curves showing the work done to
overcome elasticity during inspiration.
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Figure 3.6 Pressure-volume curve showing the total work
done by diaphragm due to inspiration.
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Figure 3.7 Work done by the diaphragm during one breath
cycle.

including inspiration and expiration, can be shown as the cross-
hatched area in Fig. 3.7.

Clinical features. An important cause of respiratory failure is fatigue of
the muscles of respiration. When the diaphragm and respiratory mus-
cles cannot carry out the work of breathing the result is a progressive
fall in oxygenation and/or rise in carbon dioxide concentration.

3.7 Airway Resistance

Although the air that flows through your trachea is not very massive or
very viscous, there is a noticeable hydraulic resistance to the flow. This
resistance results in a pressure drop along the airway. This pressure
decreases along the airways, in the direction of flow. This pressure drop
is also dependent on the flow rate in the tube, the viscosity of the fluid,
and the pattern of flow. There can be no flow along a tube unless there
is a pressure difference, or pressure gradient, along the tube.

As explained in Sec. 1.4.1 fluid particles move along streamlines
during laminar flow. When air flows at low rates in relatively small
diameter tubes, as in the terminal bronchioles, the flow is laminar.
Turbulent flow is a random mixing flow. When air flows at higher rates
in larger diameter tubes, like the trachea, the flow is often turbulent.
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In Chap. 1, we also saw that a dimensionless parameter, termed the
Reynolds number, Re, could be used to predict whether flow is turbu-
lent or laminar. The number is defined in Eq. (3.7):

(3.7)

In Eq. (3.7) r is fluid density in kg/m3, V is fluid velocity in m/s, D
is pipe diameter in m, and m is fluid viscosity in Ns/m2. Physically the
Reynolds number represents the ratio of inertial forces to viscous
forces.

As an analogy, imagine the ratio of the momentum of a vehicle (mass �
velocity) to the frictional braking force available (force). A person walk-
ing on dry pavement has a relatively small mass, relatively low velocity,
and relatively low ratio of momentum to stopping force. For compari-
son, imagine a very large truck moving at high velocity on an icy street.
This second combination of truck on ice has a very high ratio of momen-
tum to stopping force and is a highly unstable situation in comparison
to the first. Analogously to the person walking on pavement, low mass
air flows with low Reynolds numbers are more stable and more likely
to be laminar in comparison to denser flows at high velocity with higher
Reynolds numbers.

In the lungs, fully developed laminar flow probably occurs only in
very small airways with low Reynolds number. Flow in the trachea may
be truly turbulent. Much of the flow in intermediate sized airways will
be transitional flow in which it is difficult to predict if the flow will be
laminar or turbulent.

In Chap. 1 we also developed Poiseuille’s law, which describes lami-
nar flow in rigid tubes. Poiseuille’s law applies to air flow, just as it
does to blood flow, when the flow is laminar. Recall that:

(3.8)

where Q � the flow rate
R � the airway radius
m � the air viscosity 

dP/dx � the pressure gradient along the airway 

Resistance to flow can be thought of as the driving pressure divided
by the flow. Poiseuille’s law can be rearranged to solve for the resistance
as shown in Eq. (3.9).

(3.9)Resistance 5
8m
pR4

Q 5
2pR4

8m
 
dP
dx

Re 5
rVD
m
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Figure 3.8 Showing a forced expiration versus time curve for a patient
with normal airway resistance.
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Figure 3.9 The volume versus time curve for forced expiration in a
patient with chronic obstructive pulmonary disease shows a great
resistance to expiratory flow.   
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Although the resistance to flow associated with the tube is inversely
related to the fourth power of the radius, the resistance contributed by
airways is not predominantly in the smallest diameter airways. As
airways branch they become narrower, but also more numerous. The
major site of airway resistance is the medium–sized bronchi. Small
bronchioles contribute relatively little resistance because of their
increased numbers.

Most resistance in airways occurs up to the seventh generation of
branching vessels. Less than 20 percent of the resistance is attributable
to airways that are less than 2 mm in diameter because of the large
number of vessels. Twenty-five to 40 percent of total resistance is in the
upper airways including the mouth, nose, pharynx, larynx, and trachea.

One way to assess expiratory resistance is to begin by measuring the
forced vital capacity (FVC) of the lung, using a spirometer. The patient
starts by making a maximal inspiratory effort to total lung capacity. After
a short pause, the patient makes a maximal forced expiratory effort.

We may define forced expiratory volume (FEV1), as the volume of air
expired in 1 s during a forced expiratory effort. The ratio of FEV1 to FVC
is a good index of airway resistance. In normal, healthy subjects,
FEV1/FVC is greater than 0.80, or 80 percent.

Forced expiratory flow rate between time t1 and time t2 can be defined
as the average flow rate between times t1 and t2, as measured during a
forced expiration. The rate can be represented graphically as the slope
of a line drawn between two points on the forced expiration curve.

In Fig. 3.8, point A represents the point on when the lung volume is
equal to 25 percent of the vital capacity. A second point, B, is drawn on
the curve representing the point when lung volume is equal to 75 percent
of vital capacity. The slope of the line AB is the forced expiratory flow rate,
FEF25–75%.

Figure 3.8 represents a normal, healthy patient and Fig. 3.9 repre-
sents a patient with an airway obstruction. Note the steep slope corre-
sponding to a high forced expiratory flow rate in the healthy patient in
Fig. 3.8 and the shallow slope corresponding to a low forced expiratory
flow rate in Fig. 3.9.

3.8 Gas Exchange and Transport

In the next section of this book, we will consider how oxygen moves
from ambient air into the tissues of the body. Diffusion of a gas occurs
when there is a net movement of molecules from an area with a high
partial pressure to an area with a lower partial pressure. Only 50 years
ago, it was still believed by some scientists that the lung secreted oxygen
into the capillaries. That would mean that oxygen would move from
the atmosphere to a relatively higher concentration inside the lung by
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an active process. More accurate measurements have now shown that
gas transport across the alveolar wall is a passive process.

3.8.1 Diffusion

Gases like oxygen and carbon dioxide move across the blood-gas barrier
of the alveolar wall by diffusion. You might ask, “What parameters affect
the rate of transfer?” The rate of gas movement across the alveolar wall
is dependent on the diffusion area, the driving pressure, and the wall
thickness.

The diffusion area is the surface area of the alveolar wall, or blood-gas
barrier. That surface area is proportional to the rate of diffusion. The dri-
ving pressure that pushes gasses across the alveolar wall is the partial
pressure of the gas in question. The driving force that pushes oxygen into
the blood stream is the difference between the partial pressure of oxygen
in the alveoli and the partial pressure of oxygen in the blood, DPO2. The
rate of diffusion of oxygen into blood stream is proportional to DPO2.

The rate of diffusion of oxygen into the blood stream is inversely pro-
portional to the thickness of the alveolar wall. A thicker wall causes the
oxygen diffusion to decrease and a thinner wall makes it easier for
oxygen to flow into the blood stream.

The blood gas barrier in the lung has a surface area of about 50 to
100 m2 spread out over 750 million alveoli. This huge diffusion area is
available to a relatively small volume of blood. Pulmonary capillary
blood volume is only about 60 mL during resting and about 95 mL
during exercise.

Carbon dioxide diffuses about 20 times more rapidly than oxygen
through the alveolar wall. The much higher solubility of carbon dioxide
is responsible for this increased diffusion rate.

3.8.2 Diffusing capacity

One might wonder if oxygen transfer into the blood is limited by how fast
the blood can flow through the lungs, or by how fast oxygen can diffuse
through the blood-gas barrier. It turns out that under normal physio-
logical circumstances, oxygen diffusion through the alveolar wall is suf-
ficient and the limiting factor for oxygen uptake is perfusion, or the
rate of blood flow through the capillaries. An erythrocyte spends an
average of about 0.75 to 1.2 s passing through a pulmonary capillary
under normal resting conditions.

Under some circumstances oxygen diffusion rates through the wall
may also limit the oxygen transfer rate. During extreme exercise, an ery-
throcyte may stay in the capillary as little as 0.25 s. Even this very
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short time would be enough time for oxygen to diffuse into the capillaries
at normal atmospheric oxygen partial pressures. However, during
extreme exercise at high altitude, or in a patient with thickening of the
alveolar wall due to pulmonary fibrosis, oxygen flow rate may switch
from a perfusion limited to a diffusion limited process.

3.8.3 Resistance to diffusion

So far, we have considered the blood gas barrier as the only source of
resistance to diffusion of gases from the alveoli into the blood stream. In
fact, there is a second important component. The uptake of oxygen occurs
in two stages. The first is diffusion through the alveolar wall, and the
second is the reaction of oxygen with hemoglobin.

The diffusing capacity through the alveolar wall is defined by the flow
rate of the gas divided by the partial pressure difference that is driving
the flow. Diffusing capacity of a gas can be written as Da in Eq. (3.10).

(3.10)

In Eq. (3.10), represents the flow rate of some gas from the alve-
oli into the capillary. Pa represents the partial pressure of that gas in the
alveoli and Pc represents the partial pressure of the same gas in the
capillary.

If we think of the electrical analogy in which resistance is equal to volt-
age divided by current, we can see that it is possible to think of 1/Da as
a resistance to diffusion.

(3.11)

The rate of reaction of oxygen with hemoglobin can be represented
by u. The units on u are ml O2/min per mL blood per mmHg partial
pressure of O2. If Vc represents the volume of pulmonary capillary blood,
then u � Vc will have the units of mL O2/min/mmHg, or flow divided by
pressure. Once again, the inverse, pressure/flow is analogous to
resistance.

(3.12)

The total resistance to the flow of oxygen into the blood stream is the
combination of the resistance to diffusion caused by the blood gas bar-
rier plus the resistance to flow due to the oxygen-hemoglobin reaction.

ResistanceO2#Hgb 5
1
uVc

1
Da

5
Pa 2 Pc

V
.
gas

V
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Figure 3.10 Oxyhemoglobin dissociation curve.

The resistances can be added together as shown in Eq. (3.13). 1/DL is
the total resistance to the flow of oxygen due to the lung.

(3.13)

For oxygen flow, the resistance to diffusion offered by the membrane
is approximately equal to the resistance associated with the oxygen-
hemoglobin reaction. It is also interesting to note that carbon dioxide
diffusion is approximately twenty times faster than oxygen diffusion.
Therefore it seems unlikely that CO2 elimination will be slowed by an
increased resistance to diffusion.

3.8.4 Oxygen dissociation curve 

One gram of pure hemoglobin can combine with 1.39 mL of oxygen and
normal human blood has approximately 15 g of hemoglobin in each 100 mL
of whole blood. This means that the oxygen carrying capacity of blood is
about 20.8 mL oxygen/100 mL blood.

Oxygen saturation is reported as a percent and is equal to the amount
of oxygen combined with hemoglobin at a given partial pressure divided
by the maximum oxygen carrying capacity. For example, oxygen satu-
ration of blood is about 75 percent when the blood is exposed to air with
a partial pressure for oxygen of 40 mmHg and 97.5 percent saturation
at a partial pressure of oxygenof 100 mmHg. Figure 3.10 shows a normal
oxygen dissociation curve from a human.

1
DL

5
1

Da
1

1
uVc
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Oxygen dissolved in blood, rather than carried in the hemoglobin,
amounts to 0.003 mL O2 per 100 mL blood per mmHg partial pressure.
Therefore, the amount of dissolved oxygen in blood with a driving pres-
sure of oxygen equal to 100 mmHg is only 0.3 mL O2 per 100 mL blood,
compared to 20.3 mL O2 carried in the hemoglobin.

3.9 Pulmonary Pathophysiology

3.9.1 Bronchitis 

Bronchitis is an inflammation of the airways resulting in excessive
mucus production in the bronchial tree. Bronchitis occurs when the
inner walls of the bronchi become inflamed. It often follows a cold or
other respiratory infection and happens in virtually all people, just as
the common cold. When the bronchitis does not go away quickly but per-
sists, then it is termed chronic bronchitis.

3.9.2 Emphysema

Emphysema is a chronic disease, in which air spaces beyond bronchioles
are increased. See Fig. 3.11. The stiffness of the alveoli is decreased
(static compliance is increased) and airways collapse more easily.
Because of the decreased stiffness of the lung, exhalation requires active
work and the work of breathing is significantly increased. The surface
area of the alveoli become smaller, and the air sacs become less elastic.
As carbon dioxide accumulates in the lungs, there becomes less and
less room available for oxygen to be inhaled, thereby decreasing the
partial pressure of oxygen in the lung. 

Emphysema is most often caused by cigarette smoking although some
genetic diseases can cause similar damage to the alveoli. Once this
damage has occurred, it is not reversible.

3.9.3 Asthma

Asthma is a chronic disease that currently affects 5 million children in
the United States. In asthma, the airways become over reactive with
increased mucus production, swelling, and muscle contraction. Because
of the decreased size of the bronchi and bronchioles, flow of air is
restricted and both inspiration and expiration become more difficult.

3.9.4 Pulmonary fibrosis

Pulmonary fibrosis currently affects 5 million people worldwide and
200,000 in the United States. Pulmonary fibrosis is caused by a thicken-
ing or scarring of pulmonary membrane. The result is that the alveoli are
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Figure 3.11 shows a normal lung
and an emphysematous lung. (a)
Normal lung. (b) Emphysematous
lung. (Reprinted with permission
from West J B. Pulmonary
Pathophysiology. Williams &
Wilkins; 4th edition,1992.)

gradually replaced by fibrotic tissue becoming thicker, with a decreased
compliance (increased stiffness) and a decrease in diffusing capacity.
Symptoms of pulmonary fibrosis include a shortness of breath, chronic dry,
hacking cough, fatigue and weakness, chest discomfort, loss of appetite,
and rapid weight loss. Traditionally, it was thought that pulmonary fibro-
sis might be an autoimmune disorder or the result of a viral infection.
There is growing evidence that there is a genetic link to pulmonary fibrosis.

3.9.5 Chronic obstructive
pulmonary disease 

Chronic obstructive pulmonary disease (COPD) is a slowly progressive
disease of the lung and airways. COPD can include asthma, chronic
bronchitis, chronic emphysema, or some combination of these conditions.
The disease is characterized by a gradual loss of lung function. The most
significant risk factor for COPD is cigarette smoking. Other documented
causes of COPD include occupational dusts and chemicals. Genetic fac-
tors can also play a significant role in some forms of this disease.
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3.9.6 Heart disease

Heart disease should be mentioned in any discussion of pulmonary
pathologies. While cardiac disease is not strictly speaking, a pulmonary
pathology, some forms of cardiac disease can certainly lead to respira-
tory pathologies. For example, a stenotic regurgitant mitral valve can
cause back pressure in pulmonary capillary leading to fluid in the lungs.

3.9.7 Comparison of pulmonary
pathologies

Figure 3.12 shows the volume versus time curve for a normal lung com-
pared to that for a patient with fibrosis, asthma, and emphysema. In the
patients with fibrosis, asthma, and emphysema note the shallow slope
of the curve during forced inspiration and expiration. In other words,
the change in volume over time dV/dt is much smaller in patients with
lung disease compared to the dV/dt in the normal lung. The air flow rate
is much smaller in all three cases.

3.10 Respiration in Extreme Environments

Consider how you might feel if you drive your automobile to the top of
Pike’s Peak (14,109 ft above sea level) or if you ride a cable car to the
top of the Zugspitze, the highest point in Germany (9718 ft above sea
level). If you have had the opportunity to visit either of these locations,
you probably experienced the shortness of breath associated with breath-
ing in low oxygen environments. Perhaps you even developed a headache
after a short period. How you felt was dependent on how long it took to
achieve the altitude, how long you remained, how well hydrated you may
have been at the time, and a number of other potential factors.

3.10.1 Barometric pressure

Just as with normal respiration, at high altitude the driving force that
helps to push oxygen into your blood is the partial pressure of oxygen.
This partial pressure depends on both the barometric pressure and the
relative percentage of air that consists of oxygen. Barometric pressure
depends on the altitude above the earth’s surface and varies approxi-
mately exponentially as shown in Fig. 3.13.

The equation for barometric pressure as a function of altitude depends
on the density of the air at varying altitudes and therefore on air tem-
perature. The equation for the standard atmosphere between sea level
and 11 km above the earth’s surface can be given by:

Patm 5 760s1 2 0.0022558zd5.2559
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Figure 3.12 Spirometer comparisons between a normal lung, fibrosis, asthma,
and emphysema. (Reprinted with permission of Lippincott, Williams, and
Wilkins from Selkurt, Basic Physiology for the Health Sciences, Little, Brown
and Company, Boston, second edition, 1982.)
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Figure 3.13 Barometric pressures as a function of altitude
above sea level.

where Patm is the barometric pressure in millimeters of mercury, and z
is the altitude above mean sea level in kilometers.

From the figure it is possible to see that on a standard day, the baro-
metric pressure would decrease from 747 mmHg in Terre Haute,
Indiana, to 625 mmHg in Denver, Colorado, to 360 mmHg at the summit
of Mt. Kilimanjaro and 235 mmHg at the summit of Mt. Everest. With
the decrease in altitude and corresponding decrease in barometric pres-
sure comes a decrease in the partial pressure of oxygen.

3.10.2 Partial pressure of oxygen

The partial pressure of oxygen, PO2, is the driving pressure for getting
oxygen into the blood. Air is 21 percent oxygen, so the partial pressure
of oxygen in standard air is 0.21 times the barometric pressure. The PO2

in air on a standard day in Terre Haute, Indiana is 0.21 � 747 = 157
mmHg. If PO2 is low, the driving pressure to push oxygen into the blood
stream will be low making it more difficult to breath.

Further, the air inside your lungs is not dry air. Water vapor also dis-
places oxygen. In fact, the air in your lungs is saturated with water, and
the vapor pressure of water at 37 °C, the temperature inside your lungs,
is 47 mmHg. Now the PO2 of sea level, dry air is

760 (0.2093) � 159 mmHg,
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but the PO2 of saturated, inspired air is

(760 � 47)(0.2093) � 149 mmHg.

If you climb even higher, the driving force becomes lower but the
vapor pressure of water does not change since the air in your lungs is
always saturated (100 percent relative humidity).

Let’s climb to 14,000 ft above sea level (ASL). Now the PO2 of inspired
air at 14,000 ft ASL is (425 � 47)(0.2093) � 79 mmHg or about 1/2 of
the PO2 for inspired air at sea level.

Now if we continue to climb to 18,000 ft above sea level the PO2 in dry
air is half of that of sea level dry air and the inspired partial pressure
of oxygen is only 70 mmHg.

(380 � 47)(0.2093) � 70 mmHg

Finally, at the top of Mt. Everest the PO2 is one-third of sea level dry air
and the PO2 of inspired air at 29,000 ft above sea level is only 43 mmHg.

(250 � 47)(0.2093) � 43 mmHg

What would happen if a high-performance jet lost cabin pressure at
an altitude of 63,000 ft above sea level? The barometric pressure at this
extreme altitude is less than the vapor pressure of water at 37 °C. In
this case the partial pressure of oxygen would be zero and in fact, your
blood (and all other water in your tissues) would boil.

3.10.3 Hyperventilation

Inspired oxygen is not the complete story. Consider the CO2 in your
lungs. Doesn’t it also displace air, making the PO2 even lower? The par-
tial pressure of carbon dioxide in your lungs can approach 40 mmHg.
Since the partial pressure of inspired oxygen at an altitude of 18,000 ft
above sea level was calculated as 70 mmHg without considering CO2, the
PO2 of air in the alveoli could be as low as 70 � 40 � 25 mmHg. At the
top of Mt. Everest it could be as low at 43 � 40 � 3 mmHg. If that is true,
how can so many people climb above 14,000 ft so easily and a few people
even reach the summit of Everest without oxygen? The short answer is
hyperventilation. By breathing faster, climbers are able to lower the par-
tial pressure of carbon dioxide in their alveoli. If you increase ventila-
tion rate by 4, you can lower the PCO2 to about 10 mmHg.

With hyperventilation, the PO2 of alveolar oxygen at the top of Mt.
Everest can be calculated as follows.

The partial pressure of oxygen contained in the inspired air that one
would breathe at an altitude of 29,000 feet is (250 � 47)(0.2093) � 43
mmHg. The PCO2 of the air in the alveoli is 10 mmHg. The partial pres-
sure of the oxygen in the alveoli is 43 � 10 � 33 mmHg.
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3.10.4 Alkalosis

One might wonder whether there are any difficulties or side effects
resulting from hyperventilation and the associated drop in the partial
pressure of carbon dioxide. In fact, the result is respiratory alkalosis.
The pH of the blood increases above normal. You feel bad and you cannot
sleep well. One result could be acute mountain sickness.

Your body’s solution to respiratory alkalosis is that your kidneys will
excrete bicarbonate over the next few days. At the same time, the
increase in pH puts a kind of “brake” on ventilation and causes your
breathing to slow down. The excretion of bicarbonate causes the pH in
the blood to decrease and the “brakes” on ventilation are reduced. After
two or three days at altitude, blood pH returns to normal.

3.10.5 Acute mountain sickness (AMS)

The feeling of nausea, and headaches resulting from low oxygen envi-
ronments, hyperventilation, and the associated respiratory alkalosis, is
known as acute mountain sickness. Sleeping at altitude is also trou-
blesome. When your breathing slows, oxygen saturation in your blood
drops. This drop in PO2 causes you to wake up with a feeling of breath-
lessness. Diamox is a trademark name for acetazolamide, a well-known
carbonic anhydrase inhibitor, which is used in the treatment of seizures
and glaucoma and is also a diuretic. Diamox does not prevent mountain
sickness, but it speeds up acclimatization by increasing urinary excre-
tion of bicarbonate. People taking Diamox have been shown to have a
more consistent level of blood oxygen saturation, enabling more restful
sleep. Acute mountain sickness can also result in nocturnal periodic
breathing, weird dreams, and frequent awakening at night.

AMS has been recognized for many centuries. Great Headache Pass and
Little Headache Pass are the names of two Himalayan passes between
China and Afghanistan that were named in ancient times. Also, Father
Joseph Acosta, a Jesuit Priest who lived in Peru in the sixteenth century,
described AMS and deaths, which occurred high in the Andes.

3.10.6 High-altitude pulmonary edema

High-altitude pulmonary edema (HAPE) is a life-threatening noncar-
diogenic (not caused by heart disease) lung edema. The mechanism that
causes HAPE is not completely known, but the disease is thought to be
caused by patchy, low-oxygen, pulmonary vasoconstriction (constriction
of blood vessels). That constriction results in localized over perfusion and
increased permeability of pulmonary capillary walls. These changes
result in high pulmonary artery pressure, high permeability, and fluid
leakage into the alveoli. The result of high-altitude pulmonary edema
is that the lungs fill with fluid, decreasing ventilation. Symptoms of
HAPE can include, cough, shortness of breath on exercise, progressive
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shortness of breath, and eventually suffocation if left untreated. The con-
dition is unstable and the only effective treatment for HAPE is descent
to a lower altitude and respiration in a more oxygen rich environment.

3.10.7 High-altitude cerebral edema

High-altitude cerebral edema (HACE) is a less common, but equally
life threatening condition in which cerebral edema is the result of breath-
ing in a depleted oxygen environment. HACE is theoretically linked to
brain swelling. Symptoms of HACE can include severe throbbing
headache, confusion, difficulty walking, difficulty speaking, drowsiness,
nausea, vomiting, seizures, hallucinations, and coma. A person suffer-
ing from HACE is often gray or pale in appearance. A victim can suffer
from HAPE and HACE simultaneously. Both HAPE and HACE nor-
mally occur at altitudes above 15,000 ft above sea level but can occur
at high ski area above 8000 ft above sea level.

3.10.8 Acclimatization

If you ascend to a high altitude and remain for a long period of time, your
body can begin to acclimatize. By increasing the number of red blood
cells in your blood, you are able to increase the amount of hemoglobin
and hence the oxygen carrying capacity of your blood. There are people
who live permanently above 16,000 ft in the Peruvian Andes. Their
inspired PO2 is only about 45 mmHg, but those people have more oxygen
in their blood than do normal sea level residents!

The volume percent of red blood cells in blood is known as hematocrit.
Hematocrit in normal healthy males is about 42 to 45 percent. If a
person’s hematocrit falls below 25 percent, then he or she is considered
anemic. Hematocrit values can also be greater than normal and a hema-
tocrit above 70 percent is known as polycythemia.

During acclimatization to low oxygen environments, it is possible to
replace approximately 1 percent of your erythrocytes per day. At the same
time, erythrocytes continue to die after their approximately 125-day life
span. Therefore, it takes two or three weeks to increase your hematocrit
significantly.

