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Preface

This book is based on notes for a master’s course given at Queen Mary, University
of London, in the 1998/9 session. Such courses in London are quite short, and the
course consisted essentially of the material in the first three chapters, together with
a two-hour lecture on connections with group theory. Chapter 5 is a considerably
expanded version of this.

For the course, the main sources were the books by Hopcroft and Ullman ([20]),
by Cohen ([4]), and by Epstein et al. ([7]). Some use was also made of a later book
by Hopcroft and Ullman ([21]). The ulterior motive in the first three chapters is
to give a rigorous proof that various notions of recursively enumerable language
are equivalent. Three such notions are considered. These are: generated by a type
0 grammar, recognised by a Turing machine (deterministic or not) and defined by
means of a Godel numbering, having defined “recursively enumerable” for sets of
natural numbers. It is hoped that this has been achieved without too many argu-
ments using complicated notation. This is a problem with the entire subject, and it
is important to understand the idea of the proof, which is often quite simple. Two
particular places that are heavy going are the proof at the end of Chapter 1 that a
language recognised by a Turing machine is type 0, and the proof in Chapter 2 that
a Turing machine computable function is partial recursive.

Chapter 1 begins by discussing grammars and the Chomsky hierarchy, then the
notion of machine recognition. It is shown that the class of regular languages co-
incides with the class recognised by a finite state automaton, whether or not we
restrict to deterministic machines, and whether or not blank squares are allowed
on the tape. There is also a discussion of Turing machines and the languages they
recognise, including the result mentioned above, that a language recognised by a
Turing machine is type 0. There are also further characterisations of regular lan-
guages, including Kleene’s theorem that they are precisely the rational languages.
The chapter ends with a brief discussion of machine recognition of context-sensitive
languages, which was not included in the course.

Chapter 2 is about computable functions, and begins with a standard discussion
of primitive recursive, recursive and partial recursive functions, and of primitive re-
cursive and recursive predicates. Then various precise notions of computability are
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considered. These are: computation by register programs, by abacus machines and
by Turing machines. In all cases, it is shown that the computable functions are pre-
cisely the partial recursive functions. The account follows [4], except that modular
machines are not used. This entails giving a direct proof that Turing machine com-
putable implies partial recursive. As mentioned above, this is heavy going, although
briefer than if the theory of modular machines had been developed. To ease matters,
the proof of a technical lemma has been placed in an appendix.

Chapter 3 begins with an account of recursively enumerable sets of natural num-
bers. Recursively enumerable languages are defined by means of Godel numberings,
and we then proceed to the proof of the main result, previously mentioned, charac-
terising recursively enumerable languages. The comments on complexity at the end
of the chapter were not included in the course, and are intended for use in Chapter 5.

Chapter 4 is about context-free languages and is material not included in the
course. It is considerably heavier going than the previous three chapters. Much of
the material follows the books of Hopcroft and Ullman, including their more recent
one with Motwani ([22]). Some of the results are needed in Chapter 5. However,
the ulterior motive for this chapter is to clarify the relationship between LR (k) lan-
guages and deterministic (context-free) languages. Neither [20] nor [21] seems to
give a complete account of this.

Chapter 5 is on connections with group theory, which is a subject of great inter-
est to the author, and a primary motivation for studying formal language theory. It
begins with the author’s philosophical musings on the idea of a group presentation,