In a study done in Potosi, Bolivia, which is located in southern Bolivia
on a high plane at approximately 13,000 ft above sea level, the average
hematocrit in males was found to be 52.7 percent. Early observations
of human adaptation to high altitude were made in Potosi by de la
Calancha in the late 1600s. The Spanish historian writes that “more
than one generation was required” for a Spanish child to thrive in Potosi.
It is not clear whether being born and raised at high altitude or whether
interbreeding with the Andean population was required.
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3.10.9 Drugs stimulating red blood
cell production

Erythropoietin (EPO) is a naturally occurring hormone which stimulates
red blood cell production. Low oxygen stimulates EPO production in
humans, which in turn stimulates a higher production of red blood cells.
Recombinant EPO (rEPO) is a synthetic version of this hormone.

The difficulty with taking rEPO to increase hematocrit is that an
increase in hematocrit also increases blood viscosity, and therefore
increases the work of the heart required to pump blood. At the 1984 Los
Angeles Olympics before rEPO was available; some American bicycle
racers received blood transfusions to raise their red blood cell counts
(they also received hepatitis). After rEPO became readily available ath-
letes began taking injections of rEPO. A number of Belgian and Dutch
professional cyclists died of strokes in 1987–88, presumably from
erythropoietin-induced clots in arteries.

Recombinant human erythropoietin (rEPO) has become the standard
of care for renal anemia. EPO has a relatively short half-life and is gen-
erally administered two or three times a week.

Darbepoetin is a synthetic hormone that increases red blood cell pro-
duction, and is used to treat anemia and related conditions. It is in the
same class of drugs as recombinant erythropoietin (rEPO) and competes
for the same market. Its brand name is Aranesp, and it is marketed by
Amgen. It was approved in September 2001 by the U.S. Food and Drug
Administration for treatment of patients with chronic renal failure by
intravenous or subcutaneous injection. Darbepoetin alpha is a longer
lasting agent with a half-life approximately three times that of rEPO.

Like rEPO, Darbepoetin’s use increases the risk of cardiovascular
problems, including cardiac arrest, seizures, arrhythmia or strokes,
hypertension, congestive heart failure, vascular thrombosis, myocar-
dial infarction, and edema. Also like rEPO, Darbepoetin has the poten-
tial to be abused by athletes seeking an advantage. Its use during the
2002 Winter Olympic Games to improve performance led to the dis-
qualification of several cross-country skiers from their final races.
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Chapter

4
Hematology and Blood Rheology

4.1 Introduction

Rheology is the study of the deformation and flow of matter. Chapter 4
presents the study of blood and especially the properties that are asso-
ciated with the deformation and flow of blood.

4.2 Elements of Blood

Blood consists of 40 to 45 percent formed elements. Those formed ele-
ments include red blood cells or erythrocytes, white blood cells or leuko-
cytes, and platelets or thrombocytes. Erythrocytes are those cells that
are involved primarily in the transport of oxygen and carbon dioxide.
Leukocytes are cells that are involved primarily in phagocytosis and
immune responses, while thrombocytes are involved in blood clotting.

In addition to the formed elements in blood 45 to 60 percent of blood
by volume consists of plasma. Plasma is the transparent, amber colored
liquid in which the cellular components of blood are suspended. It also
contains things like proteins, electrolytes, hormones, and nutrients.
Serum is blood plasma from which clotting factors have been removed.

4.3 Blood Characteristics

Blood accounts for 6 to 8 percent of body weight in normal, healthy
humans. For example, a male with a body weight of 165 lb can expect to
have 165 � (0.07) � 12 lb of blood. The density of blood is slightly larger
than the density of water at approximately 1060 kg/m3. The increased
density comes from the increased density of a red blood cell compared to
the density of water or plasma. The density of water is 1000 kg/m3.
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Therefore, those 12 lb of blood have a volume of about 12 pt. Most people
have between 4.5 and 6 L of blood.

In Sec. 1.2.2, we learned about a fluid property known as viscosity.
Viscosity is defined by the slope of the curve on a shear stress versus
shearing rate diagram. Viscosity of the blood is one of the characteris-
tics of blood that affects the work required to cause the blood to flow
through the arteries. The viscosity of blood is in the range of 3 to 4 cP,
or 0.003 to 0.004 Ns/m2. For comparison, the viscosity of water at room
temperature is approximately 0.7 cP. Blood is a non-newtonian fluid,
which we learned, means that the viscosity of blood is not a constant with
respect to the rate of shearing strain.

In addition to the rate of shearing strain, the viscosity of blood is also
dependent on temperature and the volume percentage of blood that
consists of red blood cells.

The term hematocrit is defined as the volume percent of blood that is
occupied by erythrocytes, or red blood cells. Since erythrocytes are the
cells that make up the oxygen and carbon dioxide carrying capacity of
blood, the hematocrit is an important parameter affecting the bloods
ability to transport these gases. A normal hematocrit in human males
is 42 to 45 percent. Hematocrits under 40 percent are associated with
anemia. Hematocrits above 50 percent are associated with a condition
called polycythemia in which the number of red blood cells in an indi-
vidual is increased above normal.

4.4 Erythrocytes

The name erythrocyte comes from the Greek erythros for red and kytos
for hollow, which is commonly translated as cell. Erythrocytes are bicon-
cave discs with a diameter of approximate 8 �m. Figure 4.1 shows a
drawing of a typical erythrocyte showing the basic geometry. Figure 4.2
shows a photomicrograph of an erythrocyte. The volume of the typical
erythrocyte is approximately 85 to 90 mm3. The shape of an erythrocyte
gives a very large ratio of surface area to volume for the cell. In fact, a
sphere with the same volume of a typical red blood cell would have only
60 percent as much surface area.

The life span of a red blood cell is approximately 125 days. This means
that about 0.8 percent of all of your red blood cells are destroyed each
day, while the same amount of red blood cells are also produced in the
bone marrow.

Erythrocyte formation is known as erythropoiesis and occurs in the
red marrow of many bones including the long bones like the humerus,
and femur as well as other types of bones like the skull and ribs. Iron
is required to produce the hemoglobin necessary for red blood cell pro-
duction and one to four milligrams of iron per day is the minimum
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Figure 4.1 Dimensions of an erythrocyte.

required. Erythropoietin stimulates erythrocyte production in response
to hypoxia.

Erythrocyte destruction—erythrocytes live for approximately 125 days.
At the end of a red blood cell’s life span, the erythrocyte becomes fragile
and disintegrates. Erythrocytes are destroyed by the macrophages of
the mononuclear phagocytic system. The iron is taken to the bone marrow
where it is recycled into new hemoglobin.

Normal, healthy human blood typically contains approximate 5 million
red blood cells in each cubic millimeter of whole blood. This number
depends, of course, on blood hematocrit as well as the size of the red
blood cells. Mature mammalian erythrocytes do not have a nucleus and
contain no RNA, no Golgi apparatus, and no mitochondria. Despite the
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Figure 4.2 Photograph of erythro-
cytes.

fact that they do not have mitochondria, erythrocytes are living cells that
are metabolically active.

4.4.1 Hemoglobin 

Hemoglobin (Hgb) is a large molecule with a molecular weight of 67,000
daltons (Da). A dalton is equivalent to one atomic mass unit, which is
equal to one-twelfth of the mass of a carbon 12 molecule. Hemoglobin
is also a conjugated protein, which means that it is a protein with an
attached nonprotein portion. The hemoglobin molecule is composed of
four polypeptide subunits (the protein or globin components) and four
heme groups (one on each globin chain). At the center of each heme
group is an iron atom (Fe2+).

The sigmoid shape of the oxyhemoglobin dissociation curve is a conse-
quence of the four subunits of hemoglobin cooperating in the binding of
oxygen. At low oxygen pressures, there is a low probability that one or
more than one of the four subunits will have an oxygen molecule bound
to it. As the pressure increases and oxygen concentration increases, there
is an increasing probability that at least one subunit has an oxygen bound.
Binding of oxygen to one of the subunits increases the probability that the
other subunits will be able to bind an oxygen molecule. So, as oxygen pres-
sure increases even further, the probability that more and more of the
remaining binding sites will have an oxygen molecule bound to them rap-
idly increases.

Hemoglobin readily associates and disassociates with/from oxygen
and carbon dioxide. Hemoglobin that is associated with oxygen is known
as oxyhemoglobin and is bright red in color. Reduced hemoglobin that
has been disassociated from oxygen has a bluish purple color. The heme
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Figure 4.3 Sickle cell erythrocytes.

submolecule of the hemoglobin is the portion of Hgb that associates
with oxygen. Each hemoglobin molecule can transport four O2 molecules.

The globin submolecule is the protein portion of hemoglobin that asso-
ciates with carbon dioxide. Each globin sub-molecule can transport one
molecule of CO2. Normal adult hemoglobin includes three types. These
three types of hemoglobin include type A hemoglobin, type A2 hemo-
globin, and type F hemoglobin. Type A makes up 95 to 98 percent of
hemoglobin in adults. Type A2 makes up 2 to 3 percent and type F, fetal
hemoglobin makes up a total of 2 to 3 percent. Fetal hemoglobin is the
primary hemoglobin produced by the fetus during gestation and it falls
to a much lower level after birth.

S type hemoglobin is associated with sickle cell anemia. Hemoglobin S
forms crystals when exposed to low oxygen tension. Sickle cells are frag-
ile and hemolyze easily. When the erythrocytes sickle, become fragile, and
hemolyze they could block the microcirculation, causing infarcts of vari-
ous organs. Figure 4.3 shows sickle cell erythrocytes. Persons with S type
hemoglobin are also resistant to malaria which helps this type of hemo-
globin to persist in the populations where malaria in endemic.

4.4.2 Clinical Features

Sickle cell anemia turns up as severe anemia caused by hemolysis (break-
ing up of red blood cells). This anemia is punctuated by crises. The symp-
toms of the anemia are mild in comparison to the severity of the anemia
because S type hemoglobin gives up oxygen relatively easily compared
to hemoglobin A. Some patients have an almost normal life, with few
crises. Other patients develop severe crises and may die in early child-
hood. The sickle cell crises are sometime very painful. The crises can
be precipitated by such factors as infection, acidosis, dehydration, or
deoxygenation (associated with altitude for example). The most serious
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vascular occlusive crisis occurs in the brain. Seven percent of all sickle
cell anemia patients experience a stroke.

4.4.3 Erythrocyte indices

There can be a number of reasons to cause a person to have a lower than
normal quantity of hemoglobin. It could be that the person has a normal
number of erythrocytes but lower than normal hemoglobin in each ery-
throcyte. It could be that the person has a normal amount of hemoglo-
bin in each erythrocyte, but a very low hematocrit. These parameters
are quantified and those values are known as erythrocyte indices.

One index measures the average volume of an erythrocyte and it is
known as mean corpuscular volume (MCV). The mean corpuscular
volume can be calculated from the hematocrit of whole blood and the con-
centration of red blood cells per unit volume as in Eq. (4.1).

(4.1)

Example If a patient has a hematocrit of 45 percent red blood cells and if
that same person has 5 million red blood cells in each cubic millimeter of
blood. Estimate the MCV.

A second index measures the amount of hemoglobin in a red blood cell. That
index is known as the mean corpuscular hemoglobin index or MCH. MCH may
be calculated as shown in Eq. (4.2).

(4.2)

Example If a patient has a hemoglobin concentration of 15 g per 100 mL of
whole blood and also has five million red blood cells in each mm3 of blood,
then the MCH can be calculated in the following manner:

MCH 5

15 g
100 ml

5 3  106 RBC/mm3 5

15 g
100 ml

3
1 ml
cm3 3

cm3

103 mm3

5 3 106 RBC
mm3

5 30 3 10212 
gm

RBC

MCH 5

Hgb
volume

No. of RBC
volume

1 micron 5 1026 meters

MCV 5
0.45

5 3 106 
RBC
mm3 3

10003 mm3

m3

5 90 3  10218 m3 5 90 �m3

MCV 5  
HCT

No. of RBC
volume
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A third erythrocyte index is mean corpuscular hemoglobin concentration
or MCHC. This index is a measure of the concentration of hemoglobin in
whole blood (mass/volume). The MCHC may be calculated as shown below
in Eq. (4.3).

(4.3)

Example For a patient with a hemoglobin concentration of 15 g per 100 mL
of whole blood and a hematocrit of 0.45 the MCHC can be calculated as
shown below.

4.4.4 Abnormalities of the blood

Anemia is defined as a reduction below normal in the oxygen carrying
capacity of blood. This reduction in oxygen carrying capacity could be a
result of a decrease in the number of red blood cells in the blood, or it
could be a result in a decrease in hemoglobin in each red blood cell, or
it could be caused by both.

A macrocytic hyperchromic anemia is an anemia in which a greatly
reduced number of red blood cells are too large (macrocytic), have too
much hemoglobin and are therefore too red (hyperchromic). These large,
red erythrocytes lack erythrocyte maturation factor. This lack can some-
time be related to a vitamin B12 deficiency.

Polycythemia is defined as an increase in the number of erythrocytes
per cubic millimeter of whole blood above 6 million. Relative polycythemia
can be a result of increased concentration of red blood cells due to decreased
blood volume, for example as a result of dehydration. Polycythemia vera,
however, results from hyperactivity of the bone marrow. It is sometimes
difficult to determine the cause of polycythemia vera, but it may be symp-
tomatic of tumors in the bone marrow, kidney, or brain.

4.5 Leukocytes

Leukocytes are also known as white blood cells. Leukocytes can be broadly
defined into two groups, arranged by function—phagocytes and immuno-
cytes. They could also be arranged into two groups by appearance—
granulocytes and agranulocytes. Healthy whole blood normally contains
approximately 4000 to 11,000 leukocytes in each cubic millimeter. If you
compare that number to 5 million erythrocytes per cubic millimeter, then
one would expect to see around 500 erythrocytes for every leukocyte.

MCHC 5

15 gm
100 ml

0.45
5

0.33 gm of hemoglobin
100 ml blood

MCHC 5  

Hgb
volume

Hematocrit
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TABLE 4.1 Various Types of Leukocytes Grouped in Order of Their Relative Numbers

Name Count per mm3 Size, �

Neutrophil 2500–7500 10–15
Lymphocyte 1000–3000 10–20
Monocyte 200–800 20–25
Eosinophil 40–400 10–15
Basophil 10–100 10–12
Total leukocytes 4000–11000

Leukocytes are translucent. If we look at an unstained blood smear
under the microscope normally, we will not see any leukocytes. If we
searched very carefully and diligently, perhaps we could find what
appears as a white blood cell ghost. Leukocytes each contain a nucleus
and other organelles and are easy to find after staining.

The two groups of leukocytes based on function are the phagocytes,
which spend their time eating foreign bodies, and immunocytes, which
are involved in the body’s immune response. Phagocytes include neu-
trophils, eosinophils, monocytes, and basophils. The cells known as
immunocytes are lymphocytes (see Table 4.1).

If we divide white blood cells into groups based on appearance, rather
than function, the two groups are granulocytes and agranulocytes. The
granulocytes are more granular in appearance compared to the agran-
ulocytes. Granulocytes include neutrophils, eosinophils, and basophils.
The agranulocytes include monocytes and lymphocytes. Monocytes are
the only phagocytes that are not granulocytes.

4.5.1 Neutrophils 

Neutrophils are the most abundant type of leukocyte and are granulo-
cytes. Neutrophils have a characteristic appearance with a two to five
lobed nucleus. Figure 4.4 shows a photograph of a neutrophil. The lifes-
pan of neutrophils is around 10 h. Neutrophils are motile and phagocytic
and they play a key role in the body’s defense against bacterial invasion.
They are the first leukocytes to arrive at an area of tissue damage.

Neutrophil leukocytosis is an increase in the number of circulating
neutrophils to a level greater than 7500 per mm3. Neutrophil leukocy-
tosis is the most frequently observed change in the blood count. A few
causes of this include inflammation and tissue necrosis, for example, as
a result of a myocardial infarction, acute hemorrhage, and bacterial
infection. Acute infections such as appendicitis, smallpox, or rheumatic
fever can result in leukocytosis. If the neutrophil count becomes con-
siderably less than normal, it can also be due to a viral infection like
influenza, hepatitis, or rubella.
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Figure 4.4 A photomicrograph of
a neutrophil. Note the four lobed
nucleus.

Physiologic leukocytosis occurs in newborn infants, pregnancy and
after strenuous exercise, when the number of circulating neutrophils can
increase about 7500 per mm3 with no associated pathology.

4.5.2 Lymphocytes

Lymphocytes are the immunological component of our defense against
foreign invasion of the body. The lymphocytes make up about a fourth
of the circulating leukocytes. Lymphocytes are nonphagocytic and a pri-
mary function of these cells is the release of antibody molecule and anti-
gen disposal.

B lymphocytes originate in the bone marrow and make up about
20 percent of lymphocytes. These cells synthesize antibody molecules.
The type of immunity that involves B lymphocytes is known as humoral
immunity. The B cells fight against bacteria.

T lymphocytes on the other hand originate in the thymus gland and
make up about 80 percent of lymphocytes. These T cells are precondi-
tioned to attack antigens either directly or by releasing chemicals to
attract neutrophils and B lymphocytes. T lymphocytes do not produce
antibodies directly. On the other hand, T cells multiply and clone more
T cells which are also responsive to some antigen. This is known as cell
mediated immunity. T cells fight against bacteria, viruses, protozoa,
and fungi. T cells also fight against things like transplanted organs.
Patients with acquired immune deficiency syndrome (AIDS) monitor
their T-cell levels; an indicator of the AIDS virus’ activity. Figure 4.5
shows a photomicrograph of a lymphocyte.
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Figure 4.5 A photomicrograph of
blood showing a lymphocyte.

Lymphocytosis is defined as an increase in the number of circulating
lymphocytes above normal. There are normally 1000 to 3000 lympho-
cytes in a cubic millimeter of blood. When the number of circulating lym-
phocytes becomes 10,000 per mm3 for example, this is known as
lymphocytosis. Some causes of acute lymphocytosis include infectious
mononucleosis, rubella, mumps, and HIV. Some causes of chronic lym-
phocytosis might include tuberculosis or syphilis.

The life span of a lymphocyte is weeks to months. A large number of
inherited or acquired deficiencies in any of the components of the
immune system may cause an impaired immune system response. A pri-
mary lack of T lymphocytes, as in AIDS, leads not only to bacterial
infections, but also to viral, protozoal, and fungal infections.

4.5.3 Monocytes

Monocytes are mobile and actively phagocytic and are larger than other
leukocytes. They have a large central oval or indented nucleus. They cir-
culate in the blood stream for 20 to 40 h and then leave the blood stream
to enter the body’s tissues and mature and differentiate into macrophages.
Macrophages carry out a function similar to that of a neutrophil.
Macrophages may live for several months or even years!

Three to nine percent of all circulation leukocytes are monocytes.
They increase in number in patients with malaria, mononucleosis,
typhoid fever, and Rocky Mountain spotted fever.

4.5.4 Eosinophils

Eosinophils are granulocytes and they have a special role in allergic
response or defense against parasites and in the removal of fibrin formed
during inflammation. The primary function of eosinophils is detoxifi-
cation of foreign proteins. The number of eosinophils in whole blood is
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normally zero to three percent of leukocytes. However, in allergic reac-
tions this percentage increases. Eosinophils increase in numbers due to
bronchitis, bronchial asthma, or hay fever.

4.5.5 Basophils

Basophils are only occasionally seen in normal peripheral blood. One
function of a basophil is to release histamine in an area of tissue damage
in order to increase blood flow and to attract other leukocytes to the area
of damage. Basophils increase in number in response to hemolytic
anemia or chicken pox.

4.5.6 Leukemia

Leukemia is a group of disorders characterized by the accumulation of
abnormal white cells in the bone marrow. Another way to say this is that
there is a purposeless malignant proliferation of leukopoietic tissue.
Leukopoietic tissue is the tissue, which forms leukocytes. This type of
leukopoietic tissue is found in bone marrow, lymph nodes, spleen, and
thymus for example. Some common features of leukemia include a raised
total white cell count, abnormal white blood cells in peripheral blood,
and evidence of bone marrow failure.

4.5.7 Thrombocytes

Thrombocytes are also known as platelets. Platelets come from mega-
karyocytes which are giant (30 µm) cells from bone marrow. The mean
diameter of a platelet is about 1 to 2 µm or about 1/4 to 1/8 the diameter
of an erythrocyte.

The normal lifespan of thrombocytes is seven to ten days. The normal
platelet count in healthy humans is about 250,000 platelets per cubic
millimeter of whole blood. Young platelets spend up to 36 h in the spleen
after being released from the bone marrow.

Platelets are granular in appearance and have mitochondria but no
nucleus. The main function of platelets is the formation of mechanical
plugs during normal hemostatic response to vascular injury. Platelet
reactions of adhesion, secretion, aggregation, and fusion are important
to this hemostatic function. Thrombocytes are shown in Fig. 4.6 and are
marked with a “t.”

4.6 Blood Types

ABO blood types are genetically inherited. To understand blood types, we
must first learn a few vocabulary words related to the immune system
and genetics. Antibodies, or immunoglobulins, are a structurally related
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Figure 4.6 Shows a photomicro-
graph of blood showing thrombo-
cytes, marked “t.”

class of glycoprotein, which are produced in response to a specific anti-
gen. Antigens on the other hand, are any substance, which attracts anti-
bodies. This could include foreign proteins, toxins, bacteria, and virus.

An allele is any alternative form of a gene that can occupy a particu-
lar chromosomal locus. A genotype is the genetic makeup of an individ-
ual; or the alleles present at one or more specific loci. A phenotype is the
entire physical, biochemical, and physiological makeup of an individual
(as opposed to genotype).

The three alleles associate with the ABO blood groups are IA, IB, and i.
Alleles IA and IB are dominant to i, but show no dominance with respect
to one another. Each person has two alleles, one inherited from each
parent. For example, if a person inherits the IA allele from each parent,
he or she will have the IA/IA genotype and blood type A (phenotype).

Agglutination is the term for the aggregation of erythrocytes into
clumps. Severe agglutination can lead to death. Agglutinogens (or anti-
gens) are substances on the membranes of erythrocytes. Agglutinins
are antibodies in the plasma, which try to attack specific agglutino-
gens. This is known as an antibody-antigen reaction.

Persons with type A blood have the IA/IA genotype and their erythro-
cytes have the A antigen (agglutinogen) and the b or anti-B antibody
(agglutinin). If this person received a transfusion of type B blood, his/her
antibodies would attack the antigens on the donor erythrocytes and
cause agglutination.

Persons with type B blood have the B antigen. Persons with type AB
blood have both the A and the B antigens on their erythrocytes. Finally,
people with type O blood have no A or B antigens on their erythrocytes.

Table 4.2 shows phenotypes and genotypes of the four blood groups
along with their respective antigens and antibodies. Note that persons
with A blood have the b antibody, persons with type B blood have the a
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antibody and persons with O blood have both the a and b antibodies.
Figure 4.7 shows the relative population distributions of the various
blood types among white North Americans.

Persons with AB blood have no antibodies and are therefore known
as universal recipients. Persons with type O blood have both antibod-
ies but no A or B antigens on their red blood cells and are therefore
known as universal donors.

H is a weak antigen and nearly all people have it. The IA and IB alle-
les cause H to be converted to the A or B antigen. On the other hand,
people with type O have more H antigen since it is not converted.

4.6.1 Rh blood groups

Rh antigen was named for the rhesus monkey in which it was first
detected. Today over 40 Rh antigens are known in humans. One of these
antigens is a strong antigen and can lead to transfusion problems.

A person who is Rh negative does not have the Rh antigen and nor-
mally does not have the antibody. Upon exposure to the Rh antigen, Rh
negative persons develop the antibody. An Rh� mother can produce
antibodies after the birth of an Rh+ neonate after mixing of the mother’s

Type A+

Type A−

Type  B+

Type  B−

Type AB+

Type AB−

Type O+

Type O−

Figure 4.7 Shows the population distribution of ABO blood types among white
Iowans.

TABLE 4.2 Blood Types, Distributions and Their Associate Antigens and Antibodies

Population 
distribution  

Blood type Blood group Erythrocyte antigen Plasma antibody whites, lowa 
phenotype genotype (agglutinogens) (agglutinins) (for example)

A IA/IA or IA/i A Anti-B (b) 42%
B IB/IB or IB/i B Anti-A (a) 9%
AB IA/IB A and B Neither 4%
O i/i Neither Anti-A and 46%

Anti-B (a and b)
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TABLE 4.3 MN Phenotypes and Their Associated Genotypes and Antigens

Phenotype Genotype Erythrocyte antigen

M M/M M
MN M/N M and N
N N/N N

blood and the newborn’s blood occurs. If that Rh�ve mother with anti-
bodies has a second pregnancy and the fetus is Rh+ve, the antibodies
will cross over the placenta and begin to destroy fetal erythrocytes (ery-
throblastosis fetalis). Some of these babies can be saved by transfusion.

Tests can now reveal the presence of the fetal Rh+ve cells in the blood
stream of the Rh�ve mother. When such cells are present, the expec-
tant mother is given injections of the antibody. Because the antibody
reacts with and covers up the antigen, the mother’s immune system is
not stimulated to produce its own antibodies.

4.6.2 M and N blood group system

Many other antigens exist and although they may not be medically
important in transfusions, they can be used to study genetics and are
used in tests involving disputed parenthood.

Two antigens, M and N exist and the alleles for production of these
antigens show no dominance to each other. There are therefore three cor-
responding genotypes: M, MN, and N. The M phenotype is the blood type
with the M antigen located on the erythrocyte and is associated with the
M/M genotype. Table 4.3 shows a list of MN phenotypes along with
their respective genotypes and antigens.

4.7 Plasma

Plasma is a transparent amber fluid and is 90 percent water by volume.
The 10 percent that is not water on the other hand adds some very impor-
tant characteristics to the function of blood.

Plasma contains inorganic substances like sodium ions, potassium
ions, chloride ions, bicarbonate ions, calcium ions and those chemicals
make up about 1 percent of the plasma by volume. Plasma proteins
make up about 7 percent of plasma by volume. Those proteins include
albumins, globulins, and fibrinogens. In plasma there is a further ~1 per-
cent by volume of nonprotein organics and also varying amounts of hor-
mones, enzymes, vitamins, and dissolved gases.

Plasma proteins are large molecules with high molecular weight that
do not pass through the capillary wall. They remain in the blood vessel
and establish an osmotic gradient.
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TABLE 4.4 Electrolyte Composition of Plasma

Substance Symbol meq/L Substance Symbol meq/L

Sodium Na� 142 Chlorine Cl� 103
Potassium K� 4 Bicarbonate HCO3

� 28
Calcium Ca�� 5 Proteins 17
Magnesium Mg� 2 Others 5
Total 153 153

Albumin accounts for most of the plasma protein osmotic pressure.
Human plasma contains about 4 to 5 g of albumin per 100 mL of plasma.
Albumin is important in binding certain substances that are trans-
ported in plasma, such as barbiturates and bilirubin.

Globulins are present in human plasma at the rate of approximately
2 to 3 g per 100 mL plasma. The normal albumin/globulin ratio is approx-
imately two. Fibrinogen is a plasma protein that is involved in hemo-
stasis. Hemostasis is the process by which loss of blood from the vascular
system is reduced (blood clotting).

4.7.1 Plasma viscosity

Plasma viscosity is a function of the concentration of plasma proteins
of large molecular size. This is particularly true of the proteins with pro-
nounced axial asymmetry. Fibrinogen and some of the immunoglobulins
fall in this category. Normal values of viscosity at room temperature are
in the range of 1.5 to 1.7 cP (1.5 to 1.7 � 10�3 Ns/m2).

4.7.2 Electrolyte composition of plasma

One equivalent (eq) contains Avogadro’s number of positive or negative
charges (6 � 1023 charges).

Therefore, for singly charged (univalent ions) one equivalent of ions
is equal to 1 mole and therefore 1 meq � 1 mmol.

Table 4.4 shows the electrolyte composition of plasma. Note that
sodium is an important ion in plasma, which contains 142 meq/L. This
is the same as 142 mmol/L. Plasma also contains 5 meq/L of calcium ion,
which is the same as 2.5 mmol per liter because calcium is a doubly
charged ion.

Osmotic pressure is defined as the pressure that builds up as a result of
the tendency of water to diffuse down the concentration gradient. On the
other hand, oncotic pressure is osmotic pressure due to plasma proteins.

Osmolarity, in units of Osm/L, is the measure of the concentration of
a solute, which would cause an osmotic pressure. Osmolarity is equal
to molar concentration multiplied by the number of ionized particles in
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the solution. When a solute has the concentration of 1 Osmole (Osm) it
would have an osmotic pressure of 22.4 atm compared to pure water.
Human plasma has the same osmotic pressure as 0.9 percent NaCl
solution (physiologic or isotonic saline).

0.9 percent NaCl is a solution that has 9 g of NaCl in 1000 g of water
or 9 g of NaCl per liter of water. One mole of NaCl contains 23 g of solium
and 35 g of chlorine for a total of 58 g of sodium chloride. The molar con-
centration of isotonic saline is 9 g of sodium chloride in 1 L of water or
9/58 � 155 mmolar. The osmolarity of isotonic saline is 155 mmolar mul-
tiplied by 2 ionized particles (sodium and chloride) or 310 mOsm.

When erythrocytes are placed in an isotonic solution, they do not
change size. When they are placed in a hypertonic solution, water passes
out of the cell and they shrink. When the erythrocytes are placed in a
hypotonic solution (0.35 percent NaCl for example) they swell to a nearly
spherical shape and in some cases undergo hemolysis.

4.8 Blood pH

The pH or normal healthy blood is in the range of 7.35 to 7.45. When the
pH is less than 7.35 this condition is defined as acidosis. When the pH is
greater than 7.45, this condition is defined as alkalosis. CO2 dissolved in
water in plasma produces carbonic acid, which lowers blood pH. Bicarbonate
and carbonic acid form an acid–base buffer pair, which help to keep the arte-
rial pH near 7.4. When PCO2 decreases, then the pH increases.

The ratio of bicarbonate concentration to partial pressure of CO2 in
blood is a ratio of metabolic compensation to respiratory compensation.
The Henderson Hasselback equation can be used to calculate the pH of
arterial blood based on that ratio.

(4.4)

Where the bicarbonate concentration is given in milliequivalents per
liter and the partial pressure of carbon dioxide is given in millimeters
of mercury. The normal ratio of metabolic compensation to respiratory
compensation can be estimated as follows:

4.9 Clinical Features

An imbalance of acid generation or removal due to either lungs or kidneys
is usually compensated by a nearly equal and opposite change in the
other organ. For example, diarrhea with a loss of bicarbonate-containing

Normal ratio 5
sHCO3

2d
0.03sPCO2d

5
24

0.03s40d
5 20

pH 5 6.1 1 log 
[HCO3

2]
0.03sPCO2d
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fluids will trigger hyperventilation and respiratory compensation to elimi-
nate enough CO2 to compensate for the bicarbonate loss in the stool.
Conversely, vomiting with loss of stomach hydrochloric acid results in
metabolic alkalosis for which hypoventilation and an increase in blood CO2

is the compensation.
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Chapter

5
Anatomy and Physiology

of Blood Vessels

5.1 Introduction

Arteries are the high-pressure blood vessels that transport blood from
the heart through increasingly smaller arteries, to arterioles and further
to the level of capillaries. Veins conduct the blood from the capillaries
back to the heart on the lower pressure side of the cardiovascular system.
The structure of arteries and veins as well as their mechanical proper-
ties are discussed in this chapter. At any given time, about 13 percent of
the total blood volume resides in the arteries and about 7 percent resides
in the capillaries.

The structure of veins, arteries, and capillaries differ because each are
specialized to perform their respective perfusion, exchange, and capac-
itance function. However, the inner layer of all blood vessels is lined with
a single layer of endothelial cells.

5.2 General Structure of Arteries

There are three types of arteries that can be classified according to their
structure and size. Elastic arteries, which include the aorta, have a rel-
atively greater diameter and more elastic fibers. Muscular arteries are
smaller in diameter than elastic arteries but larger than arterioles and
have a relatively larger proportion of muscle compared to connective
tissue. Arterioles are the smallest diameter arteries and have a few
layers of smooth muscle tissue and almost no connective tissue.

In general arteries are composed of three layers—the tunica intima
or the innermost layer, the tunica media or middle layer, and the tunica
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Tunica intima

Tunica externa
Tunica media

Figure 5.1 Structure of an artery.

externa, which is the outermost layer of the artery. The three layers of
an artery can be seen in Fig. 5.1.

The lumen of an artery is the inside of the vessel where blood flows.
The lumen is lined with the endothelium that forms the interface
between the blood and the vessel wall. The endothelium consists of
simple squamous epithelium cells that line the lumen. The cells are in
close contact and form a slick layer that prevents blood cell interaction
with the vessel wall as blood moves through the vessel lumen.

5.2.1 Tunica intima

The endothelium plays an important role in the mechanics of blood flow,
blood clotting, and leukocyte adhesion. For years, the endothelium was
thought of as an inert single layer of cells that passively allowed the pas-
sage of water and other small molecules across the vessel wall. Today
it is clear that it performs many other functions like the secretion of
vasoactive substances and the contraction and relaxation of vascular
smooth muscle. The innermost layer of an artery that is composed of
endothelium is known as the tunica intima. The tunica intima is one cell
layer thick and it is composed of endothelial cells.

5.2.2 Tunica media

The tunica media or “middle coat” is the middle layer of a blood vessel.
The tunica media consists primarily of smooth muscle cells. The tunica
media is living and active. The tunica media can contract or expand and
change diameters of the vessel, allowing a change in blood flow.
Vasoconstriction is the word used to describe a reduction in vessel diam-
eter due to muscular contraction. At a given pressure, the diameter of
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Tunica intima

Lumen

Tunica media

Tunica externa

Figure 5.2 Drawing of a photomicrograph of the cross section of an
artery showing the tunica intima, tunica media, and tunica
externa.

the vessel increases when smooth muscle in the tunica media relaxes.
This increase allows more blood flow for the same driving pressure and
this process is known as vasodilation.

The tunica media also consists of elastic tissue. This tissue is passive,
does not consist of living cells, and does not have significant metabolic
activity. The elastic fibers that make up the tunica media support the
blood vessel but also allow recoil of an expanded blood vessel when the
pressure is removed. The tunica media is absent in capillaries.

5.2.3 Tunica externa

The tunica externa is also sometimes called the tunica adventitia. The
tunica externa is composed of connective tissue including passive elastic
fibers like in the tunica medica. However, the tunica externa also contains
passive, much stiffer, collagenous fibers. Just like the tunica media, the
tunica externa is absent in capillaries. Figure 5.2 shows a photomicro-
graph of the cross section of an artery.

5.3 Types of Arteries

Although arteries have the same general structure, they can be divided
into groups by their specific functional characteristics. The three types
of arteries covered in this chapter are elastic arteries, muscular arter-
ies, and arterioles.
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5.3.1 Elastic arteries

Elastic arteries have the largest diameter of the three groups of arteries.
The aorta is a good example of an elastic artery. One of the chief char-
acteristics of elastic arteries is their ability to stretch and hold additional
volume, thus performing the function of a “capacitance” vessel. Just as
an electrical capacitor stores charge when given an increased voltage,
an elastic vessel can store additional volume when subjected to an
increased pressure. Elastic arteries have very thick tunica medias when
compared with other arteries and contain a lot of the elastic fiber, elastin.

5.3.2 Muscular arteries

Muscular arteries are intermediate-sized arteries. In these vessels the
tunica media is composed almost entirely of smooth muscle. The tunica
media of a muscular artery can be up to 40 cell layers thick. Functionally,
muscular arteries can change diameter to influence flow through vaso-
constriction and vasodilation. Most arteries are muscular arteries.

5.3.3 Arterioles

Arterioles are defined as those arteries that have a diameter of less
than 0.5 mm. Arterioles have a muscular tunica media that is one to five
layers thick. These layers are composed entirely of smooth muscle cells.
Arterioles also do not possess much of a tunica externa.

5.4 Mechanics of Arterial Walls

To understand the mechanics of arterial walls, begin by imagining a long
tube of constant cross section and constant wall thickness. This imaginary
tube is homogenous and isotropic (the material properties are identical in
all directions). The typical blood vessel is branched and tapered. It is also
nonhomogeneous and nonisotropic. Although our assumptions do not fit
the blood vessel strictly speaking, it makes a practical first estimate of a
model to help understand vessel mechanics. We need to continually
remember our assumptions and the limitations they bring to the model
as we progress in our knowledge of blood vessel mechanics.

Consider a cross section of an artery as shown in Fig. 5.3 with wall
thickness h, and inside radius ri. Blood vessels are borderline thin-
walled pressure vessels. Thin-walled pressure vessels are those with a
thickness to radius ratio that is less than or equal to about 0.1. For
arteries, the ratio of wall thickness h to inside radius ri is typically
between 0.1 and 0.15, as shown in Eq. (5.1).

(5.1)
h
ri

 > 0.1 to 0.15
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h

ri

Figure 5.3 An artery modeled as
a homogenous long, straight tube
with constant cross section and
constant wall thickness.

The mechanics of the artery are not dependent only on geometry, but
rather to understand the mechanics of the artery we must also consider
material properties. In order to consider material properties, let us
begin with Hooke’s law for uniaxial loaded members. Hooke’s law for this
simple loading condition relates stress to strain in a tensile specimen.
Hooke’s law for a one-dimensional uniaxial loaded member is shown
below in Eq. (5.2).

(5.2)

where s is the normal stress in N/m2, E is the modulus of elasticity, N/m2,
and e is the strain, which is unitless.

Figure 5.4 shows a stress-strain curve for a typical engineering mate-
rial. The modulus of elasticity is the slope of the stress strain curve. For
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Figure 5.4 Example stress-strain curve for a linearly elas-
tic material.
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Figure 5.5 Stress-strain curve for
an artery.

linearly elastic materials, the modulus of elasticity, E, is a constant in
the linearly elastic range.

Arteries are not linearly elastic. The stress-strain curve for an artery
is shown in Fig. 5.5. It is still possible to define the modulus of elastic-
ity, but the slope of the curve varies with stress and strain. As stress
increases in an artery the material becomes stiffer and resists strain.
Arteries are also metabolically active materials. Smooth muscle can
contract and expend energy in an effort to resist strain.

Now that we are considering a material in which the modulus of elas-
ticity is not a constant, Hooke’s law no longer applies. Instead, the mod-
ified Hooke’s law, as shown in Eq. (5.3), describes the material behavior:

(5.3)

Also, arteries are viscoelastic materials. Viscoelasticity is a material
property in which the stress is not only dependent on load and area, but
also on the rate of strain. For a material in which the stress is depend-
ent on the rate of strain, Eq. (5.4) is true:

(5.4)

5.5 Compliance

To understand the material property that relates a vessel diameter to
the pressure inside that tube, begin by considering a section of the tube
shown in Fig. 5.6. In the figure the cross section of a tube is shown where
ri is the inside radius of the artery, ro is the outside radius of the artery,

s 5 E1e 1 E2
de
dt

s 5 3
Ef

0
 Eincde
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L

h

ro

ri

Figure 5.6 Isometric drawing of a tube used to model
compliance.

and h is the thickness of the tube, h � ro�ri. Figure 5.7 shows a free-body
diagram of the same tube on which we will now perform a force balance.

(5.5)

(5.6)

(5.7)Shh 5 sPirid 2 sPorod

Shsro 2 rid 5 sPirid 2 sPorod

Po2roL 1 2Shsro 2 ridL 5 Pi2riL

gFx 5 0

Po2roL Pi2riL x

Sh(ro − ri)L

Sh(ro − ri)L

Figure 5.7 Cross-sectional drawing
of a tube used to model compliance.
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r

r + dr

Figure 5.8 Change in vessel
radius as a result of increasing
pressure.

We now define wall tension, T, which is equivalent to the hoop stress
in a pressure vessel multiplied by the wall thickness. Wall tension has
units of force per length.

(5.8)

From mechanics of materials, we know something about the rela-
tionship between stress, pressure, and tube geometry. Replacing Shh
with T yields the law of Laplace as written in Eq. (5.9). Let us also call
Pi –Po simply transmural pressure, P. For thin walled pressure vessels,
where the outside diameter is approximately equal to the inside dia-
meter and where the ratio of radius to wall thickness is greater than 10,
then Eq. (5.10) applies.

(5.9)

(5.10)

As the pressure inside the vessel increases, the radius increases, as
shown in Fig. 5.8. The resulting strain, de, is equal to the change in
radius divided by the radius, as shown in Eq. (5.11).

(5.11)

Also, the modulus of elasticity, E, for thin walled pressure vessels is
equal to the ratio of the hoop stress, Sh, divided by the strain, as shown
in Eq. (5.12).

(5.12)
E 5

dSh

de

de 5
dr
r

Sh 5
Pr
h

T 5 Pr�Law of Laplace

Shh ; T sforce per unit lengthd
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Equations (5.13) and (5.14) relate the initial and final radii and wall
thicknesses. The equation is based on conservation of mass. Equation
(5.14) assumes constant density for the blood vessel material since blood
vessels are essentially incompressible. Equation (5.14) also assumes
that the length of the blood vessel does not change significantly.

(5.13)

(5.14)

In both equations ro is the initial vessel radius and ho is the initial
vessel wall thickness. In both equations, r and h are the vessel radius
and wall thickness at any other point in time. Combining Eqs. (5.11) and
(5.12) we can now write

(5.15)

By combining Eqs. (5.10) and (5.14) it is also possible to write

(5.16)

(5.17)

Since for small strains dr ~ 0, we can combine Eqs. (5.15), (5.16), and
(5.17) into a single equation and solve for the pressure change as a func-
tion of radius:

(5.18)

(5.19)

(5.20)

(5.21)

In Eq. (5.21) Ao is the initial cross-sectional area of the vessel and A
is the area of the vessel at time equals t. In Eq. (5.22), we then solve for
the area ratio.

(5.22)
A
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It is also possible to simplify this expression as a polynomial series
since the expression (P � Po)2ro/Eho < 1 for practical, physiological cir-
cumstances. The form of the polynomial series is

Let 2ro/Eho � C1

(5.23)

Taking the derivative of the cross-sectional area of the vessel with
respect to pressure, yields Eq. (5.24):

(5.24)

Practically speaking, C1
2, C1

3, . . . are so small that we can now estimate
the compliance of the vessel by Eq. (5.25).

(5.25)

Finally, it is also possible to estimate modulus of elasticity if the com-
pliance is known. In Eq. (5.26), modulus of elasticity is derived from
Eq. (5.25).

(5.26)

Example In Fig. 5.9 a tube with modulus of elasticity, E, is anchored between
two stationary ports and injected with a known volume of water. For the pres-
sure increase (Pf � Po), fixed length Lo, tube diameter D, and volume of injected
fluid V, calculate the compliance and estimate the modulus of elasticity. The
wall thickness of the tube is 1 mm.

■ Initial pressure, Po � 10 kPa

■ Pressure increase, Pf � Po � 6 kPa

■ Initial tube diameter, D � 20 mm

■ Initial length, Lo � 25 cm

■ Volume injected, V � 10 mL

The change in cross-sectional area resulting from an injection of 10 mL
into the tube is the change in volume divided by the fixed tube length.

�A 5
�V
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5
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5 0.4 cm2

E 5
2pro
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2  2sP 2 Pod 1 AoC1

3  3sP 2 Pod2 1 . . .
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The compliance of the tube can then be calculated as the change in
area divided by the change in pressure.

Once the compliance has been determined, the incremental modulus
of elasticity for the tube can be estimated from the compliance.

5.6 Pressure-Strain Modulus

It is difficult to measure the thickness of arteries in vivo, so sometimes
scientists also report the pressure-strain modulus. The pressure strain
modulus is defined by the ratio of pressure change to normalized diam-
eter change resulting from that pressure change. Equations (5.27)
through (5.30) designate the pressure strain modulus Ep.

(5.27)

(5.28)

(5.29)

(5.30)
In 1972 in their paper titled, “Transcutaneous Measurement of the

Elastic Properties of the Human Femoral Artery,” Mozersky et al.

E 5
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E 5
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aPmax 2 Pmin

dmax 2 dmin
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E 5
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 aPmax 2 Pmin

dmax 2 dmin
b

Ep ;
Pmax 2 Pmin

sdmax 2 dmind/dmean

5 0.94 MPa

modulus of elasticity 5 E 5
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6000 Pa
3
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s100d2 cm2 5 6.7 3 1029 
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25 cm

2 cm diameter

Figure 5.9 Shows a fixture for measuring compliance and estimating mod-
ulus of elasticity in a 2 cm diameter tube.
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TABLE 5.1 Pressure-Strain Modulus of Arteries in Humans

Under 35 years 2.64 � 105 N/m2

35–60 years 3.88 � 105 N/m2

Over 60 years 6.28 � 105 N/m2

reported the pressure-strain modulus in humans and how it varied with
age. From the Table 5.1 it is possible to see how the stiffness of the
blood vessels increased with age.

5.7 Vascular Pathologies

5.7.1 Atherosclerosis

Atherosclerosis is a vascular pathology that has become a prominent dis-
ease in western society. The term comes from the Greek words athero
(gruel or paste) and sclerosis (hardness) and is characterized by the pro-
gressive narrowing and occlusion of blood vessels. When fatty substances,
cholesterol, cellular waste products, calcium, and fibrin build up in the
inner lining of an artery, this causes a narrowing of the lumen of the
vessel and also an increase in the wall stiffness or decrease in compliance
of the vessel. The buildup that results is called plaque. Some level of stiff-
ening of the arteries and narrowing is a normal result of aging. Eventually
the plaque can block an artery and restrict flow through that vessel,
resulting in a heart attack if the vessel being blocked is one that supplied
blood to the heart. Atherosclerosis can also produce blood clot formation,
sometimes resulting in a stroke. When a piece of plaque breaks away from
the arterial wall and flows downstream, it can also become lodged in
smaller vessels and block flow, also resulting in stroke.

Atherosclerosis usually affects medium sized or large arteries. Three risk
factors associated with atherosclerosis are elevated levels of cholesterol and
triglycerides in the blood, high blood pressure, and cigarette smoking.

5.7.2 Stenosis

Stenosis refers to an obstruction of flow through a vessel. When a localized
plaque forms inside a vessel, this is called a stenosis. An aortic stenosis, for
example, refers to an obstruction at the level of the aortic valve. An aortic
stenosis is typically seen as a restricted systolic opening of the valve with
an increased pressure drop across the valve. Doppler echocardiography
can be used to identify and quantify the severity of a valvular stenosis.

5.7.3 Aneurysm

Aneurysm is the term that refers to the abnormal enlargement or
bulging of an artery wall. This condition is the result of a weakness or
thinning of the blood vessel wall. Aneurysms can occur in any type of
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blood vessels, but they usually occur in arteries. Aneurysms commonly
occur in the abdomen or the brain. These are known as abdominal aortic
aneurysms (AAA) or cerebral aneurysms (CA).

An AAA is the enlargement of the lower part of the aorta. AAAs are
known as silent killers because in most cases there are no symptoms
associated with the pathology. When an AAA ruptures, it will result in
life-threatening blood loss. Most AAAs are diagnosed during a physi-
cal exam when the person is undergoing a check-up for some other
health concern.

AAAs that are less than 2 in. in diameter are usually monitored and
treated with blood pressure-lowering drugs. AAAs that are greater than
2 in. in diameter are typically surgically replaced with a flexible graft,
when they are discovered.

A cerebral aneurysm is a weak, bulging spot in an artery of the brain.
These often result from a weakness in the tunica media (muscle layer)
of the vessel that is present from birth. A cerebral aneurysm may cause
symptoms ranging from headaches, drowsiness, neck stiffness, nausea,
and vomiting to more severe symptoms such as mental confusion, ver-
tigo (dizziness), and loss of consciousness. A ruptured aneurysm most
often results in a severe headache demanding immediate medical atten-
tion. A cerebral aneurysm can be diagnosed by imaging tests such as x-
rays, ultrasound, computed axial tomography (CAT) scans, and magnetic
resonance images (MRIs). When detected, brain aneurysms can be
treated by microsurgery.

5.7.4 Thrombosis

Thrombosis refers to the formation or development of an aggregation of
blood substances, including platelets, fibrin, and cellular elements.
Simply put, a thrombus is a blood clot. Thrombosis often results in vas-
cular obstruction at the point of formation. For comparison, an embolism
is a general clot or plug that could refer to a blood clot, or an air bubble,
or even a mass of cancer cells, that is brought by flowing blood from one
vessel into a smaller diameter vessel, where it is eventually lodged.

5.7.5 Clinical aspects

In an  article published by Herrington et al. (2004), “Relationship between
arterial stiffness and subclinical aortic atherosclerosis,” in the journal
Circulation, noninvasive measures of arterial compliance were made in 267
subjects and compared to the extent of atherosclerosis of the aorta. They
found the average of calf and thigh compliance to be strongly predictive
of the extent of atherosclerosis. This type of noninvasive measurement of
compliance can prove useful in predicting which patients will develop ath-
erosclerosis, while their symptoms are still subclinical.
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5.8 Stents

A stent is a metal mesh tube that is inserted into an artery on a balloon
catheter and inflated to expand and hold open an artery, so that blood
can flow more easily through the artery. The stent remains permanently
in place to hold the artery open. Drug eluting stents are stents that con-
tain drugs that are eluted into the blood stream and help prevent the
arteries from becoming reclogged.

Stents often become necessary when an artery has narrowed due to
atherosclerosis. During this vascular disease, plaque builds up on the
endothelium. When the vessel becomes 85 to 90 percent blocked, blood
flow becomes restricted and the patient may experience symptoms indi-
cating a decrease in blood flow.

Typically, stents are inserted on a balloon catheter through the femoral
artery or brachial artery and guided up to the narrowed section of a smaller
artery. The balloon catheter allows the stent to be expanded into place, by
the inflation of the balloon after the stent has reached the correct location.

5.9 Coronary Artery Bypass Grafting

Coronary arteries are the blood vessels that deliver blood to heart
muscle tissue. When atherosclerotic plaque builds up on the wall of the
coronary arteries then the result is coronary artery disease. Plaque
accumulations can be accelerated by smoking, high blood pressure, ele-
vated cholesterol, and diabetes. In some cases, patients with coronary
artery disease can be treated with a minimally invasive procedure
called an angioplasty. During an angioplasty a stent is placed inside the
vessel to increase the lumen diameter and to hold the vessel open.
When that procedure is not possible, the patient may be a candidate
for a coronary artery bypass graft (CABG) surgery. CABG surgery is
performed about 350,000 times each year in the United States. When
a patient undergoes a bypass graft, the surgeon makes an incision in
the middle of the chest and saws through the sternum. The heart is
cooled with iced saline while a solution is injected into the arteries to
minimize damage.

Veins are typically harvested from the legs to be used as the bypass
vessels. It is also possible to use chest arteries, like the internal mam-
mary artery. During the surgery, the bypass vessels are sewed onto the
coronary arteries beyond the narrowing or blockage. The other end of
the bypass vessel is then attached to the aorta to provide a strong blood
supply to the coronary circulation that is unimpeded by blockages.

The entire CABG procedure takes about 4 h to complete. During those
4 h the aorta is clamped for about 60 min and the blood supply to the
body is furnished by cardiopulmonary bypass for about 90 min. At the



Anatomy and Physiology of Blood Vessels 103

end of surgery, the sternum is wired together with stainless steel wire
and the chest incision is sutured closed.

5.9.1 Arterial grafts

Currently there are about 700,000 coronary and 70,000 peripheral arte-
rial grafts each year in the United States. Autologous grafts are grafts
that are harvested from a patient and grafted to an artery of the same
patient. Typical autologous vessels include the greater saphenous vein
and the internal mammary artery.

In 1912, Carrel won the Nobel Prize in medicine for his work on the
vascular suture and the transplantation of blood vessels. Then in 1948,
Kunlin developed the heart bypass using autologous veins.

Arthur Voorhees (1952) at Columbia University postulated that dis-
eased arteries might be replaced by synthetic fabric. Voorhees and col-
leagues developed Vinyon-N cloth tubes to substitute for diseased
arterial segments. The concept was confirmed and soon synthetic ves-
sels that were larger than 5 mm in diameter were used and often
remained patent (unoccluded) for more than 10 years. However, for ves-
sels less than 5 mm in diameter, the prosthetic vessels occlude rapidly
upon implantation.

The next advance in vascular grafts came in 1957 when DeBakey and
colleagues introduced polyethylene-terephthalate (PET) also known as
Dacron. In 1959, W. S. Edwards introduced the polytetrafluoroethylene
(PTFE) graft, also known as Teflon. Four years later, in 1969 R. W. Gore
invented the expanded polytetrafluoroethylene graft (ePTFE) also known
as Gore-Tex.

The search for a viable small diameter vascular graft that is less than
5 mm in diameter continues. By 1978 Herring had described endothelial
seeding of synthetic grafts and by 1987, Cryolife Inc., began recovering
human greater saphenous veins and cryopreserving them for use as vas-
cular grafts. Grafts in which blood vessels come from a human donor and
are matched by blood type between the donor and recipient are known as
allografts. In 1988, clinical trials of endothelial sodding on ePTFE grafts
took place. Sodding is a high density endothelial seeding in which more
than 0.2 million cells per square centimeter are seeded.

One exciting direction for the future of vascular grafts is the area of
tissue-engineered vessels. L’Heureux et al. used separately cultured
smooth muscle cells and fibroblasts in 1998 to construct a living blood
vessel. The smooth muscle was wrapped around a tube to produce the
tunica media. A fibroblast sheet was wrapped around that construct
to produce the tunica adventitia. After maturation, the tube was
removed and endothelial cells were seeded onto the lumen. Viability
was demonstrated.
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Chapter

6
Mechanics of Heart Valves

6.1 Introduction

Four cardiac valves help to direct flow through the heart. Heart valves
cause blood to flow only in the desired direction. If a heart without heart
valves were to contract, it would simply squeeze the blood causing it to
flow both backward and forward (upstream and downstream). Instead,
under normal physiological conditions, heart valves act as check valves
to prevent blood from flowing in the reverse direction. Also, heart valves
remain closed until the pressure behind the valve is large enough to
cause blood to move forward.

Each human heart has two atrioventricular valves, which are located
between the atria and the ventricles. The tricuspid valve is the valve
between the right atrium and the right ventricle. The mitral valve is the
valve between the left atrium and the left ventricle. The mitral valve
prevents blood from flowing backward into the pulmonary veins and
therefore into the lungs, even when the pressure in the left ventricle is
very high. The mitral valve is a bicuspid valve having two cusps and the
tricuspid valve has three cusps.

The atrioventricular valves in the human heart are known as semi-
lunar valves. The two semilunar valves are the aortic valve and the pul-
monic valve. The aortic valve is located between the aorta and the left
ventricle and when it closes it prevents blood from flowing backward from
the aorta into the left ventricle. An aortic valve is shown in Fig. 6.1. The
pulmonic valve is located between the right ventricle and the pulmonary
artery and when it closes it prevents blood from flowing backward, from
the pulmonary artery into the right ventricle.
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Figure 6.1 Aortic valve. (Reprin-
ted with permission from Lingappa
VR, Farey K, Physiological Med-
icine. New York: McGraw-Hill;
2000.)
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Figure 6.2 Shows a sketch of an aortic valve leaflet.

6.2 Aortic and Pulmonic Valves

The aortic and pulmonic valves consist of three semilunar cusps that are
imbedded within connective tissue. The cusps are attached to a fibrous
ring that is embedded in the ventricular septum. The leaflets of the
three cusps are lined with endothelial cells and have a dense collage-
nous core that is adjacent to the aortic side of the leaflets.

A leaflet of an aortic valve is shown in Fig. 6.2. The side of the valve
leaflet that is adjacent to the aorta is a fibrous layer within the leaflet,
and is called the fibrosa. The side of the leaflet that is adjacent to the
ventricle is composed of collagen and elastin and is called the ventricu-
laris. In a cross section of an aortic leaflet you would see that the ven-
tricularis is thinner than the fibrosa and presents a very smooth and
slippery surface to blood flow through the valve. The central portion of
the valve, known as the spongiosa, contains connective tissue and pro-
teins and is normally not vascularized. The corpus arantii (or nodulus
of Arantus) is a large collagenous mass in the coaptation region, which is
thought to aid in valve closure and reduce regurgitation. Coapt literally
means to approximate, as at the edge of an closed wound. A coaption
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surface is one that is formed by two overlapping surfaces that approx-
imate one another.

Collagen fibers in the fibrosa and ventricularis are unorganized in the
unstressed or unloaded condition. When the valve is loaded, however,
the fibers become oriented in a circumferential direction. A fibrous annu-
lar ring separates the aorta from the left ventricle.

Three bulges exist at the root of the aorta, immediately superior to the
annular ring of the aortic valve. Those three bulges are known as the
sinuses of valsalva or the aortic sinuses. Two of the sinuses give rise to
the coronary arteries that branch off of the aorta. The right coronary
artery comes from the right anterior sinus. The left coronary artery arises
from the left posterior sinus. The third sinus is known as the noncoronary
sinus or the right posterior sinus.

When the aortic or the pulmonic valve is closed, there is a small over-
lap of tissue from each leaflet that protrudes from the valve and forms
a surface within the aorta. This overlapping surface is once again known
as a coaption surface. This overlapping tissue or coaption surface in the
aortic or pulmonic valve is known as the lunula. The lunula is impor-
tant in ensuring that the valve seals to prevent leakage.

The anatomy of the pulmonic valve is similar to that of the aortic
valve. The chief difference is that the sinuses are smaller and the annu-
lus is larger in the pulmonic valve. The anatomical dimensions of pul-
monic and aortic valves are reported by Yoganathan et al. (1995), in the
Biomedical Engineering Handbook. The authors reference a study
by Westaby et al. (1984) in which 160 pathologic specimens from cadav-
ers were examined. The mean aortic valve diameter was reported as
23.2 �/� 3.3 mm and the mean pulmonic valve diameter was reported
as 24.3 �/� 3.0 mm. Another study that was referenced in the same
resource was carried out by Gramiak and Shah in 1970 and used
M-mode echocardiography to measure the aortic root diameter. The
aortic root diameter at end systole was reported as 35 �/� 4.2 mm and
the aortic root diameter at end diastole was reported as 33.7 �/� 4.4 mm.

Diastolic stress aortic valve leaflets has been estimated at 0.25 MPa
for a strain of 15 percent by Thubrikar et al. (1993). The strain in the
circumferential direction is about 10 percent of the normal systolic
length. There is also an increased valve surface area associated with
diastole. Recall that the aortic valve is relatively unloaded during sys-
tole while the valve is open and blood is flowing through it. Larger
stresses and strains occur during diastole when the valve is closed and
reverse blood flow is prevented.

The aortic valve is a highly dynamic structure. The leaflets open in
20–30 ms. Blood then accelerates through the valve and reaches its
peak velocity after the leaflets are fully open. Peak blood velocity is
reached in the first one-third of systole and then the blood begins to
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decelerate after that peak velocity is reached. During the cardiac cycle,
the heart also translates and rotates and the base of the aortic valve
varies in size, and moves, mainly along the axis of the aorta. The base
perimeter of the aortic valve is largest at the end of diastole, at the time
during the cardiac cycle when the valve has been closed the maximum
length of time. For an aortic pressure range between 120 and 80 mmHg,
the perimeter varies approximately 22 percent.

During systole vortices develop in all three sinuses. These vortices
were first described by Leonardo da Vinci (1452–1519) in 1513 and it
has been hypothesized that vortices help speed up the closure of the
aortic valve. Some of da Vinci’s sketches of heart valves are shown in
Fig. 6.3. Da Vinci was fascinated by the heart. In his elegant investi-
gation of the valves, he constructed a glass model of the aortic valve and
sinuses of valsalva by taking a cast from an ox’s heart. Observing the
vortices in the sinuses, he concluded that the mechanism of closure of
the valves was related to the vortices. When the flow ceased the vortices
pushed against one another to help seal the valve. In fact it is true that
the vortices create a transverse pressure gradient that pushes leaflets
toward the center of the aorta.

In healthy individuals, blood flows through the aortic valve at the
beginning of systole and rapidly accelerates to a peak value of approx-
imately 1.35 �/� 0.3 m/s. This value is slightly higher in children, or
about 1.5 �/� 0.3 m/s. Pulmonic valve peak velocities are smaller or
about 0.75 �/� 0.15 m/s in adults and 0.9 �/� 0.2 m/s in children
(Kilner et al. 1993; Weyman 1994).

The aortic valve is prone to acquired as well as congenital heart dis-
ease. If blood leaks backwards through the aortic valve, this condition
is known as aortic regurgitation. A stenosis is a blockage of blood flow

Figure 6.3 Leonardo Da Vinci’s
sketch of an aortic valve. (Figure
from Leonardo Da Vinci, The
Anatomy of Man, The Royal
Collection © 2005 Her Majesty
Queen Elizabeth II).
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through the valve. Both aortic regurgitation and stenoses are often
caused by the calcification of valve tissue.

6.3 Mitral and Tricuspid Valves

Andreas Vesalius (1514–64) was the Belgian anatomist who was said to
have suggested the picturesque term “mitral” to describe the left atrio-
ventricular valve owing to its resemblance to a plan view of the bishop’s
mitre. Amedical view cross-section of the mitral valve is shown in Fig. 6.4.
The mitral and tricuspid valves are composed of four primary elements.
These elements include the valve annulus, the valve leaflets, the papillary
muscles, and the chordae tendineae. The bases of the leaflets form the
annulus, which is an elliptical ring of dense collagenous tissue surrounded
by muscle. The circumference of the mitral annulus is 8 to 12 cm during
ventricular diastole when blood is flowing through the mitral valve from
the left atrium to the left ventricle. During ventricular systole the mitral
valve closes and the circumference of the mitral annulus is smaller.

Figure 6.5 shows a sketch of a superior view of a mitral valve (the
mitral valve as seen from above). The mitral valve is a bicuspid valve
and has an aortic (or anterior) leaflet and a mural (or posterior) leaflet.
Because of the oblique position of the valve, strictly speaking neither
leaflet is anterior or posterior. The aortic leaflet occupies about a third
of the annular circumference and the mural leaflet is long and narrow
and lines the remainder of the circumference. When the valve is closed
the view of the valve from the atrium resembles a smile. Each end of
the closure line is referred to as a commissure.

Each leaflet is composed of collagen reinforced endothelium. Striated
muscle, nerves fiber, and blood vessels are also present in the mitral

Chordae
tendineae

Anterolateral
papillary muscle

Posteromedial
papillary muscle

Posteromedial
commisure

Anterolateral
commisure

Mural leafletAortic leaflet

Figure 6.4 Medial view of the dissected mitral valve, cut through the antero-
lateral commissure.
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Figure 6.5 Superior view of a mitral valve.

valve. Muscle fibers are usually present on the aortic leaflet but rarely
on the mural leaflet.

The aortic (anterior) leaflet is slightly larger than the mural (posterior)
leaflet. The combined surface of both leaflets is approximately twice
the area of the mitral orifice, allowing for a large area of coaptation per-
mitting effective valve sealing.

The mitral valve is shown in a medial view in Fig. 6.4. The valve has
been dissected through the anterolateral commissure and laid open. In
this view it can be seen that the anterior and posterior leaflets are not
separate entities, but rather one continuous piece of tissue.

The chordae tendineae for both leaflets attach to the papillary muscle.
Chordae tendineae consist of an inner core of collagen surrounded by
loosely meshed elastin and collagen fibers with an outer layer of endothe-
lial cells. There is an average of about 12 primary chordae tendineae
attached to each papillary muscle. The anterolateral and the postero-
medial papillary muscle attach to the ventricular wall and tether the
mitral valve into place. The chordae tendineae prevent the mitral valve
from inverting through the annular ring and into the atrium. That is,
in normal physiologic situations they prevent mitral valve prolapse.
Improper tethering results in prolapse and mitral regurgitation.

Stresses in mitral valve leaflets of up to 0.22 MPa have been estimated
when the left ventricular pressure reaches up to 150 mmHg during ven-
tricular systole. Mitral velocity flow curves show a peak in the curve
during early filling. This is known as an E wave. Peak velocities are typ-
ically 50 to 80 cm/s at the mitral annulus. A second velocity peak occurs
during the atrial systole and is known as an A wave.

In healthy individuals, velocities in the A wave are lower than the
velocities during the E wave. Diastolic filling of the ventricle shows a
peak inflow during diastolic filling followed by a second peak during
atrial systole.
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6.4 Clinical Features

Chordae tendineae rupture and papillary muscle paralysis can be con-
sequences of a heart attack. This can lead to bulging of the valve, exces-
sive backward leakage into the atria (regurgitation), and even valve
prolapse. Valve prolapse is the condition under which the valve inverts
backward into the atrium. Because of these valve problems, the ventricle
does not fill efficiently. Significant further damage, and even death, can
occur within the first 24 h after a heart attack because of this problem.

6.5 Prosthetic Mechanical Valves

Early mechanical prosthetic heart valves were ball valves. In 1952,
Dr. Charles Hufnagel implanted the first ball and cage valve into a
patient with aortic valve insufficiency. Although the design of mechan-
ical prosthetic valves has progressed significantly over the past 50 years,
ball and cage valves are still the valve of choice by some surgeons.

Björk-Shiley designed the first tilting disk, or single leaflet, valve
around 1969. Those valves used a tilting disk occluder that was held in
place by a retaining strut. However, the development of the bileaflet
valve by St. Jude in 1978, has led to the predominance of this type of
bileaflet valve in the mechanical valve market.

One example of a recently approved mechanical, bileaflet aortic valve
is the On-X valve (see Fig. 6.6) manufactured by Medical Carbon
Research Institute in Austin, Texas. The On-X was approved by the
FDA for implant in humans in May 2001. The mitral valve version of
the On-X was approved for use by the FDA in March 2002.

The On-X consists of a pyrolytic carbon cage, a Dacron sewing ring
fixed by titanium rings, and a bileaflet pyrolytic carbon disk.

Figure 6.6 On-X prosthetic made
by MCRI, Austin, Texas (a wholly
owned subsidiary of Medical
Carbon Research Institute
Deutschland Gmbh, Hanover,
Germany), with permission.
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Pyrolytic carbon is a material used in artificial heart valves because of
its mechanical durability and its characteristic ability of not generating
blood clots. The material can be said to have low thrombogenicity. Dr Jack
Bokros and Dr Vincent Gott discovered pyrolytic carbon in 1966. At that
time, pyrolytic carbon was used to coat nuclear fuel particles for gas-cooled
nuclear reactors. General Atomics initiated a development project headed
by Dr. Bokros to develop a biomedical grade of pyrolytic carbon. The result
was Pyrolite, which was incorporated into heart valve designs and remains
the most widely used material for heart valves today.

6.5.1 Case study–the Björk-Shiley 
convexo-concave heart valve

The design and development of the Björk-Shiley convexo-concave heart
valve is interesting from a biomedical engineering design as well as
from an ethical standpoint. In the early 1960s the earliest human pros-
thetic heart valves were developed. In 1976, Dr. Viking Björk and Shiley
Inc. developed the 60 degree convexo-concave BSCC-60 heart valve.
The 60 degree designation indicates that the valve was designed to have
a maximum 60 degree opening. The valve had improved flow characteris-
tics over other valves that were on the market at the time. In 1979, Shiley
came out with a valve that opened even further. It was the BSCC 70 heart
valve. The valve had a cobalt chrome alloy housing with a pyrolytic carbon
disk, a Teflon sewing ring and a cobalt chrome retaining strut, which
retained the disk in the valve.

During clinical trials of the valve, the first valve failure occurred
when the outlet strut fractured. Shiley Inc. reported that failure as an
anomaly and the Food and Drug Administration approved the valve for
use in the United States. After the BSCC-60 went on the market, outlet
strut fractures began to occur. Most of the reported fractures were fatal
and between 1980 and 1983 Shiley implemented three voluntary recalls
of the valve. During that time, Shiley’s share of the prosthetic valve
market was up to 60 percent.

In the early 1980s the Food and Drug Administration (FDA) began
an investigation of the Björk-Shiley valve. Evidence later surfaced
that Shiley Inc. attempted to delay and conceal damaging information
about its product. For example, the FDA requested sets of randomly
selected, recalled valves for testing. Instead of sending randomly
selected valves, Shiley hand picked the valves that were sent to the
FDA for testing.

■ Case report 1: 53-year-old German female in 1992 in Göttingen.
■ Case report 2: 49-year-old Japanese businessman in San Francisco in

1990.
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For a case report of a 53-year-old woman who suffered BSVV valve
failure, see section 2.2, Clinical Features.

In the end, 89,000 people worldwide received Björk-Shiley convexo-
concave (BSCC) valves. By November 1991, 466 outlet strut fractures had
been reported. A large follow-up study of  60 or 70 degree convexo-concave
valves, with 2303 valves implanted in the Netherlands, was published in
1992 (van der Graaf). It was determined that most patients who died with
a BSCC valve had died outside the hospital. Only 24 percent of the
patients who had died with the BSCC valves implanted had been exam-
ined for strut failure. In the study it was determined that the cumulative
failure rate for BSCC60 valves was 4.2 percent over 8 years. The cumu-
lative failure rate for BSCC70 valves was 17.4 percent over 8 years. When
a strut fracture occurs in a BSCC heart valve, the mortality rate is very
high. For aortic valve with strut failure, 85 percent of the patients die.
The overall mortality rate for strut fractures is 75 percent.  Shiley Inc.
voluntarily withdrew the BSCC heart valve from the market in 1986.

In a  study published in Lancet (de Mol, 1994), 24 valves were replaced
in 22 patients who were considered to be at high risk with respect to fail-
ure of a BSCC heart valve. Seven of the 24 valves had experienced a
single leg fracture of the strut. The authors wrote, “This finding supports
our hypothesis that, owing to the lethal character of the failing aortic-
valve strut, fractures remain under-reported, few such patients reach
hospital and necropsy is rarely done.”

In a  report by Steyerberg (January 2000), it was estimated that
35,000 patients were still alive with one or more implanted BSCC valves.
Pfizer purchased Shiley in 1979 at the onset of its Convexo-Concave
valve ordeal. In 1992, after years of litigation, Pfizer sold Shiley’s busi-
nesses to Italy’s Sorin Biomedical. Sorin opted not to purchase rights
to the C/C valve. Later, a firm by the name of Alliance Medical
Technologies, comprised of former Shiley and Pfizer employees, pur-
chased the rights to Shiley’s Monostrut heart valve line from Sorin. The
Monostrut is still available outside the United States. It has developed
a good reputation for reliability and good hemodynamics. There are no
welded struts on the Monostrut valve as both the inlet and outlet strut
are both part of the same piece of metal and the valve ring.

Patients with an implanted Björk-Shiley BSCC heart valve seem to
be limited to just a couple of options.

1. They can elect to keep the valve and hope it does not fail. So far the
published failure rates are in the 2 to 17 percent range. The risk of
failure is thought to be dependent on fatigue and therefore cumula-
tive with time. In the long run, the failure rates may be much higher.

2. Patients may elect preventive valve replacement surgery. The risk of
death for a 50-year-old male from valve replacement surgery is about
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5 percent. The cost of such a replacement surgery is conservatively
in excess of $ 25,000 in the United States.

In January 1988, the following letter from the FDA was sent to physi-
cians to provide information about the risk of outlet strut fractures.

January 1998
Dear Doctor:
This letter provides new information about the risk of outlet strut frac-

ture for 60 degree Björk-Shiley Convexo-Concave (BSCC) heart valves and
new recommendations from an independent expert panel regarding pro-
phylactic valve replacement. The recommendations are described in detail
in the enclosed attachments.

Under the Settlement Agreement that was entered into by a worldwide
class of BSCC valve patients and Shiley Incorporated and approved by the
U.S. District Court in Cincinnati, Ohio in Bowling v. Pfizer, an independ-
ent expert medical and scientific panel consisting of cardiothoracic sur-
geons, cardiologists, and epidemiologists was created called the Supervisory
Panel. Under the terms of the Settlement Agreement, the Supervisory
Panel is charged with the responsibilities of conducting studies and
research, and of making recommendations regarding which BSCC heart
valve patients should be considered for prophylactic valve replacement. The
Supervisory Panel’s recommendations also serve to determine which class
members qualify for explantation benefits under the Settlement Agreement.
The Panel’s work has enabled it to develop these present guidelines for
valve replacement surgery. The Panel’s guidelines represent a departure
from past reliance upon the valve replacement surgery guidelines devel-
oped by a Medical Advisory Panel created by Shiley Incorporated.

Letter from the FDA website:
http://www.fda.gov/medwatch/safety/1998/bjork.htm

By 2004 van Gorp published another study in which he investigated
all 2263 Dutch BS Convexo-Concave patients. For the surviving patients
in 1992 (n � 1330), they calculated the expected differences in life
expectancy with and without valve replacement. Of 1330 patients,
96 (7 percent) had undergone valve replacement. The investigators con-
cluded that 117 patients (9 percent) had an estimated gain in life
expectancy after valve replacement.

6.6 Prosthetic Tissue Valves

One disadvantage to a mechanical prosthetic valve is that the patient
is required to undergo lifelong anticoagulation therapy. Although
pyrolytic carbon has low thrombogenicity, valves made from this mate-
rial still generate enough blood clots to warrant this type of therapy.

http://www.fda.gov/medwatch/safety/1998/bjork.htm
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Naturally occurring heart valves avoid the blood clotting problem as well
as having better hemodynamic properties.

Homografts are valves that come from a different member of the same
species. These allografts typical come from cadavers and therefore con-
sist of nonliving tissue. The advantage to containing nonliving cells is
that the valves will not be rejected by the immune system of the host.
The disadvantage is that they do not have cellular regeneration asso-
ciated with living tissue and therefore are susceptible to long term
mechanical wear and damage. Human allografts are also available in
only very limited supplies. One interesting alternative approach to
cadaveric allografts that is sometimes used is to transplant a patients
own pulmonary valve into the aortic position.

One alternative approach to an allograft is a xenograft. A xenograft
is an implant derived from another species. In 1969, Kaiser and cowork-
ers described a tissue valve substitute that consisted of a glutaraldehyde
treated, explanted porcine valve. This porcine valve became commer-
cially available in 1970 as the Hancock porcine xenograft.

Tissue valves are rarely used in young children and young adults
because of valve leaflet calcification and a relatively shorter valve life
when compared to mechanical valves.
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Chapter

7
Pulsatile Flow in Large Arteries

7.1 Fluid Kinematics

Let us begin with the mathematical description of the motion of the fluid
elements moving in a flow field. It will be convenient to express the veloc-
ity in terms of three Cartesian components so that velocity becomes a
function of x, y, and z spatial coordinates, as well as a function of time.
Also u, v, and w are the velocity components in the x, y, and z directions,
respectively. Written in a concise form:

(7.1)

The corresponding expressions for acceleration are shown in Eqs. (7.2)
through (7.5). Note that Eq. (7.2) is the vector representation of the
acceleration and Eqs. (7.3) through (7.5) show the three scalar Cartesian
components of the acceleration.

(7.2)

(7.3)

(7.4)

(7.5)

It is also possible to more concisely express the acceleration using the
operator D( )/Dt, which is known as the material derivative or substantial
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derivative. The parenthesis in this notation encloses a vector or scalar to
be named later, for example, the velocity vector in Eq. (7.6).

(7.6)

The operator is defined in Eq. (7.7).

(7.7)

It is perhaps valuable here to point out that the total material deriva-
tive has two parts. One part is the local time derivative and the
other comes from the fact that our fluid particle convects into a region
of different velocity. Therefore a particle in steady flow can accelerate.
This conception is fundamental to an Eulerian formulation.

It is also useful here to define the gradient operator ( ) and rewrite
the material derivative more concisely.

(7.8)

(7.9)

Equation (7.10) also introduces the Laplacian operator. The Laplacian
yields a scalar, by taking the dot product of the vector gradient opera-
tor with itself as shown in Eq. (7.11).
Laplacian operator (a scalar)

(7.10)

(7.11)

7.2 Continuity

The continuity equation, or conservation of mass, was introduced in
Chap. 1 of this book. It was written as � constant,
where r is fluid density, A is the cross-sectional area of the blood vessel
and V is the average blood velocity across the cross section.

Since we are now dealing with the flow at a point the more general
version of the conservation of mass equation, which is also commonly
referred to as the continuity equation can be written by
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The continuity equation is one of the basic governing equations of fluid
mechanics and is valid for compressible and incompressible flows in
the form written before. It is also valid for steady as well as pulsatile
flows in that form.

For the case of incompressible flows, like blood, the continuity equa-
tion can also be simplified to

(7.13)

7.3 Complex Numbers

If one uses polynomials to model blood flow, then complex numbers are
useful. Complex numbers use a number called j (or i in some disci-
plines), with the definition that j2

� �1. These numbers are written in
the form of a vector where , where a and b are real numbers.
The part a is designated the real part of the complex number, ,
and b is the imaginary part, . Leonhard Euler (1707–1783) made
the observation that

(7.14)

Euler’s observation became very useful in the solution to differential
equations since it allows one to interpret the exponential of a complex
imaginary number in terms of sines and cosines.

The modern convention is to place the real part of the number on the
horizontal x-axis and to display the imaginary part on the y-axis. In this
way numbers like are displayed in the complex plane. See
Fig. 7.1 which shows a vector represented in the complex plane.

For this book I will use Euler’s identity in the following form:

(7.15)

where j2
� �1

j3
� �j

t � time
v � fundamental frequency of the signal

cos (vt) � Re[e jvt] or the real part
sin (vt) � Im[e jvt] or the imaginary part

In the type of fluid mechanics problem with which we are dealing in this
book, t represents the independent variable time. There is also a fun-
damental frequency associated with the problem, which is typically the
heart rate in rad/s. It is also possible to represent vt as u, now with units
of radians.
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(a,b)
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z = a + jb

↑

Figure 7.1 The vector

in the complex
plane.
z
S
5 a 1 jb

Now that we have this useful concept of complex numbers, it is pos-
sible to add, subtract, multiply, and divide the numbers. For example,
to add complex numbers it is necessary to add the real parts and the
imaginary parts separately.

(A + Bj) � (C � Dj) � (A � C ) � (B � D)j

For multiplication it is necessary to convert to the exponential form
with a magnitude and an angle and to multiply the magnitudes and add
the angles.

The complex conjugate of is defined as . The
square root of a complex number times its complex conjugate results
in the magnitude of that number. The magnitude of is 
which could also be written as . The argument of is

.

Example Problem

The magnitude of A is written as . The angle 	 is writ-
ten as 	 5 tan21s4/3d 5 53.18.
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So an alternate form of writing the complex number in phasor nota-
tion is .

Example Problem

A second example of a complex number is . Now the magnitude

of B is and the angle � is º.

Finally the phasor notation is º.
Now from our two complex number examples, it is possible to show a mul-

tiplication example:

From the complex number and the division example is written:

7.4 Fourier Series Representation

The Fourier series theorem that was published in 1822 states:

A periodic function f(t) with a period T can be represented by the sum of a
constant term, a fundamental of period T, and its harmonics.

In general a Fourier series can be used to expand any periodic func-
tion into an infinite sum of sines and cosines. This is an extremely useful
way to break up an arbitrary periodic function into a set of simple terms.

For the case of pulsatile flow, where u is velocity and P is pressure,
the partial derivative of velocity u with respect to time is not zero. In
addition, the partial derivative of pressure P with respect to distance
along the tube, x, is also nonzero. These were important conditions for
Poiseuille’s law. Therefore Poiseuille flow is no longer a good estimate
for the case of pulsatile flow. Written more concisely:

Since the pressure waveform is periodic, it is convenient to write the par-
tial derivative of pressure using a Fourier series. Figure 7.2 shows'P/'x
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a plot of a pulsatile pressure waveform that shows pressure drop versus
time for a pulsatile flow condition.

This periodic function depends on the fundamental frequency of the
signal, v (heart rate in rad/s), and the time t. We can write any such func-
tion as a sum of sine and cosine terms, with appropriate coefficients,
known as Fourier coefficients.

Since is periodic, it may be written as

(7.16)

This is a Fourier series representation of the pressure gradient. If we have
a periodic pressure waveform, it is possible to obtain the Fourier coeffi-
cients, A1, A2, A3, . . . B1, B2, B3, . . . by a number of common methods. If a
set of digitized data exists for example, a fast Fourier transform imple-
mented in many types of software will return the set of Fourier coefficients.

It is also possible to write the Fourier series using complex numbers
by using Euler’s identity to convert the sines and cosines to exponen-
tials. The equivalent expression would be

(7.17)

where an � An – Bn j, n is the number of the harmonic
v � fundamental frequency (rad/s)

Ao � mean pressure gradient (nonpulsatile)

Note: an � (An – Bn j) or an = conjugate (An + Bn j)
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Figure 7.2 Plot of a pulsatile
pressure waveform showing
pressure drop versus time
for a pulsatile flow
condition.



Pulsatile Flow in Large Arteries 123

7.5 Navier-Stokes Equations

The Navier-Stokes equations are named in honor of the French math-
ematician L. M. H. Navier (1758–1836) and the English mechanician Sir
G. G. Stokes (1819–1903), who were responsible for their formulation.
These equations are nonlinear, second order, partial differential equa-
tions and they are the considered to be the governing differential equa-
tions of motion for incompressible, newtonian fluids.

The Navier-Stokes equations can now be written rather efficiently in
the following form:

(7.18)

In Eq. (7.18), r is the fluid density, is the material derivative of
the velocity vector, is gravitational acceleration, represents the
pressure gradient, and m represents viscosity.

The left-hand side of Eq. (7.18), , represents something analogous
to a mass (density, r) times an acceleration (substantial derivative of the
velocity vector) and can be expanded to the following three scalar equations:
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Note that Eqs. (7.19) through (7.20) are formulated on a per volume basis.
The reader can observe, for example, that has units of F/L2/L �

. One might wonder what kind of forces are causing
all of that mass to accelerate. The right-hand side of the Navier-Stokes
F/L3 5 force/volume

'P/'x
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equations provides insight into that question. The right-hand side can be
expanded into the three scalar expressions shown as follows:
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The left-hand side of the equation could also be written in terms of
cylindrical components. For blood flow problems in which the blood is
flowing in cylindrical arteries, this type of coordinate system is con-
venient. The expression for the x-components of inertia (axial direction)
using cylindrical components is shown as follows:
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The right-hand side or the Navier-Stokes equation written in cylindri-
cal components for the axial component then completes the equation.
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Example Problem

Show that the parabolic velocity profile from horizontal Poiseuille flow is a
solution of the Navier-Stokes equations using the cylindrical form.

Solution:

For Poiseuille flow we have already assumed:

1. Steady flow

2. Uniform flow (constant cross section)

3. Laminar flow

4. Axially symmetric pipe flow

From Eq. (1.11) in Chap. 1, we saw that the parabolic velocity profile
from Poiseuille flow has the form of

where u is the velocity component along the tube as a function of r, m is
fluid viscosity (a constant for newtonian fluids), is the pressure
gradient along the tube (a constant for Poiseuille flow), r is the radius
variable, and R is the radius of the tube (a constant).

The Navier-Stokes equation for the component along the axial direc-
tion can be written from Eqs. (7.25) and (7.26).

(7.27)

For Poiseuille flow we have already assumed steady, uniform, laminar,
axially symmetric, pipe flow. Therefore, there is no change in velocity with
respect to time, so . Since the flow is axially symmetric there
is no swirling flow and no velocity in the radial or transverse direction
and therefore no change in velocity in either the radial or transverse
direction so . Since Poiseuille flow is
uniform, there is no change in velocity u in the x (axial) direction, so

. The equation has now become somewhat more simplified.
Equation (7.28) tells us that for Poiseuille flow, there are no accelerations
and that viscous forces must balance the pressure forces and gravita-
tional forces.
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Since this flow is also horizontal and as already mentioned u does not
vary in the x-direction or the u direction, Eq. (7.28) further simpli-
fies to

(7.29)

Since the proposed solution to the differential in Eq. (7.29) is

then we need to find the first and second derivative of u with respect
to r and plug it into the equation to check for equality. We should also
recognize explicitly that since the pressure under
Poiseuille flow conditions is only a function of x and does not vary
with time.

(7.30)

(7.31)

(7.32)

The equality holds true showing that the Poiseuille flow parabolic veloc-
ity profile is one simple solution of the Navier-Stokes equations.

7.6 Pulsatile Flow in Rigid Tubes:
Wormersley Solution

Consider the following problem. Given a pressure waveform and the
geometry of the artery and some fluid characteristics, estimate the flow
rate in terms of volume/time. This may be a pulsatile pressure wave-
form as is seen in the relatively larger arteries in humans. The blood
flow rate is a measure of perfusion, or simply said, how much oxygen
may be provided to the downstream, or distal tissues. Therefore, a
mathematical model of flow rate under pulsatile conditions can be a
very useful device.

To estimate flow from a pulsatile driving pressure in rigid tubes, we
will begin by assuming a newtonian fluid, uniform, laminar, axially
symmetric, pipe flow. This is similar to the Poiseuille flow problem, but
now we are considering pulsatile flow rather than steady.
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We will need to have a driving function for the pressure. Recall from
Eq. (7.17) that

Therefore for each harmonic n we can write each component of the driving
pressure by using Eq. (7.33).

(7.33)

For each component of the driving pressure from 0 to n, it is also possi-
ble to write the Navier-Stokes equation given in Eq. (7.27). The use of the
subscript n emphasizes that we are solving for one generic nth, component
and then, at the end, assembling the total solution as a sum of components.

For this pulsatile flow case we have assumed steady, uniform, laminar,
axially symmetric, pipe flow. Since the flow is axially symmetric there
is no swirling flow and no velocity in the radial or transverse directions
and therefore no change in velocity in either the radial or transverse
direction so . Since the flow is uniform,
there is no change in velocity u in the x (axial) direction so .
The flow is also horizontal therefore Eq. (7.27) simplifies to

(7.34)

This is a linear, second order, partial differential equation (PDE) with
a driving function. One possible solution to the PDE is
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In order to try this solution in Eq. (7.34), we will need to have the
derivative of u with respect to time, t, and the derivate of u with respect
to r and also the second derivative of u with respect to r.
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Now by using our proposed solution to the differential equation, it is pos-
sible to rewrite Eq. (7.34) in the following manner so that an exponen-
tial appears in each term.

(7.39)

Now it is possible to divide Eq. (7.39) by to remove the time depend-
ence. The result would be

(7.40)

This allows us to treat time dependence and spatial dependence sepa-
rately. Also we can replace n with m/r and –j with j3 to obtain Eq. (7.41).

(7.41)

Now we have an ordinary differential equation instead of a partial differ-
ential equation and one that is not time dependent. Equation (7.41) looks
a little bit like a zero-order Bessel differential equation. The homogenous
differential equation for the case without a driving function would be

(7.42)

A zero-order Bessel differential equation has the form

(7.43)

The solution to Eq. (7.42) is a Bessel function of order zero and complex
arguments, which is well known and arises in problems connected with
the distribution of current in conductors of finite size. One homogenous
solution is
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Note that l2 is a constant for a given kinematic viscosity, fundamental
frequency, and harmonic n.

We can also find a particular solution to the differential equation by
setting the derivatives of fn(r) with respect to r equal solving for the con-
stant C3.

(7.47)

(7.48)

The total solution becomes

(7.49)

According to the no slip condition, velocity at the wall should be zero.
That location is also defined by r � R, since r � 0 corresponds to the cen-
terline of the vessel. In order to solve for the constant C1 use the bound-
ary condition of u � 0 at r � R.

(7.50)

(7.51)

The total solution to the differential equation, for harmonic n, now
becomes

(7.52)

This is still the complex form that is time independent. If we take the pres-
sure gradient as the real part of and substitute u from Eq. (7.35),
the corresponding velocity as a function of r and t becomes

(7.53)

Recall that this solution applies to the results of each harmonic. Now
to find the velocity as a function of radius r and time t for the entire driv-
ing pressure, add together the results from all harmonics.

(7.54)

Figure 7.3 shows an example plot of the total velocity u(r) for two dif-
ferent r values in a mathematical model of an artery under pulsatile
driving pressure. To get the flow resulting from these velocity profile,
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one needs only to integrate the velocities multiplied by the differential
area, over the entire cross-section. The differential area as a function
of r is 2prdr, so the flow term becomes

(7.55)

Wormersley (1955) published his solution when it was not so easy to
make up a computer model of the flow. He integrated the velocity terms,
solved for flow and published the following equation for the flow com-
ponent resulting from each of the driving pressure gradient harmonics:

(7.56)

The total flow Q, which can be compared to Q from Eq. (7.55), is

(7.57)

where the pressure gradient associated with each harmonic is

(7.58)

The magnitude of the driving pressure is given by
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Figure 7.3 A graph of axial velocity as a function of
radius and time, where r is the radius variable and R
is the radius of the artery.
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Wormersley compiled the values of the constants for M10/a2 and for as
a function of the alpha parameter. As alpha approaches zero, M10/a2

approaches 1/8 and approaches 90º and the solution becomes Poiseuille’s
law. Recall from Chap. 1 that a is the Wormersley number, or alpha param-
eter, which is a ratio of transient to viscous forces, and is defined by

Figure 7.4 shows a velocity waveform plotted in terms of time and vessel
radius for a pulsatile flow condition in the uterine artery of a cow.

7.7 Pulsatile Flow in Rigid Tubes:
Fry Solution 

This solution was published by Greenfield and Fry (1965) for axisym-
metric, uniform, fully developed, horizontal, newtonian, pulsatile flow
and is comparable to the Wormersley solution in the sense that they are
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Figure 7.4 A three-dimensional plot that shows a
flow waveform plotted in terms of time and vessel
radius for a pulsatile flow condition. The curve was
generated using Wormersley’s version of the
Navier-Stokes equation solution. The flow, Q, is
shown in mm3/s, the time t is shown in seconds,
the radius r in millimeters.
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both solutions relating flow rate to pressure gradient for the pulsatile flow
condition. Since flow in arteries is pulsatile, this is an important case for
human medicine. We will find the Fry solution particularly useful in
Chap. 8 in modeling the behavior of an extravascular catheter/transducer
pressure measuring system. This solution lends itself nicely to the devel-
opment of an electrical analog to the pulsatile flow behavior.

In this solution one may begin from the Navier-Stokes equations where
u is velocity in the x-direction (down the tube centerline), r is the radial
direction variable (where r � 0 on the centerline), vr is radial velocity,
vQ is velocity in the transverse direction and n is m/r or the kinematic vis-
cosity. Recall from Eq. (7.34) the differential equation for axisymmetic,
uniform, fully developed horizontal, newtonian pulsatile flow.

Equation (7.34) can be rewritten in the form of Eq. (7.59).

(7.59)

Two of the terms in Eq. (7.59) can be combined into

and be written from the chain rule as in Eq. (7.60).

(7.60)

Use the simplifying assumption that the pressure gradient

where represents the length between points 1 and 2, and the gov-
erning differential equation from Eq. (7.59) can be rewritten:

(7.61)

If we multiply both sides of Eq. (7.61) by 2prdr and integrate from r � 0
to R where R is the tube radius, we get Eq. (7.62).
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The integral of derivative in the left-hand side of Eq. (7.62) returns
the term  so we can rewrite Eq. (7.62) as shown in Eq. (7.63).rs'u/'rd
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Notice that the integral from zero to R of u(2pr)dr is the integral of the
velocity multiplied by the differential area so that the term is simply
the flow through the tube. It is possible now to replace the first term on
the right-hand side of the equation with the symbol Q, representing
flow. After evaluating the last term between 0 and the vessel radius R
we arrive at Eq. (7.64).

(7.64)

By dividing both sides of Eq. (7.64) by pR2 we arrive at Eq. (7.65).

(7.65)

Recall that for a newtonian fluid, the shear stress at the wall is equal
to the viscosity times the velocity gradient as shown in Eq. (7.66).

(7.66)

Substitute Eq. (7.66) into Eq. (7.65) to obtain Eq. (7.67)

(7.67)

Next solve for the pressure gradient.

(7.68)

If we solved the same equation for Poiseuille flow, we could use Eq. (7.69)
to substitute for the shear stress at the wall. In that case the shear stress
can be estimated from the flow rate as shown in Eq. (7.69).
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After the replacement of the shear stress term, Eq. (7.68) for the case
of Poiseuille flow would be

(7.70)

(7.71)

Now we have an ordinary, first-order differential equation relating the
flow rate and the time rate of change of flow to the pressure gradient.
Recall from Eq. (7.69) that shear stress in Poiseuille flow depends on the
vessel’s hydraulic resistance and the flow rate. For the pulsatile flow
case, assume that the shear stress depends on both the flow rate and
the first derivative of the flow rate as shown by Eq. (7.72).

(7.72)

The values for Rv and LI in Eq. (7.72) are then given by Eqs. (7.68) and
(7.74), respectively.

(7.73)

(7.74)

By substituting Eq. (7.72) into Eq. (7.78) we get:
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Next, substituting the expressions for the viscous resistance term, Rv

and the inertia term, LI, yields the following equation. The two constants
c1 and cv are constants, which may be solved for empirically or predicted
by the Wormersley equation.

(7.76)
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Finally, it is possible to simplify the Fry solution to the following first
order ordinary differential equation with terms that represent fluid
inertance and fluid resistance as shown in Eq. (7.78).

(7.78)

where

(7.79)

(7.80)

(7.81)

It is possible to solve empirically for cu and cv or to predict those values
from the Wormersley solution. For an alpha parameter of 7, cu � 1.1 and
cv � 1.6.

7.8 Instability in Pulsatile Flow

It is helpful here to point out some useful information concerning sta-
bility and instability under pulsatile flow conditions. As a rule, flow in
large arteries in humans is highly pulsatile. By the time the flow reaches
small diameter arteries and arterioles the pulsatile elements drop out.
By the time the flow reaches the capillaries, the flow becomes steady.
Flow in large diameter veins becomes pulsatile once again.

The Reynolds number for flow in humans, even in large diameter
arteries, is generally much less than 2000 and is therefore typically
laminar. However, the presence of branching and other fluid wall inter-
actions can sometimes result in local flow instabilities.

When there are disturbances throughout the flow field and through-
out the entire oscillatory cycle, this condition constitutes turbulent flow.
The presence of vortices at a specific location, or during a specific time
in the pulsatile cycle, indicate a local instability only and not turbulent
flow. For example, an instability associated with a valvular stenosis is
an example of flow that is considered local flow instability as opposed
to turbulent flow.
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Chapter

8
Flow and Pressure Measurement

8.1 Introduction

From the measurement system for measuring hypertension in humans
with an indirect method, to the system for measurement of flow and
pressure waveforms in the uterine artery of cows, flow and pressure
measurement systems have wide ranging applications in biology and
medicine. A few of the varied methods for making these measurements
will be discussed later.

Measurement of flow and pressure are two of the most important
measurements in biological and medical applications. Because there is
a complex control system in the human body, controlling pressure and
flow, the interactions of the measuring system with the physiological con-
trol system increases the complexity of the measurement. The invasive
nature of flow and pressure measurement also makes it difficult to
obtain accurate measurements in some cases. Sometimes, a noninvasive
or indirect measurement is possible.

According to the American Heart Association Council on High Blood
Pressure Research, accurate measurement of blood pressure is critical
to the diagnosis and management of individuals with hypertension.
Pickering et al. (2005) wrote:

The auscultatory (indirect measurement) technique with a trained observer
and mercury sphygmomanometer continues to be the method of choice for
measurement in the office.

8.2 Indirect Pressure Measurements

An important example of a noninvasive, indirect measurement is the
measurement of blood pressure using a sphygmomanometer. This type
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measurement is routinely used in clinical practice because of its rela-
tive ease and low cost.

A sphygmomanometer has a cuff that can be wrapped around a
patient’s arm and inflated with air. The device includes a means for pres-
surizing the cuff, and a gauge for monitoring the pressure inside the cuff.
When the pressure inside the cuff is increased above the patient’s sys-
tolic pressure, the cuff squeezes the arm and blood flow through the ves-
sels directly under the cuff is completely blocked. The pressure inside
the cuff is released slowly, and when the cuff pressure falls below the
patient’s systolic pressure, blood can spurt through arteries in the arm
beneath the cuff. The operator measuring blood pressure typically places
a stethoscope distal to the cuff and just over the brachial artery.
Turbulent flow of blood through the compressed artery makes audible
sounds, known as Korotkoff sounds. At the time these Korotkoff sounds
are initially detected, the blood pressure is noted, and this value becomes
the measurement of the systolic pressure.

The nature of the sound heard through the stethoscope changes as the
sphygmomanometer pressure continues to drop. The sounds change from
a repetitive tapping sound to a muffled rumble and then the sound finally
disappears. The pressure is once again noted at the instant that the
sounds completely disappear. This value is the diastolic blood pressure.

Indirect measurement of blood pressure using a sphygmomanometer
has the advantage of being noninvasive, inexpensive, and reliable. One
disadvantage of the system is the relative inaccuracy of the system
associated with operator error, the relatively low resolution, and the dif-
ficulty of measuring the diastolic pressure. Since the measurement of
diastolic pressure depends on the detection of the absence of sound, the
method is inherently dependent on the ability of the operator to clearly
hear very quiet sounds and to judge the point in time at which those
sounds disappear.

8.3 Direct Pressure Measurement

When more accurate pressure measurements are required, it becomes
necessary to make a direct measurement of blood pressure. Two meth-
ods that will be described next, involve using either an intravascular
catheter with a strain gauge measuring transducer on its tip, or the use
of an extravascular transducer connected to the patient by a saline-
filled tube.

8.3.1 Intravascular: strain gauge–tipped
pressure transducer

Transducers are devices that convert energy from one form to another.
It is often desirable to have electrical output represent a parameter like
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L

∆L
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L

Figure 8.1 Demonstrating strain in a tensile specimen, �L/L.

blood pressure or blood flow. Typically, these devices convert some type
of mechanical energy to electrical energy. For example, most pressure
measuring transducers convert stored energy in the form of pressure into
electrical energy, perhaps measured as a voltage.

A pressure transducer very often uses a strain gauge to measure pres-
sure. We can begin the topic of strain gauge tipped pressure transducers
by considering strain. Figure 8.1 shows a member under a simple uniaxial
load in order to demonstrate the concept of strain. As the load causes the
member to stretch some amount �L, strain can be measured as �L/L.
A strain gauge could be bonded onto a diaphragm on a catheter tip.

Two advantages of a strain gauge pressure transducer, compared to
an extravascular pressure transducer described in Sec. 8.3.2, are good
frequency response, and fewer problems associated with blood clots.
Some disadvantages might include the difficulty in sterilizing the trans-
ducers, the relatively higher expense, and transducer fragility.

As the strain gauge lengthens due to the load, the diameter of the wire
in the strain gauge also decreases and therefore the resistance of the
wire changes. Figure 8.2 shows a drawing of a strain gauge with a load
F applied. It is possible to calculate the resistance of a wire based on its
length, its cross-sectional area, and a material property known as resis-
tivity. Equation 8.1 relates strain gauge resistance R to those properties.

R � rL/A (8.1)

where R � resistance, in ohms, �
r � resistivity, in ohm � meters, �m
L � length, in meters, m
A � wire cross-sectional area, in square meters, m2
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F

F

Figure 8.2 A strain gauge with
force F applied.

We can now examine the small changes in resistance due to the
changes in length and cross-sectional area by using the chain rule to
take the derivative of both sides of Eq. (8.1). The result is shown in
Eq. (8.2).

(8.2)

We can now divide Eq. (8.2) by rL/A to get the more convenient form
of the equation shown below in Eq. (8.3).

(8.3)

If you stretch a wire using an axial load, the diameter of the wire will
also change. As the wire becomes longer, the diameter of the wire
becomes smaller. Poisson’s ratio is a material property which relates the
change in diameter to the change in length of wire for a given material.
Poisson’s ratio is typically written as the character n, which students
should not confuse with kinematic viscosity, which is also typically writ-
ten as n. Poisson’s ratio is defined in Eq. (8.4).
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In Eq. (8.4), D is the strain gauge wire diameter, and L is the strain
gauge wire length.

It is also useful here to show that since A � p/4 D2, dA/A is related to
dD/D so that we can write Eq. (8.3) in the more convenient terms of wire
diameter instead of cross-sectional area.

(8.5)

In Eq. (8.5), dD is equal to D2 � D1 and D2 � D1 � 2D, where D is the
average diameter between D1 and D2. Therefore, the relationship
between dA and dD is shown by Eq. (8.6).

(8.6)

Now it is possible to write an equation for the change in resistance
divided by the nominal resistance as shown in Eq. (8.7),

(8.7)

or by combining with the definition of Poisson’s ratio we get Eq. (8.8).

(8.8)

The term (1 + 2n) dL/L represents a change in resistance associated
with dimensional change of the strain gauge wire. The second term dr/r
is the term that represents a change in resistance associated with
piezoresistive effects, or change in crystal lattice structure within the
material of the wire.

The gauge factor for a specific strain gauge is defined by Eq. (8.9).

(8.9)

For metals like nichrome, constantan, platinum-iridium, and nickel-
copper the term (1 + 2n) dominates the gauge factor. For semiconductor
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Strain gage
R + ∆R

Vexcite

R1

R1 R

VoutI1 I2

Wheatstone bridge

Figure 8.3 A bridge for measuring small changes in resistance.

materials like silicon and germanium, the second term dominates
the gauge factor.

A typical gauge factor for nichrome wire is approximately 2, and for
platinum-iridium approximately 5.1. Strain gauges using semiconduc-
tor materials have a gauge factor that is two orders of magnitude greater
than that of metal strain gauges. Semiconductor strain gauges are there-
fore more sensitive than metallic strain gauges.

If we know the gauge factor of a strain gauge and if we can measure
�R/R then it is possible to calculate the strain, �L/L. However, the
change in resistance, �R is a very small change. Even though it is an
electrical measurement, we need a strategy to detect such a small change
in resistance.

A Wheatstone bridge is a device that is designed to measure very tiny
changes in resistance. See the circuit diagram in Fig. 8.3

In Fig. 8.3, I1 is the current flowing through the two resistors, R1. The
current flowing through the two resistors can be shown to be the exci-
tation voltage driving the circuit divided by 2R1 as shown in Eq. (8.10).

(8.10)

The voltage at point 1, between the two resistors is

(8.11)

The current I2, flowing through the right side of the circuit, through
the strain gauge and the potentiometer is

(8.12)I2 5 Ve /s2R 1 �Rd

E1 5 I1
#R1 5 Ve /2

I1 5 Ve/s2R1d

r/�r

�L/L
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R + ∆R

R

Vout

I

Vexcite

Figure 8.4 A voltage measuring circuit that does not use a bridge. This
circuit can not accurately measure small changes in resistance.

The voltage at point two, on the right side of the circuit, between the
strain gauge and potentiometer is

(8.13)

Vout for the bridge is now given by the difference between the voltage
at points 1 and 2. See Eqs. (8.14) through (8.16).

(8.14)

(8.15)

and since �R/R is much, much greater than �R/�R,

(8.16)

Therefore, to measure (�R/R) we can use a bridge and measure
(Vout/Vexcitation). It is possible to obtain �R/R by multiplication of
(Vout/Vexcitation) by four. Now, if we divide �R/R by the gauge factor, G, we
will obtain the strain.

If you question the necessity of the bridge in our measurement, com-
pare the circuit in Fig. 8.4. If you use a known resistance in series with
the strain gauge and measure resistance across the strain gauge, by
measuring voltage, you will obtain the following:

The current I flowing through the circuit is

(8.17)

The output voltage of the circuit that is used to measure the change
in resistance is

(8.18)

Since R/2R >> R/�R, this circuit yields a fairly constant output of 1/2 V.

Vout 5 IR 5 sVe
#Rd/s2R 1 �Rd

 I 5 Ve/s2R 1 �Rd

E1 2 E2 5 sVe /4ds�R/Rd

E1 2 E2 5 sVe /2d  [�R/s2R 1 �Rd]

E1 2 E2 5 sVe /2d U1 2 [2R/s2R 1 �Rd]V

E2 5  I2
#R 5 Ve 3  [R /s2R 1 �Rd]
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L

Catheter
2R

P1

Transducer

P2

Figure 8.5 An extravascular pressure transducer connected to a long
thin catheter which can be inserted into a blood vessel to transmit the
pressure in that vessel.

Finally, pressure is proportional to the strain measured by the trans-
ducer and the strain gauge can be calibrated to output a voltage pro-
portional to pressure. One can imagine a pressure transducer with a
diaphragm that moves depending on the pressure of the fluid inside the
transducer. A strain gauge mounted on the diaphragm of the trans-
ducer measures the displacement, which is proportional to pressure.

In a strain gauge-tipped pressure transducer, a very small strain
gauge is mounted on the tip of a transducer, and the strain gauge tip
deflects proportionally to the pressure measured by the strain gauge.
The resultant strain may also be converted to a voltage output which
may be calibrated to the pressure being measured.

8.3.2 Extravascular: catheter-transducer
measuring system

Figure 8.5 shows a schematic of an extravascular pressure transducer.
The transducer is connected to a long thin tube called a catheter. The
catheter can transmit pressure from the blood vessel of interest to the
extravascular pressure transducer. The pressure is transmitted through
a column of heparinized saline. Heparin is used to prevent the blood from
clotting and clogging the end of the catheter.

Although the extravascular pressure measurement system is a
nice compromise between relatively low cost and accuracy, there are
several potential problems associated with the system that I will
mention here.

■ Air bubbles in the system, when present, have an important effect on
the system’s ability to measure high frequency components of the
pressure waveform. When you have air bubbles in the brake lines of
your automobile, the brakes feel spongy and are less responsive. In
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the same fashion, an extravascular transducer with air bubbles in the
catheter will be spongy and may not respond accurately to the
pressure.

■ Blood clots can form in the catheter. The blood clots will restrict flow
and either plug the catheter or cause a significant pressure drop
between the vessel and the extravascular transducer.

■ The use of the extravascular pressure transducers require a surgical
cut down. This disadvantage is also present in other direct pressure
measurements but is not a disadvantage for indirect pressure
measurements.

8.3.3 Electrical analog of the catheter
measuring system

In Chap. 7, Sec. 7.7, a solution was developed that was published by
Greenfield and Fry in 1965 that shows the relationship between flow and
pressure for axisymmetric, uniform, fully developed, horizontal, Newtonian,
pulsatile flow. The Fry solution is particularly useful when considering the
characteristics of a transducer and catheter measuring system. By devel-
oping an electrical analog to a typical pressure measuring catheter, it will
be possible for us to use some typical, well-known solutions to RLC circuits
to characterize things like the natural frequency and dimensionless damp-
ing ratio of the system. From our circuit analog, we will be able to under-
stand better the limitations of our pressure measuring system and to
predict important characteristics.

It was possible to simplify the Fry solution to the following first order
ordinary differential equation with terms that represent fluid inertance
and fluid resistance as was shown next and in Chap. 7, Eq. (7.78).

In Eq. (7.78), P1 represents the pressure in the artery being measured,
P2 represents the pressure at the transducer, represents the length of
the catheter, Q is the flow rate of the saline in the catheter, and dQ/dt
is the time rate of change of the flow rate. Hydraulic inertance and
hydraulic resistance are represented by L and Rv, respectively, and are
defined in Eqs. (8.19) and (8.20).
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In Eq. (8.19), r represents the fluid (saline) density in the catheter and
R represents the radius of the catheter. Three empirical proportional-
ity constants are represented by cu, c1, and cv. In Eq. (8.20), m represents
fluid viscosity (saline viscosity).

The volume compliance of the transducer, C, represents the stiffness
of the transducer or the change in volume inside the transducer corre-
sponding to a given pressure change. The volume compliance is written
in Eq. (8.21).

(8.21)

By separating variables and integrating with respect to time, it is pos-
sible to solve for flow rate Q as a function of the change in the pressure
in the transducer as shown in Eqs. (8.22) and (8.23).

(8.22)

(8.23)

The time rate of change of Q, as a function of compliance and P2 can
now be written:

(8.24)

Now it becomes possible to substitute Eqs. (8.23) and (8.24) into
Eq. (7.88).

(8.25)

L and Rv are defined by Eqs. (8.19) and (8.20), respectively. C is the
volume compliance of the transducer. The length of the catheter is rep-
resented by , and the pressure in the blood vessel and the transducer
are P1 and P2, respectively.

Next rewrite the derivative terms in the somewhat simplified form
where dp/dt is written as and d2p/dt2 as and we arrive at Eq. (8.26).

(8.26)

Now we can define a term, E, that is equal to 1/C or the inverse of the
volume compliance of the transducer. The term E is known as the volume
modulus of elasticity of the transducer. Then, by multiplying both sides
of the equation by the catheter length, , we arrive at Eq. (8.27). Notice
that Eq. (8.27) is a second order, linear, ordinary differential equation
with driving function EP1. This type of equation is typical in many types
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Figure 8.6 Aspring, mass, damper
analog to the extravascular pres-
sure measuring system. The driv-
ing force for the system in the
picture is aF(t).

of electrical and mechanical applications and one that we will use sev-
eral times.

(8.27)

For the mechanical analog system shown in Fig. 8.6, the equation
defines a typical spring, mass, damper system where the spring constant
is k = E, the damping coefficient for the damper is , and the mass
term is m = . The canonical form of the second-order differential
equation describing the spring, mass, damper system, which practically
all mechanical engineers have seen, is shown in Eq. (8.28).

(8.28)

8.3.4 Characteristics for an extravascular
pressure measuring system

For all second order systems, there are several system characteristics
that may be of interest. In this section, we will discuss those charac-
teristics, including static sensitivity, undamped natural frequency, and
damping ratio.

For the mechanical system from Eq. (8.28), the characteristics are well
known and are written in Eqs. (8.29) to (8.31).

In Eq. (8.29), y represents displacement of the mass shown in the
mechanical spring mass and damper system in Fig. 8.6. The figure
shows a time varying driving force aF(t) driving the mass up and down
while it is attached to a spring with spring rate k, and a damper with
associated constant b.
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Static sensitivity

k � a/y (8.29)

Undamped natural frequency

(8.30)

Damping ratio

(8.31)

By making the appropriate substitutions from Eq. (8.27), we can now
solve for the specific characteristics associated with our extravascular
pressure measurement system.

For the static system, displacement y does not change. In the pressure
measuring system, the pressure does not change. All of the higher order
terms like are now zero. For the pressure measuring
system, it is desirable that for every pressure input an equivalent pres-
sure output occurs, so let us design the static gain to be unity. Equation
8.28 for the static system is

For the analogous pressure measuring system k = E and a = E so the
static sensitivity is 1, or E/E.

Again, this means simply that the measurement system is designed
to measure the input value and repeat it as the output value.

The undamped natural frequency and dimensionless damping ratio
of the system are given by Eqs. (8.32) and (8.33).
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Damping ratio

(8.33)

Next I describe two examples of second order, pressure measuring sys-
tems. Case 1 is an undamped catheter measuring system, and Case 2
is the undriven, damped system.

8.3.5 Case 1—the undamped catheter
measurement system

For the special case of a driven, undamped catheter measuring system we
can now estimate some of the characteristics of the system. An undamped
system would be one in which the viscosity of the fluid in the catheter, and
therefore the corresponding hydraulic resistance in the catheter, is very
small and therefore close to zero. A practical example of an undamped
measuring system, is one in which the viscosity is very small compared to
the mass of the system. A relatively large diameter catheter, with no air
bubbles and with a relatively low viscosity fluid, like water, and relatively
low total volume displacement would behave in this way. Asystem like this
could have a very fast response time but would be susceptible to “catheter
whip,” or noise associated with accelerations at the catheter tip.

For this case recognize that viscosity m, viscous resistance Rv, and the
damping coefficient b are all approximately equal to zero. Then recall
the expression for undamped natural frequency in Eq. (8.32). We can
already see that the damping ratio is zero for this undamped system and
we could predict the natural frequency from Eq. (8.32).

Undamped natural frequency

Damping ratio

Going a step further, we would also like to predict the output of the pres-
sure measuring system for every input. If P1 is the input pressure to the
system, then we would like the pressure output, P2, to be equal to P1 for
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any input frequency. Let us set the input, or driving pressure, to be
P1cos(vt). The output of the system or the pressure at the transducer is
now P2cos(vt). Recall the governing differential equation from Eq. (8.27).

Now after solving for the first and second derivative of P2, the expres-
sions below can be substituted into Eq. (8.27).

(8.34)

(8.35)

(8.36)

Equation 8.27 now becomes Eq. (8.37). Note that P2 now represents
a constant.

(8.37)

Since Rv is equal to zero for this case, the second term drops out and
we can divide through by cos(vt). The result is Eq. (8.38).

(8.38)

Solving for P2 yields Eq. (8.39).

(8.39)

Now using the definition of vn from Eq. (8.32) we can finally solve for
the transfer function, P2/P1 as shown below in Eq. (8.41).

(8.40)

(8.41)

Finally, Fig. 8.7 shows the response of the second order, undamped,
catheter pressure measuring system. Note that there is significant
amplification of the signal as the input frequency approaches the nat-
ural frequency of the system.

8.3.6 Case 2—the undriven, damped
catheter measurement system

A damped system would be one in which the viscosity of the fluid in
the catheter, and therefore the corresponding hydraulic resistance in
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Figure 8.7 Response of a second order, undamped, pressure-measuring
system.

the catheter, are relatively large and therefore significant. A practical
example of a damped measuring system, is one in which the viscosity
is relatively large compared to the mass of the system. A relatively
small diameter catheter, with air bubbles or perhaps with a crimp in
the tubing and with a relatively high viscosity fluid like blood, might
behave in this way. A system like this could have a relatively low
response time but might provide a kind of filtering action to eliminate
higher frequency noise on the pressure waveform. In this context an
undriven system is a system in which the input pressure may change,
as with a step input, however, the system is not driven by an oscillat-
ing input pressure. Imagine the pop test described in Sec. 8.3.7 and
shown in Fig. 8.8.

For the undriven system, we set the driving pressure equal to zero and
Eq. (8.27) becomes Eq. (8.42).

(8.42)

Since the system is undriven, we might imagine that when there is a
step change in pressure, for example going from some positive pressure

    /LP
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Figure 8.8 Step response for an
under damped second order
system.

to zero pressure, the system would follow an exponential decay. We can
try , where l is one divided by the time constant of the system.
The first and second derivatives of P2 now become and

. By substituting those values into Eq. (8.42) we arrive at
Eq. (8.43).

(8.43)

By using the substitutions suggested in Eq. (8.27), and
, we see a simplified version of Eq. (8.43).

(8.44)

It is now possible to use the quadratic formula to solve for l in terms
of b, M, and volume modulus of elasticity of the transducer, E.

(8.45)

Recall from the definition of the damping ratio and critical damping,
from Eq. (8.31), that the system is critically damped if it has a damp-
ing ratio of 1, which means that b � . By substituting
that term into Eq. (8.45), it is possible to solve for the lambda associ-
ated with critical damping.

(8.46)

Recall that for the catheter measuring system, the general variables
in Eq. (8.27) k, m, and b have the following definitions: 

.
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Note that because we set the damping ratio to 1, i.e., when
, then Eq. (8.47) yields the same expression for the damp-

ing ratio in Eq. (8.33). Again, l is 1 over the time constant of the system
and is the dimensionless damping ratio.

The output of our system is therefore defined by the expression shown
in Eq. (8.48),

(8.48)

where and . Substituting into Eq. (8.48),
also yields

(8.49)

Comparing the definition for the natural frequency from Eq. (8.32),
we find that we now have an expression for critically damped catheters
that relates the output of the measuring system to the natural fre-
quency of the catheter.

(8.50)

Critically damped systems are a very important case. This kind of
system is on the borderline, but does not oscillate as it returns to equi-
librium after perturbation. This disturbance is damped out as quickly
as possible, as in the case of a door closer designed to close a screen door
as quickly as possible with no back and forth motion.

The critical time constant for the system is 1/ as shown in
Eq. (8.51).

(8.51)

It is useful to point out that the Eqs. (8.52) and (8.53) are general
expressions for the catheter measuring system and not a special case
for the critically damped system.
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8.3.7 Pop test—measurement of transient
step response

One way to determine some characteristics of a second order system is
to create a step input to the system and measure the response. One
straightforward and simple method of measuring the system response
is to input a step change into the system by popping a balloon or surgi-
cal glove and measuring the response. Imagine a catheter with one end
connected to a pressure transducer and the other end inserted into a con-
tainer covered with a balloon or surgical glove. If the system is pres-
surized and the balloon or glove is popped, the resulting pressure output
from the system looks like that shown in Fig. 8.8. The original steady
state pressure was Y1 and the pressure output of the transducer oscil-
lates back and forth around zero, depending on the characteristics of the
pressure measuring system.

The period of the oscillation is labeled as Td in Fig. 8.8. The damped
natural frequency of the system, measured in rad/s, is given by the
equation vD � 2p/TD.

The logarithmic decrement is given by d and is defined by the equa-
tion .

The damping ratio of the pressure measuring system can now be cal-
culated from the logarithmic decrement as shown in Eq. (8.54).

(8.54)

The relationship between the natural frequency, the damped natural
frequency, and the damping ratio is shown below in Eq. (8.55).

(8.55)

By measuring the amplitude ratio of successive positive peaks, it is
possible to determine the logarithmic decrement of the system. From the
logarithmic decrement, it then becomes straight forward to measure the
damped natural frequency, the damping ratio, and the undamped nat-
ural frequency.

If the natural frequency of the catheter measuring system is very
low, some relatively low-frequency harmonics of the pressure waveform
can be amplified, distorting the pressure waveform significantly. If pos-
sible, choose a catheter-transducer measuring system with a natural fre-
quency that is 10 times greater than the highest harmonic frequency of
interest in the pressure waveform.
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8.4 Flow Measurement

Measurement of blood flow is an important indicator of the function of
the heart and the cardiovascular system in general. Cardiac output is
the measurement of the flow output of the heart and is a measure of the
ability of the heart and lungs to provide oxygenated blood to tissue
throughout the body. In this chapter we will have a look at several tech-
niques for measuring cardiac output as well as techniques for measur-
ing blood flow in specific vessels as a function of time.

Adolph Fick was born in 1829 in Kassel, Germany. Fick studied med-
icine, later became interested in physiology, and took a position in Zurich
where he was already making contributions to the scientific literature
in physics at the age of 26. Fick’s first contribution as a physicist was
a statement that diffusion is proportional to concentration gradient.
Fick is most famous because of a brief, obscure publication in 1870, in
which he described how mass balance might be used to measure cardiac
output—the Fick principle.

8.4.1 Indicator dilution method

The general formulation of the indicator dilution method of measuring
blood flow is one that is based on the Fick principle. The substance is
injected into the blood stream in a known quantity. The flow rate of blood
through a given artery, which is also the time rate of change of volume
of blood moving through the same artery, can be predicted if the rate of
injection of some mass of the indicator is known, along with the change
in concentration of the indicator in the blood. For example, imagine that
a bolus of indicator dye is injected into the blood stream. The concen-
tration of the dye at a single point in some vessel could be measured and
will be high immediately upon injection and will reduce with time as the
dye is first diluted and then cleared from the system. The concentration
will be a function of time. For this case change in concentration, �C,
would be the change in concentration over time at a specific point.

The general formulation for the flow rate is given by Eq. (8.56), where
m is the given quantity of indicator substance injected, dm/dt is the time
rate of injection of m, V is the blood volume, and C is the concentration
of m in blood. Depending on the specifics of the method used, �C may
be a change in concentration at a single point in a blood vessel at two dif-
ferent times, or it may be the instantaneous difference in concentration
between two different locations. Examples demonstrating the indicator-
dilution method are described in more detail in the following sections.

(8.56)Flow ; Q 5
dV
dt

5
dm>dt

�C
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8.4.2 Fick technique for measuring
cardiac output

The Fick principle relates the cardiac output, Q, to oxygen consump-
tion and to the arterial and venous concentration of oxygen as shown
in Eq. (8.57).

(8.57)

For Eq. (8.57), Q is the cardiac output in L/min, dm/dt is the con-
sumption of O2 in L/min, Ca is the arterial concentration of O2 in L/L,
and Cv is the venous concentration of O2 in L/L. Using a device called a
spirometer, it is possible to measure a patient’s oxygen consumption. It
is also possible to measure both arterial and venous oxygen concentra-
tion from a blood sample collected through a catheter.

Oxygen is the indicator used in this method which enters the blood
stream through the pulmonary capillaries. Cardiac output is calculated
based on the oxygen consumption rate and the oxygen concentration in
arterial and venous blood.

8.4.3 Fick technique example

A patient’s spirometer oxygen consumption is 250 mL/min while her arte-
rial oxygen concentration is 0.2 mL/mL and her venous oxygen concen-
tration 0.15 mL/mL. Cardiac output is calculated by dividing the oxygen
consumption rate by the change in concentration, (0.22 � 0.15) L/L. The
patient’s cardiac output is 5 L/min.

8.4.4 Rapid injection indicator-dilution
method—dye dilution technique

Indocyanine green is used clinically as an indicator to measure blood
flow. This method could be used to measure cardiac output but is also
applicable to local flow measurements like cerebral blood flow or femoral
arterial flow. A curve is generated using a constant flow pump and blood
is continuously drawn from the vessel of interest into a colorimeter
cuvette to measure color (dye concentration).

Figure 8.9 shows a dye concentration curve that is generated by this
method. A bolus of dye is rapidly injected into the vessel of interest. The
solid line in the figure represents the fluctuation in concentration of the
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Figure 8.9 Recirculation curve used for measuring blood flow with indocyanine green
dye dilution method.

dye, in the blood, after injection. The variable m represents the amount
of dye injected. Q represents the flow rate and C represents the dye con-
centration. The area under the curve in Fig. 8.9 represents the amount
of dye injected. The flow rate can be calculated as shown in Eq. (8.58).

(8.58)

In Eq. (8.58) Q is approximately constant and C is a function of time.

8.4.5 Thermodilution

The technique of thermodilution uses heat as an indicator for measur-
ing blood flow, thereby avoiding the use of dyes like indocyanine green.
Cooled saline can be injected into the right atrium while a thermistor
placed in the pulmonary artery measures temperature. Temperature is
used as a measure of the concentration of the indicator substance, in this
case heat. Flow can then be calculated using Eq. (8.59).

(8.59)

where Q � flow rate, m3/s
q � heat content of injectate, J
rb � density of blood, kg/m3

cb � specific heat of blood, J/(kg ºK) � Nm/(kg ºK)
�T � temperature change, ºK.
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8.4.6 Electromagnetic flowmeters

A conductor moving through a magnetic field generates an electromo-
tive force (EMF) in that conductor. The EMF results in the flow of cur-
rent which is proportional to the speed of the conductor. Based on this
principle, an electromagnetic flowmeter can measure flow of a con-
ducting fluid when that conducting fluid flows through a steady mag-
netic field. Figure 8.10 shows a schematic of a blood vessel between
permanent magnets that generate a magnetic field within the blood
vessel. A current is generated, between the two electrodes shown, that
is proportional to the average blood velocity across the cross section of
the vessel. The EMF generated between the electrodes placed on either
side of the vessel is given in Eq. (8.60).

(8.60)

where � the instantaneous blood velocity, m/s
� the length between electrodes, m
� the magnetic flux density, T

T has the units Wb/m2 = 

The variable e represents the EMF or voltage generated in response
to blood velocity. For a uniform magnetic flux density B and a uni-
form velocity profile, the expression may be simplified to the scalar
Eq. (8.61).
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Some potential sources of error in electromagnetic flowmeters include:

1. Current flows from high to low velocity areas.

2. Current can be shunted through the vessel wall. This effect varies
with hematocrit.

3. Fluid outside the vessel wall can shunt current.

4. Nonuniform magnetic flux density will cause a variation in the
flowmeter output, even at a constant flow rate.

One typical type of electromagnetic probe is the toroidal type cuff
perivascular probe. The toroidal cuff uses two oppositely wound coils and
a permalloy core. The probe should fit snug around the vessel and this
requires some constriction during systole.

8.4.7 Continuous wave ultrasonic
flowmeters

Another type of flowmeter used in medical applications is the con-
tinuous wave Doppler flowmeter. This type of flowmeter is based on
the Doppler principle, and when a target recedes from a fixed sound
transmitter, the frequency is lowered because of the Doppler effect.
For relatively small frequency changes, the relationship in Eq. (8.62)
is true.

(8.62)

In Eq. (8.62), Fd is the Doppler shift frequency, Fo is the source fre-
quency, u represents the target velocity in this case an erythrocyte, and
c represents the velocity of sound. For two shifts, one from source and
one to target:

(8.63)

Consider now a probe at an angle a with respect to the patients skin,
as shown in Fig. 8.11. The signal can now be calculated as:

(8.64)

Some problems that occur with continuous wave Doppler ultrasound
are:

1. The Doppler shifted frequency is actually not a single frequency, but
a mixture of many frequencies.
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Figure 8.11 A Doppler continuous wave probe elevated at an angle awith respect to
the patient’s skin.

2. The velocity profile of the flow field is not constant across the vessel
cross section.

3. The beam of the sound wave is broad and spreading.

4. Turbulence & tumbling of cells also causes a Doppler shift.

5. Simple meters do not measure reverse flow.

8.4.8 Continuous wave Doppler
ultrasound example

Using a continuous wave Doppler with a carrier frequency of 7 MHz
a � 45º, blood velocity of 150 cm/s, and speed of sound � 1500 m/s, find
the Doppler shifted frequency. Is it in the audible range?

Yes. The frequency, 10 kHz is in the audible range of a normal,
healthy human.

8.5 Summary and Clinical Applications

Chapter 8 introduces flow and pressure measurement schemes. A very
quick review to remind the reader of the important clinical applications
of those measurements is given below.

Indirect pressure measurements. According to the American Heart
Association, high blood pressure is listed as a primary or contributing
cause of death in more than a quarter of a million Americans each year.

Fd 5
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Nearly one in three U.S. adults has high blood pressure and 30 percent
of those people do not know it. Indirect blood pressure measurement
using a sphygmomanometer is the method of choice for measuring blood
pressure in the doctor’s office and is critical to the management regimen
of this disease.

Intravascular pressure measurement. Cardiologists sometimes insert a
strain gauge tipped pressure catheter into an artery to determine
whether a specific stenosis is the cause of decreased blood flow. If the
pressure downstream from the blockage is much lower than the pres-
sure immediately upstream, this indicates that the lesion is the cause.
This procedure can also be used to evaluate the effectiveness of
catheterization and stenting. This use of intravascular pressure meas-
urement is an important aspect of the diagnosis of coronary arterial
disease.

Extravascular pressure measurement. Pulmonary capillary wedge pres-
sure is the pressure measured by inserting a balloon-tipped catheter
from a peripheral vein into the right atrium, through the right ventri-
cle and then positioning the catheter within a branch of the pulmonary
artery. Measurement of pulmonary capillary wedge pressure (PCWP)
gives an indirect measure of left atrial pressure and is particularly
useful in the diagnosis of left ventricular failure and mitral valve dis-
ease. The catheter used for this procedure has one opening (port) at the
tip of the catheter and a second port several centimeters proximal to the
balloon. These ports are connected to extravascular pressure transduc-
ers allowing the pressure measurement.

Cardiac output measurement. Cardiac output is one of the main deter-
minants of organ perfusion (Kothari et al., 2003). During a coronary
artery bypass, dislocation of the heart changes the cardiac output and
so it is important for the anesthesiologist to have a reliable tool for
assessing hemodynamic status to avoid situations with disastrously
low cardiac output. There are a number of methods used to assess car-
diac output, including the Fick technique, rapid injection dye dilution
and thermodilution.

Electromagnetic and continuous wave Doppler flowmeters. These two
devices are two tools in the physicians’ arsenal that can be used to meas-
ure blood flow in a variety of arteries. For example, physicians use
Doppler flowmeters to diagnosis peripheral arterial disease. The physi-
cian measures flow waveforms and could compare, for example, the
waveforms from arteries in the left arm to those from the right arm. A
significant difference in the waveforms between the two vessels could
indicate a stenosis in one of the vessels.
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While electromagnetic flowmeters are more invasive, they are com-
monly used as the gold standard for measuring blood flow in animal
experiments in laboratory settings. In Chap. 10, a model of flow through
the mitral valve in the porcine model is presented (Szabo et al., 2004).
That model was developed from data that was collected at the University
of Heidelberg and the flow measurements were made using the elec-
tromagnetic flowmeter.
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Chapter

9
Modeling

9.1 Introduction

Models are used widely in all types of engineering, and especially in fluid
mechanics. The term model has many uses, but in the engineering con-
text, it usually involves a representation of a physical system, a proto-
type, that may be used to predict the behavior of the system in some
desired respect. These models can include physical models that appear
physically similar to the prototype or mathematical models, which help
to predict the behavior of the system, but do not have a similar physi-
cal embodiment. In this chapter, we will develop procedures for design-
ing models in a way to ensure that the model and prototype will behave
similarly.

Consider the question, “Why can a 1.5-mm-long flea fall a meter with-
out injury but a 1.5-m-tall man can’t fall 1 km unhurt?” A model is a rep-
resentation of a physical system that may be used to predict the behavior
of the system in some desired respect. The implied question in the stated
question above is, “Can the flea be used to model the man?”

It is true that a 1.5-mm-long flea can jump about 1 m. If we use geo-
metric scaling, we might predict that a 1.5-m-long person would jump
about 1 km. Since that is clearly not true, then what is wrong with this
picture? A careful look at the theory of models will help answer our
question.

In Sec. 9.7, we attempt to use a flea to model a man (or vice versa) to
model the terminal velocity of the prototype using the model. We will
learn, by using the theory of models and dimensional analysis, why this
model does not work very well.
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9.2 Theory of Models

The theory of models is developed from the principles of dimensional
analysis. These principles tell us that any prototype can be described
by a series of dimensionless parameters, which I will call Pi terms in this
chapter. For the prototype system, the parameter that we would like to
measure, , can be represented as a function of a set of n dimen-
sionless Pi terms.

(9.1)

If the relationship between Pi terms describes the behavior of the
system, then it would also be possible to develop a similar set of Pi
terms for a model that has the same dimensional relationships.

(9.2)

9.2.1 Dimensional analysis and the
Buckingham Pi theorem

Edgar Buckingham (1867–1940) was an American physicist who first gen-
erated interest in the idea of dimensional analysis. In 1914, Buckingham
published the article, “On Physically Similar Systems: Illustration of the Use
of Dimensional Equations,” Phys Rev. 1914;4:345–376. The Buckingham
Pi theorem states: 

The number of independent dimensionless quantities required to describe
a phenomenon involving k variables is n, where n = k – r, and where r is
the number of basic dimensions required to describe the variable.

To demonstrate the use of the Buckingham Pi theorem, imagine that
we would like to perform a test that describes the pressure drop per
length of pipe as a function of other variables that affect the pressure
gradient (Fig. 9.1).

The first step in the process is to choose three fundamental dimen-
sions, which describe mechanical properties. One might choose from a
list of fundamental dimensions like force, length, time, mass, tempera-
ture, charge, voltage, and the list would be extensive. In fact, it is pretty
clear that charge, voltage, and temperature are not important in this
problem, so we will choose force, length, and time. We will designate
those dimensions by the characters F, L, and T representing force,
length, and time, respectively.

The second and arguably most difficult step in the modeling process
will be to determine all important variables. In some models, it will not
be obvious which variables are important. Occasionally, to simplify a

1m 5 �s2m, 3m, 4m,c, nmd

�

1 5 �s2, 3, 4,c, nd

�1
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dV

L

P1 P2

Figure 9.1 Pressure gauges at two points along a pipeline
of diameter d, with a mean velocity of the pipe of V.

model, we will begin with a relatively small set of variables and when
the model does not suitably represent the prototype we may find out that
we need to add variables. For this example problem, we will assume that
the pressure gradient �p/L is related to average velocity in the pipe, V,
the diameter of the pipe, d, the viscosity of the fluid flowing in the pipe,
m, and the density of the fluid, r.

(9.3)

The third step in the process is to write the dimensions of each vari-
able. For example, the variable �P/L has the dimensions of (force/length3)
as shown next.

(9.4)

The other variables in the example have dimensions as shown in
Eqs. (9.5) through (9.7):

(9.5)

(9.6)

(9.7)

Now that all of the dimensions have been described, we can use
Buckingham’s Pi theorem to determine the number of required Pi terms
to describe this model.

(9.8)

The result of this analysis is that we have confirmed the following fact.
To conduct an experiment to determine the relationship between �P/L

n 5 k 2 r 5 5 dimensions 2 3 basic dimensions 5 2 Pi terms

r ~ M/L3 5 FT2/L4

m ~ FT/L2

V ~ L/T

�p/L ~ F/L3

�p/L 5 f sV, d, m, rd
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and the other important variables, we only need to measure two dimen-
sionless Pi terms and not five different variables.

Pi terms are dimensionless terms and in this case, it would be possi-
ble to choose the following two Pi terms to describe the system.

and

In fact, any two independent Pi terms would suffice. The inverse of
either of the above Pi terms would also be valid Pi terms, for example,

. The most important criteria of the two Pi terms is that
they are independent terms. Another important factor in choosing the
best Pi terms for the problem being studied, is that it is important to
choose one Pi term that includes the dependent variable to be investi-
gated and that it appears only in that term.

By using dimensional analysis, we have now learned that to run this
experiment, we do not need to vary density, diameter, or viscosity. It is
possible to vary only velocity and measure only pressure gradient. Not
only have we reduced the variables from five to two, but we have also
created dimensionless terms so that our results are independent of the
set of units that we choose. Figure 9.2 shows a series of experiments that
compare the pressure gradient, designated in these charts, to the
four variables V, d, r, and m. These four comparisons require four sep-
arate graphs. This means that we will be able to generate the same
amount of data from one experiment that we would have needed four
experiments to generate, had we not used dimensional analysis.

Figure 9.3 shows a single dimensionless plot that contains the same
information included in all four plots in Fig. 9.2. The plot shows the pres-
sure gradient as a function of V, d, r, and m.

9.2.2 Synthesizing Pi terms

In some models, Pi terms are relatively easy to determine. It is useful
here to discuss an algorithm for generating independent Pi terms from
a list of variables. To generate a set of independent Pi terms for this
example problem, begin by writing down all of the variables, each raised
to the power of an unknown as shown below.

Next, write the dimensions of those variables, in the same format.

sF/L3da�sL/T db�sLdc�sFT/L2de�sFT 2/L4df

s�P/Lda�sV db�sddc�smde�srdf

�P/

1/1� or� 1/2

2 5 rVd/m

1 5 s�p/Ldd/srV2d
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ρVD
m

DDp

ρV 2

Figure 9.3 A single dimension-
less plot that also includes all of
the information included in the
four plots in Fig. 9.2. (Reprinted
with permission of John Wiley
and Sons Inc.)

V D

ρ m

D, ρ, m ~ constant V, ρ, m ~ constant

D, V, m ~ constant

D, ρ, V ~ constant

(a) (b)

(c) (d)

∆p

∆p

∆p

∆p

Figure 9.2 The relationship between pressure gradient and the four vari-
ables, velocity, pipe diameter, fluid density, and fluid viscosity. (Reprinted
with permission of John Wiley and Sons Inc.)
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Now it is possible to write a set of three equations, one for each basic
dimension, and to solve them simultaneously for three values. Since we
have five unknowns and only three equations, it is necessary to assume
the values of two convenient variables.

F: a � 0 � 0 � e � f � 0

L: �3a � b � c � 2e � 4f � 0

T: 0 � b � 0 � e � 2f � 0

For our example, we will assume a � 1 and e � 0 to produce two inde-
pendent Pi terms. That will insure that will appear in only one Pi
term. Solving the three equations yields the following:

1 � f � 0 f � �1

�3 � b � c � 4f � 0 c � 1

�b � 2f � 0 b� �2

Therefore, by using the values of a = 1 and e = 0, one possible Pi term
follows:

To generate the second independent Pi term let e � 1 and a � 0. This
will ensure that every variable appears in one of the Pi terms and that
�P/L does not appear in .

1 � f � 0 f � �1

b � c � 2 � 4f � 0 c � �1

�b � 1 � 2f � 0 b� �1

Note that 2 is the 1/Reynolds number, a well-known dimensionless
parameter used in many fluid mechanics applications.

Therefore, if we make for the model equal to for the proto-
type, then for the model will predict meaningful values for of
the prototype.

9.3 Geometric Similarity

When we equate Pi terms involving length ratios only, the model sat-
isfies the condition of geometric similarity. Scale models in which all
three dimensions of the model (height, width, and length) have the
same scale have geometric similarity. A common dimensionless Pi term

11

22

2 5  V21 d21 m r21 5 m>rVd

2

1 5 s�P/Ld1 V22 d1 r21

�P>L
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involving geometry is the ratio of length to width or the ratio of two
lengths.

If a model is a 1/10 scale model, this means that the ratio of lengths
between the model and the prototype is 1/10. The flea in our example
introduced above might be considered a 1/1000 scale model of a human,
if it were similarly proportioned to the human. If we only know the
flea’s length and the man’s height, we can consider the flea geometri-
cally similar. We will call the flea a 1/1000 scale model for a first
approximation.

But if we consider the overall effectiveness of the model, what about
the other Pi terms that have forces and time in them? For a complete
model, we also need some other types of similarity.

9.4 Dynamic Similarity

For a perfect model, we must be sure that we have included all impor-
tant variables. Further, all Pi terms in the model must be equal to each
Pi terms in the prototype. When we achieve geometric similarity by
matching the geometric Pi terms, as with a scale model airplane, the
model will look like a smaller version of the prototype but will not nec-
essarily behave like the prototype. When we equate Pi terms involving
force ratios we achieve dynamic similarity.

For example, density is a variable that contains force as one of its
dimensions. A Pi term in some fluid mechanics problems that includes
drag force and density could be the term that follows. For this Pi term
the variable D represent drag force, r represents fluid density, V rep-
resents fluid velocity, and t1 and t2 are geometric dimensions.

To achieve dynamics similarity, in the prototype must equal in
the model.

9.5 Kinematic Similarity

When we equate Pi terms involving velocity and/or acceleration ratios
we obtain kinematic similarity. Many Pi terms that have a force
dimension will also have a velocity or acceleration dimension. For

[D/srVmax
2      t1t2d]p 5 [D/srVmax

2      t1t2d]m

11

1 5 [D/srV 2t1t2d]

L1/L2 5 L1m/L2m
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example, the Reynolds number is a common Pi term in fluid mechan-
ics that has both force dimensions and velocity dimensions. The force
dimension shows up in both density and viscosity. To achieve kine-
matic similarity, and to achieve dynamics similarity, the model and
the prototype must have Reynolds number similarity. That is, the
Reynolds number of the model must equal the Reynolds number of the
prototype.

To achieve similitude, we must have a model with geometric similar-
ity, dynamic similarity, and kinematic similarity when compared to our
prototype.

9.6 Common Dimensionless Parameters
in Fluid Mechanics

Dimensionless Pi terms are used in many fluid mechanics applica-
tions. Some of the terms are used relatively frequently and have names.
Some important dimensionless groups in fluid mechanics are shown
in Table 9.1. In the table below r is density, V is fluid velocity, and
L is some geometric length. Viscosity is represented by m and gravita-
tional acceleration is represented by g. Pressure is denoted by p. The
frequency of the changing flow is v. Surface tension in the Weber
number is represented by s.

9.7 Modeling Example 1—Does the Flea
Model the Man?

If we use a flea to model a man (or vice versa) we need to decide on a
few important parameters. Let us first assume that we want to model
the terminal velocity of the prototype using the model. The terminal

rVD/m 5 srVD/mdm

TABLE 9.1 Shows Some Common Dimensionless Parameters

Pi term Name Ratio

rVL/m Reynolds number, Re Inertia/viscous
V/(gL)1/2 Froude number, Fr Inertia/gravity
p/(rV2) Euler number, Eu Pressure/inertia
V/c Mach number, Ma Velocity ratio
L(vr/m)1/2 Wormersley number, a Inertia/surface tension
rV2L/s Weber number, We Inertia/surface tension
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velocity is the maximum velocity that a falling object in free fall will
reach. We could assume that the maximum velocity of the prototype will
be a function of drag, D; the weight of the object, W; the geometry of the
object (which we will designate by three dimensions L, t1, and t2); the
density of the fluid in which the object is falling, r; and the viscosity of
the fluid in which the object is falling, m. Mathematically, we can write
the relationship as follows:

Therefore, for this modeling problem, there are eight variables and
three basic dimensions that are required to describe the units on those
variables. The three basic dimensions are time, length, and force. If our
assumptions are valid, then the required number of Pi terms is n � 5.

I will choose the following five independent Pi terms:

1 � rVmaxL/� Reynolds number

2 � D/(rVmax
2 t1t2) coefficient of drag

3 � D/W force ratio

4 � t1/L geometrical scale

5 � t2/L geometrical scale

For a first approximation for our model, we will take the flea weight
to be 10�4 g. The flea length will be 1.5 mm and we will consider the flea
and the man to have the same aspect ratio. That means that we will
assume and to be identical in the model and prototype a priori.
The man’s length will be 1.5 m and the weight will be 100 kg.

Starting from this data, our geometric scale is 1000:1. The man is 1000
times longer and 1000 times wider than the flea. Because we are look-
ing to model the terminal velocity of the falling man and/or the flea, the
drag force will be equal to weight for 3 � 1.

For kinematic and dynamic similarity let � and let �
. The resulting equations are shown below.

sVman/Vflead2 5 s105/1024ds1/1000d2 5 1000

sVman/Vflead2 5 sWman/Wfleadst1 � t2dflea/st1 � t2dman

2 5 sW/srV max
2 t1t2ddman 5 sW/srVmax

2 t1t2ddflea

2flea

2man
1flea

1man

54

n 5 k 2 r 5 8 2 3

Vmax 5 f sD, W, L, t1, t2, r, md
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If the second Pi term is identical in the flea and the man, the terminal
velocity of the man will be ~30 times that of the flea.

If the first Pi term, the Reynolds number, is identical in the flea and
the man, then the velocity of the man will be 1000 times that of the flea.
We can see that these two conditions are mutually exclusive and the man
and the flea, falling through the same fluid are not a good model for each
other. For Reynolds similarity, the man must fall 1000 times slower. For
drag similarity, the man needs to fall 30 times faster.

If you want to allow the man and flea to fall at the same velocity and
have Reynolds number similarity, it would also be theoretically possi-
ble to change fluids so that we have a different kinematic viscosity, n.
We might ask ourselves whether it is practical. The kinematic viscos-
ity of standard air is nair � 1.46 � 10�5 m2/s. Now if we set the velocity
of the man and the flea equal, with the constraint of maintaining
Reynolds number similarity, the equation is shown below.

Since viscosity divided by density is equivalent to kinematic viscos-
ity; m/r� n, and if the flea is falling through air and the man is falling
through an alternate fluid, it is also possible to write the equation as:

For Reynolds number similarity the man needs to fall through a fluid
that has a kinematic viscosity 1000 times greater than that of standard
air or ~1.5 � 10�2 m2/s. Glycerine at 20 °C has a kinematic viscosity of
1.2 � 10�3 m2/s, so we would need to use glycerine at a much cooler tem-
perature to achieve that kinematic viscosity! Because of glycerine’s very
large density compared to air, now buoyancy would become a significant
factor and we realize that the flea just is not a good model for the man
(and vice versa).

Our original question was, “Why can a 1.5 mm flea fall a meter with-
out injury but a 1.5 m man can’t fall 1 km unhurt?” The answer is that
the model and prototype are geometrically similar (1/1000 scale) but not
dynamically and kinematically similar. The low Reynolds number and
relatively high drag effect predict that the flea falls very slowly!

nair

nalternate
5

1
1000

armb
man

armb
flea

5
lflea

lman
5

1
1000

sVman/Vflead 5 Lflea/Lman 5 1/1000

p1 5 srVmaxL/mdman 5 srVmaxL/mdflea
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9.8 Modeling Example 2

We would like to study the flow through a 5 mm diameter venous valve
carrying blood at a flow rate of 120 mL/min. We will use water instead
of blood, which is more difficult to obtain and more difficult to work with.
Take the viscosity of blood to be 0.004 Ns/m2 and the viscosity of water
to be 0.001 Ns/m2. Complete geometric similarity exists between the
model and prototype. Assume a model inlet of 5 cm in diameter.
Determine the required flow velocity in the model that would be required
for Reynolds number similarity.

Begin by calculating the given mean velocity in the prototype. The
mean velocity in the prototype can be calculated from the flow rate in
the prototype divided by the cross-sectional area in the prototype.

Next, recognize that for Reynolds number similarity, the following
equation must be true, where the subscript P represent the Reynolds
number in the prototype and the subscript m represents the Reynolds
number in the model.

The velocity in the model should be 0.27 cm/s to achieve Reynolds
number similarity to the prototype. This means that we need a water
velocity that is 10 times faster than the blood velocity in the venous
valve, because we used a model that was 10 time larger.

9.9 Modeling Example 3

The velocity V of an erythrocyte settling slowly in plasma can be
expressed as a function of diameter d, thickness t, plasma viscosity mp,
erythrocyte density re, plasma density rp, and gravity g.

Written in mathematical formulation, this equals to

Vs 5 fsd, t, m, re, rp, gd.

Vm 5 0.0265 Vp 5 10.18 cm/s 3 0.0265 5 0.270 
cm
s

Vm 5
mm

mp
 
rp

rm
 
Dp

Dm
 Vp 5

1
4

 
1060
1000

 
5

50
 Vp 5 0.0265 Vp

arVD
m
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p
5 arVD

m
b
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Qp

Ap
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Qp

prp
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Figure 9.4 The relationship of Reynolds number versus Froude
number for the erythrocyte settling problem.

Determine a suitable set of  terms for expressing this relationship.
First, write the dimensions of each variable in the equation above.

Next, find the number of Pi terms:

The Pi terms could be:

Once the important relationships have been determined, it would be
possible, for example, to plot the Froude number as a function of
Reynolds number for a given thickness/diameter ratio and for a given
erythrocyte versus plasma ratio. As long as the Pi terms in the model
are equal to the Pi terms in the prototype, that plot would be equally
valid for both prototype and model. Figure 9.4 shows a plot of the
Reynolds number versus the Froude number for a density of plasma of

p2 5 re/rp�p4 5 Vs
2/gd sFroude numberd2

p1 5 t/d     p3 5 rpVsd/m sReynolds numberd

n 5 k 2 r 5 7 2 3 5 4 required Pi terms

m 5 FT/L2�re 5 rp 5 M/L3�g 5 L/T 2

Vs 5 L/T�d 5 L�t 5 L
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1000 kg/m3 and a density of erythrocytes of 1200 kg/m3, a viscosity of
0.0035 Ns/m2, g = 9.81 m/s2, and for a thickness to diameter ratio of 25.
Note that this plot has no units and as long as the Pi terms are equal
in the model and the prototype, the plot is valid.

Figure 9.5 shows the erythrocyte settling rate as a function of cell
diameter for a density of plasma of 1000 kg/m3 and a density of ery-
throcytes of 1200 kg/m3, a viscosity of 0.0035 Ns/m2, g = 9.81 m/s2, and
for a diameter to thickness  ratio of 25. Note that this plot has units asso-
ciated and is thus only valid for this set of parameters.
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Chapter

10
Lumped Parameter

Mathematical Models

10.1 Introduction

Since the pioneering work of Otto Frank in 1899, there have been many
types of mathematical models of blood flow. The aim of these models is a
better understanding of the biofluid mechanics in cardiovascular systems.
Mathematical computer models aim to facilitate the understanding of the
cardiovascular system in an expensive and noninvasive way. One exam-
ple of the motivation for such a model occurred when Raines et al. in 1972
observed that patients with severe vascular disease have pressure wave-
forms that are markedly different from those in healthy persons. By devel-
oping a model that would predict which changes in parameters affect
those pressure waveforms in what way, the scientists might provide a
means for diagnosing vascular disease before it becomes severe.

Lumped-parameter models are in common use for studying the fac-
tors that affect pressure and flow waveforms. A lumped-parameter
model is one in which the continuous variation of the system’s state vari-
ables in space is represented by a finite number of variables, defined at
special points called nodes.  The model would be less computationally
expensive, with a correspondingly lower spatial resolution, while still
providing useful information at important points within the model.
Lumped-parameter models are good for helping to study the relation-
ship of cardiac output to peripheral loads, for example, but because of
the finite number of lumped elements, they cannot model the higher
spatial-resolution aspects of the system without adding many, many
more elements.

Chapter 10 will begin by addressing the general electrical analog
model of blood flow, based on electrical transmission line equations.
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Figure 10.1 The electrical schematic of a model of blood flowing through a
vessel or tube with the V transcript representing the characteristics of the
vessel and L representing the terminal load.

Later in Chap. 10 a specific model of flow through a human mitral valve
will be presented in some detail.

10.2 Electrical Analog Model of Flow
in a Tube

In Chap. 7, Sec. 7.7, a solution was developed, which was published by
Greenfield and Fry in 1965, that shows the relationship between flow
and pressure for axisymmetric, uniform, fully developed, horizontal,
Newtonian, pulsatile flow. The Fry solution is particularly useful when
modeling the relationship of the pressure gradient in a tube or blood
vessel to the instantaneous blood velocity. In Chap. 8 we used the Fry
solution to develop an electrical analog of a typical pressure-measuring
catheter. Using well-known solutions to RLC circuits, it became possi-
ble to characterize parameters like the natural frequency and dimen-
sionless damping ratio of the system.

I describe, here in Chapter 10, an alternative development of the
modeling of flow through any vessel or tube based on that analog. Let
the subscript V represent properties of the blood vessel that we are
modeling and the subscript L represent properties of the terminating
load. In Chap. 7, the terminating load was a transducer, but in the more
general case of the isolated blood vessel within a cardiovascular system,
the terminating load represents the effects of a group of distal blood ves-
sels, often capillaries.

Figure 10.1 shows the electrical schematic of a circuit representing a
length of artery, terminating in a capillary bed. The values for resist-
ance, capacitance, and inductance for each resistor, capacitor, and induc-
tor, respectively, are calculated from the blood vessel properties on a per
unit length basis.

Recall that the hydrodynamic resistance of a blood vessel depends on
its radius and length as well as the viscosity of the fluid flowing in the
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tube. For this type of discretized model, the resistance in each discrete
resistor can be written as

(10.1)

The inductance in the vessel for each discrete inductor element becomes

(10.2)

The capacitance of the vessel is the compliance of the vessel, or dA/dP,
and depends on the pressure at the point where the capacitor is located.

(10.3)

Note that the resistance, inductance, and capacitance of each vessel
segment can vary, for example, in a tapering vessel.

10.2.1 Nodes and the equations
at each node

In electrical circuit analysis, a node is defined as a point in a circuit
where two or more circuit elements join. In Fig. 10.1 we will take the
combination of a resistor, inductor, and capacitor as being a single ele-
ment of our model, and number the nodes at the center of each element
at the points where the resistor, capacitor, and inductor are joined. The
nodes in Fig. 10.1 are labeled 1, 2, 3,. . ., n.

In the model, the input flow to the first element is labeled q1. The input
pressure is labeled Pin. The flow leaving node 1 toward the capacitor is
labeled qc1. The pressure at node 1 is P1. Note that the model does not
contain any information about the pressure at points between the input
point and node 1.

Considering node 1, we can now write an equation for the pressure
drop across the first resistor and inductor as shown in Eq. (10.4) as the
first-order differential equation .

(10.4)

In Eq. (10.4), PIN  represents the input pressure to the vessel. P1 is the
pressure at node 1 and q is the flow through the vessel. The time rate
of change of flow is designated dq/dt. Note that LV1 and RV1 can vary
from node to node, and can even vary with pressure, which would cause
our model to be nonlinear.

PIN 2 P1 5 q1 RV1 1 LV1 
dq1

dt

CV 5
q

dP
dt

 
m5

N

LV 5 /L 5 Cu 
r/
pr2 

Ns2

m5

RV 5 /Rviscous 5 Cn 
8m/
pr4 5

Ns
m5
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A second differential equation, which is also first order, can be written
at node 1. This equation describes the flow into the capacitor at node 1.
The flow q1 is the vessel compliance at this point, C1 multiplied by dP/dt
as shown in Eq. (10.5) . Conceptually, at a specific point in time, it may
be useful at this point to think about pressure at each of the nodes,
P1, P2, . . ., Pn, as being the independent variables and the flows, q1,
q2, . . ., qn, as being the dependent variables, which depend on pressure.
Mathematically, the P’s and q’s are dependent on time and location and
time is the only independent variable. We will use the model to try to
understand the relationship between flow and pressure in the vessel.

(10.5)

This system of two first-order differential equations can be written
once for each node in the model. At the end, we will end up with a system
of 2n first-order, ordinary differential equations, with two first-order
equations written for each node: node 1 through node n. Although a large
model can be computationally complex, the equations for a single node are
relatively straightforward.

If we repeat the two equations for node 2 we end up with the following:

(10.6)

(10.7)

The general equations for a general node i, between node 2 and node
n will be

(10.8)

(10.9)

10.2.2 Terminal load

If we are modeling the aorta, for example, it is possible to divide the
vessel into segments and write a set of equations for each finite segment.
If we continue to add the downstream details of every branch of the aorta
then the model will become larger and larger, more and more compli-
cated, and more and more computationally expensive. Finally, it becomes
impractical to individually model each one of the tens of billions of cap-
illaries in the circulatory system. Instead, a more practical solution is
that we will lump together all of the elements downstream of, or distal
to, the main vessel that we are trying to understand with our model.

qCi 5 CVi 
dPi

dt

Psi21d 2 Pi 5 qi RVi 1 LVi 
dqi

dt

qC2 5 CV 2 
dP2

dt

P1 2 P2 5 q2 RV 2 1 LV 2 
dq2

dt

qC1 5 CV1 
dP1

dt
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n

RL1

RL2

CL Figure 10.2 The terminal load of
the model described in Sec. 10.2.

Because the capillaries are primarily resistance vessels we could begin
estimating a load resistance that is based on the pressure at node n, and
the flow moving through the entire capillary bed. The total, terminal
load resistance, RT is equal to the pressure at node n divide by the total
flow qn as shown in Eq. (10.10).

(10.10)

Although RT would be a good first-order estimate of the terminal load
in our model, we also know from empirical evidence that the capillary
bed does not act as a pure resistance element. If we ended the model of
the aorta, for example, in a single resistance we would find that pres-
sure waves are reflected proximally because of a mismatch in impedance.
In many cases, we would predict standing pressure waves by examin-
ing the model, where we know from the empirical data that no stand-
ing pressure waves truly exist. That is to say, the pressure along the
vessel will not show a steady pressure gradient as one might expect, but
a time varying pressure gradient that looks like periodic noise when one
plots pressure gradient versus distance along the axis of the vessel. In
fact, the vessels downstream of our model that make up the terminal
load also exhibit a capacitive effect.

It has been suggested that a terminal load for our model could be esti-
mated as a resistor in series with a second resistor parallel to a capac-
itor as shown in Fig. 10.2. For steady flow, or at very low frequencies,
the total load impedance is equal to the total load resistance, which in
this case is the sum of the two resistors. The total terminal resistance
RT is equal to RL1 plus RL2, the sum of the values of the two terminal
load resistors.

One method of estimating the capacitance of the load, CL, is by imped-
ance matching. For practical, biological systems, we would expect the
output impedance of our model to match the input impedance of the ter-
minal load, so that wave reflections are minimized. The ratio of RL1 and

RT 5
Pn

qn
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RL2, as well as the value for capacitance can be chosen to minimize wave
reflections and to match the behavior of empirical data as closely as
possible.

10.2.3 Summary of the lumped parameter
electrical analog model

Many scientists have used similar models to mimic blood flow and pres-
sure conditions in animal circulation as well as in the human circula-
tory system, with the goal of better understanding of the relationship
between the two.

For example, Bauernschmidt et al. (1999) simulated flow hemody-
namics during pulsatile extracorporeal perfusion. Control of perfusion
is achieved by surgeons, anesthesiologists, and perfusionists making real
time decisions. This leads to variations of the perfusion regimens
between different hospitals and between different surgical teams in the
same hospital. To develop a computer-controlled scheme for the inte-
grated control of extracorporeal circulation, they developed a mathe-
matical model for simulating hemodynamics during pulsatile perfusion.
The model was constructed in Matlab using Simulink. They divided the
human arterial tree into a 128 segment multibranch structure. Peripheral
branches were terminated by resistance terms representing smaller
arterioles and capillary beds. Bauernschmidt studied the effects of dif-
ferent perfusion regimens with differing amounts of flow and pulsatil-
ity and found the model to be useful for a realistic simulation of different
perfusion regimens.

In 2004, L. R. John developed a mathematical model of the human
arterial system based on an electrical transmission line analogy. The
authors concluded that quantitative variations of blood pressure and
flow waveforms along the arterial tree from their model followed clini-
cal trends.

10.3 Modeling of Flow through
the Mitral Valve

Assessment of ventricular function and quantification of valve stenosis
and mitral regurgitation are important in clinical practice as well as in
physiological research (Thomas and Weyman, 1989, 1991; Takeuchi et al.,
1991; Thomas et al., 1997; Scalia et al., 1997; Rich et al., 1999; Firstenberg
et al., 2001; DeMey et al., 2001; Garcia et al., 2001). Approximately
400,000 patients are diagnosed with congestive heart failure in the United
States each year. Elevated diastolic filling pressure in these patients
leads to the development of congestive heart failure symptoms (Jae et al.,
1997). Noninvasive assessment of diastolic function that does not require
the use of intracardiac pressure has been an important goal, and in recent
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Aortic 
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Ventricular 
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Artrial 
pressure

Early diastolic 
ventricular filling

Figure 10.3 A typical pressure waveform in the left atrium,
left ventricle, and aorta and the section that is marked shows
the period designated as early diastolic ventricular filling or 
E-wave filling.

years, Doppler electrocardiography has become the “diagnostic modality
of choice” (Garcia et al., 2001) to assess diastolic function.

The goal of the research that created this model was development and
validation of a mathematical model of flow through the mitral valve
during early diastolic ventricular filling (also sometimes referred to as
E-wave filling), as shown in Fig. 10.3. This model may be used to assess
diastolic left ventricular function based on Doppler velocity waveforms
and cardiac geometry.

A secondary goal of the project was to publish representative values
of important input parameters including effective mitral valve area,
transvalvular inertial length, blood viscosity, blood density, atrial com-
pliance, ventricular compliance, left ventricular active-relaxiation char-
acteristics, and initial pressure and flow values in the porcine model,
which might be of use to other scientists.

By comparing the computer model output values to the measured
pressure and flow rate data in pigs, parameters such as atrial com-
pliance, ventricular compliance, and effective area were estimated.
This is an inversion of the process used in some earlier papers in which
pressure and flow predictions proceed from impedance and compli-
ance data.

The model that was developed, which I will describe in this section,
calculates the flow and pressure relationships between the left atrium
and the left ventricle through the mitral valve during early ventricular
filling prior to atrial systole. I developed this model with the help of some
students and in collaboration with cardiac surgeons at the University
of Heidelberg Heart Surgery Laboratory. It was first published in the
European Journal of Cardiothoracic Surgery in September 2004.
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10.3.1 Model description

The model of early ventricular filling, or the E-wave portion of a single
heartbeat, begins at the time when pressures are equal in the atrium
and the ventricle, i.e., it begins from the instant of mitral valve open-
ing. The model then describes flow and pressures during ventricular fill-
ing up to the point of atrial systole. Figure 10.4 shows a schematic of
the atrium and ventricle with the mitral valve in-between. A fluid cylin-
der of length L is shown.

A system of three ordinary differential equations [Eqs. (10.11) to
(10.13)] describes the system. For the entire model, I will use the fol-
lowing representations:

Pa � left atrial pressure Pv � left ventricular pressure

q � instantaneous flow rate through Rv � viscous resistance
the mitral valve

Rc � convective resistance M � inertance term

Ca � atrial compliance Cv � ventricular compliance

A � mitral valve effective area

V � average velocity of blood through the mitral valve

Rv, Rc, M, Ca, Cv are described in greater detail in the text following.
The first differential equation describing flow rate through the mitral

valve is shown in Eq. (10.11).

(10.11)

In the electrical analog, pressures are analogous to voltages in the cir-
cuit diagram. Flows are analogous to currents. The convective resistance
term is analogous to a resistor, whose resistance is dependent on the cur-
rent, which flows through it. Convective resistance will be discussed in

dq
dt
5
sPa 2 Pv 2 Rvq 2 sgnsqdRcq

2d
M

1 V 
dA
dt

• •

Left atrium

Pulmonary 
vein

Left ventricle

PVPA

Mitral 
valve

�

Figure 10.4 A schematic of the left heart used to develop a mathe-
matical model of flow through the mitral valve. PA is atrial pressure
and PV is ventricular pressure.
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more detail in Sec. 10.3.3. The term V dA/dt represents the time rate of
change of flow rate due to the closing or opening of the mitral valve. If
the valve were held completely open, this term would be zero. Section
10.3.4 will describe, in greater detail, the variable-area mitral valve
that is used in this model.

The second differential equation is written as follows:

(10.12)

where Ca represents atrial compliance in m5/N The pressure
inside the atrium is related to its volume through atrial compliance. Ca =
d(volume)/dt. The volume is also related to flow rate. In one sense, the
flow intro the atrium determines its final volume and therefore the
final atrial pressure.

Similarly, the third equation describing the system is the equation for
change in ventricular pressure with time. The ventricular pressure is
similarly related to the ventricular volume and the ventricular compli-
ance, Cv. The change in pressure of the ventricle is also related to “active
relaxation.” The active relaxation term, resulting from ventricular geom-
etry, is described in more detail in Sec. 10.3.2.

(10.13)

In all three equations, q represent flow rate in m3/s, dq/dt represents
the time rate of change of flow rate in m3/s2, Pa represents left atrial pres-
sure in N/m2, Pv represents left ventricular pressure in N/m2, and M rep-
resents the inertance term, which is analogous to inductance in the
electrical circuit and has the units of kg/m4.

M in Eq. (10.14) can be calculated as

(10.14)

where r represents blood density in kg/m3, l represents the blood column
length through the mitral valve with units of meters, and A represents
the mitral valve effective area in m2.

Rv in Eq. (10.15) represents viscous resistance, which is analogous to
resistance in the electrical circuit  and has the units kg/m4s. Rv can be
calculated as

(10.15)

where m represents viscosity with units of Ns/m2.

Rv 5 8rlm/A2

M 5 rl/A

dPv

dt
5

q
Cv

 2active relaxation term

sm3/N/m2d.

dPa

dt
5
2q
Ca
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Rc represents convective resistance, which, in an electrical circuit
model, would be analogous to a resistor whose variable resistance is
dependent on current through the resistor, and has the units kg/m7.
Rc can be calculated as

(10.16)

10.3.2 Active ventricular relaxation

Another parameter affecting the final ventricular pressure during fill-
ing is active relaxation. To imagine active relaxation, think of an empty
plastic 1 L coke bottle. If you squeeze the bottle, the volume decreases,
forcing air out of the bottle. Now when you release the bottle because
of its geometry the bottle will expand, and if air is not allowed to flow
back into the bottle (place your hand over the entrance) the pressure
inside it will decrease below atmospheric. At the beginning of diastole,
the left ventricle expands in a similar way and we say that active ven-
tricular relaxation is present.

For the purpose of the model, active relaxation can be measured
empirically and included in the model as a term that decreases the pres-
sure in the ventricle. When active relaxation occurs, it looks like a step
change of pressure in a near critically damped system. Active relax-
ation parameters include a time constant for the pressure drop off and
also a ratio of the maximum atrial pressure (pressure just prior to active
relaxation) to minimum atrial pressure.

10.3.3 Meaning of convective resistance

To help understand the meaning of convective resistance, consider the
Bernoulli equation while neglecting viscous resistance. The transmi-
tral pressure drop, �P, is equal to 1/2 r V 2 where V is the transmitral
velocity. Rc represents the convective resistance or resistance to flow
associated with acceleration due to spatial changes rather than tem-
poral changes. Blood must speed up as it passes through the mitral
valve, because the valve acts like a nozzle on a garden hose. By using
a nozzle on a garden hose, you can increase the velocity of the water
as it exits the hose without increasing the pressure driving the water.
In the same way that water is speeded up when leaving a garden
hose using a nozzle, blood must be accelerated as it moves through the
mitral valve. That acceleration is the explanation for convective
resistance.

Rc 5 rl/A2
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10.3.4 Variable area mitral valve model
description

Previous lumped parameter models of diastolic filling modeled the mitral
valve as a cylinder of a fixed cross-sectional area and length (Thomas
and Weyman, 1989, 1992; Faschkampf et al., 1992; Waite et al., 2000).
Although, the valve opening is clearly not constant since the valve by
nature must open and close, it was possible to make a reasonable first
estimate of the flow through the valve by modeling it as instantaneously
100 percent open or 100 percent closed.

In the current version of the model, the valve is modeled with a time
varying mitral opening area. One piece of the lumped-parameter model
described earlier is a model of the intrinsic and extrinsic characteristics
of the valve itself, disregarding the heart chambers. We will call this por-
tion of the model the “variable-area mitral valve model.” A complete
description of the variable area mitral valve model that was used as a
part of this model can be seen in Franck and Waite (2002).

Using a systems approach, the mitral valve aperture can be viewed
abstractly as a mechanical system whose behavior is governed by intrin-
sic dynamics and the forces acting on it. The intrinsic dynamics of the
valve aperture are modeled by a second-order linear differential equa-
tion. This way of modeling takes into account the mass of the valve
cusps, the elasticity of the tissue, and the damping experienced by the
valve cusps while it also helps to keep the valve model simple. The
equation already contains two of the six parameters the valve model
uses: the damping coefficient D and the natural frequency of the mitral
valve v. D describes the amount of damping the valve cusps experi-
ence, which mainly depends on blood viscosity and the size of the cusps.
The natural frequency v takes into account the mass of the valve cusps
and the elasticity of the tissue.

(10.17)

The intrinsic dynamics of the forces acting on the valve, F(t), are rep-
resented by the following equation with the parameters explained later
in Sec. 10.3.5.

(10.18)

Equation (10.17) is a second-order, nonlinear differential equation.
The variable area A replaces all occurrences of the constant effective
mitral valve area in the earlier model.

Fstd 5 sAmax 2 Ad cKssPa 2 Pvd 1 KdsgnsV dV2
1 Ka 

dV
dt
d

1
v2 A

$
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2D
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.
1 A 5 Fstd
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10.3.5 Variable area mitral valve model
parameters

The equation for the variable area introduced six new parameters into
the model. 

Parameter1. Amax is the cross-sectional aperture of the mitral valve
when fully opened.

Parameter 2. The Greek character v represents the natural frequency
of the mitral valve in s�1. It is influenced by the mass of the valve cusps
and the modulus of elasticity of the tissue. 

Parameter 3. D represents the damping coefficient of the mitral valve.
The valve cusps have comparatively little mass, but have a large area
and they move in blood, a viscous fluid. Therefore, the system will pos-
sess significant damping (D>1). The viscosity of the blood and the
size of the valve cusps govern the magnitude of the damping coeffi-
cient. The damping coefficient has to be chosen so that no overshoot
occurs, i.e., the actual mitral valve area must never be greater than
the maximum area.

Parameters 4-6 Ks, Kd, and Ka: These “gain factors” represent the
sensitivity of the valve to static, dynamic, and acceleration-induced
pressure. Ks must be unitless, while Kd has the unit mass/volume
and Ka has the unit mass/area.

10.3.6 Solving the system of differential
equations

The model described here in Sec. 10.3 uses the Matlab command ode45
to solve the system of ordinary differential equations. The command
ode45 is based on an explicit Runge-Kutta formula, the Dormand-Prince
pair. It is a one-step solver. That means that when computing y at some
time step n, it needs only the solution at the immediately preceding time
point, y at time point (n � 1). Matlab recommends ode45 as the best func-
tion to apply as a “first try” for solving most initial value problems.

10.3.7 Model trials

The model was validated by collecting empirical data on pigs at the
University of Heidelberg, Heart Surgery Laboratory (Szabo et al., 2004).
When using a mathematical model with many parameters, it becomes
an important task to determine which parameters will be considered
inputs and which will be outputs. If we have 100 parameters in the
model, and 99 are considered inputs, and one is considered the output
of the model, we need to decide a priori which parameter is most impor-
tant to select.
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TABLE 10.1 List of the Various Parameter Values Used for Modeling the Six Porcine
Trails

1 2 3 4 5 6 Average

aa, cm�3 0.26 0.079 0.09 0.05 0.06 0.029 0.095
av, cm�3 0.17 0.22 0.21 0.12 0.12 0.16 0.17
l, cm 1.5 2 1.5 1.5 1.5 1.7 1.6
Ka, g/cm2 0.002 0.002 0.002 0.0005 0.001 0.001 0.0014
Kd, g/cm3 0.003 0.002 0.0015 0.0012 0.0003 0.0017 0.0016
Ks 0.007 0.002 0.0015 0.0001 0.0009 0.001 0.0021
Max valve 2 0.8 1.7 1.7 1.8 0.95 1.5
aperture, cm2

v, rad/s 30 30 30 30 30 25 29.2
D, g/s 10 10 10 10 10 5 9.2
MSV, cc 16.6 9.6 11.4 12.8 11.3 4.9 11.1
SSV, cc 10.0 10.1 10.5 14.1 11.6 8.8 10.9

Primary inputs to the model during the Heidelberg study were the
diastolic atrial and ventricular pressure curves, a parameter describing
left-ventricular active relaxation, mitral valve geometry, blood density,
and blood viscosity. For these trials, atrial and ventricular compliance
can also be considered model inputs. In other situations, it might be
useful to estimate the values for these parameters from the model. The
primary output of the model was calculated flow across the mitral valve.
The waveforms of experimental and calculated flow across the mitral
valve were compared to validate the model.

10.3.8 Results

Table 10.1 shows the various parameter values used for modeling the
six porcine trails. The numbers in column 3 represent the data used in
the trial shown in Fig. 10.5. In that figure, typical results measured in
trial 3 in a porcine model are shown. The figure shows that when the
atrial and ventricular pressures are correctly modeled and closely match
the experimentally measured pressures, the calculated flow of blood
through the mitral valve also matches the experimentally measured
value. This also means that the measured stroke volume also compares
closely to the stroke volume predicted by the model.

The following parameters were held constant in all simulations; time
duration of simulation � 0.137 s, integration step size � 0.0049 s, offset �
0 mmHG, m� 0.035 dyne s/cm2, r� 1 gm/cc. MSV denotes measured stroke
volume from data and SSV denotes simulation stroke volume, both have
units cubic centimeter.

Table 10.1 shows the MSV compared to the SSV. The data demonstrate
that flow through the mitral valve in the porcine model can be modeled
successfully with comparable stroke volumes. By matching flow and
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Figure 10.5 Pressures and flow curves from both model and porcine trials. LVP
denotes left ventricular pressure; LAP stands for left atrial pressure. The differ-
ent parameter values for this particular trial are listed in column 3 in Table 10.1.

pressure waveforms, it was possible to predict an unknown parameter
like atrial compliance.

10.4 Summary

Chapter 10 presents an introduction to lumped parameter models and
shows a few examples of their uses. Research that leads to a better
understanding of the cardiovascular system in humans is important, but
also problematic. In general, because of ethical considerations, it is not
possible to perform research on humans simply to gain a better under-
standing of how the body functions. Even if we are able to simulate
some aspects of human systems with animal research, that type of
research is very expensive and can even be wasteful, and inhumane in
the worst of cases. The development of mathematical models that can
noninvasively simulate important parameters in human systems is a
lofty goal and one that should be embraced.

On the other hand, without proper validation in appropriate animal
or human systems, these models are sometimes little better than edu-
cated guesses. Chapter 10 introduces a mathematical model of flow that
is based on equations similar to those of the transmission line equations
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in electrical engineering. Examples of published uses of similar models
are shown.

Finally, in Chap. 10, I present a more in depth overview of a lumped
parameter model of flow through the mitral valve. The model is based
on a system of nonlinear ordinary differential equations that are solved
in Matlab using the ode45 command. The chapter presents some typi-
cal results from a porcine model and shows some promising results from
that model.

Approximately 400,000 patients are diagnosed with congestive heart
failure in the United States each year. Elevated diastolic filling pressure
in these patients leads to the development of congestive heart failure
symptoms. Noninvasive assessment of diastolic function that does not
require the use of intracardiac pressure has been an important goal. In
recent years, Doppler electrocardiography has become the “diagnostic
modality of choice” to assess diastolic function. The goal of the model
described in Chap. 10 was development and validation of a mathemat-
ical model of flow through the mitral valve during early diastolic ven-
tricular filling (also sometimes referred to as E-wave filling), which
promises assessment of diastolic left ventricular function using nonin-
vasively collected Doppler waveforms.
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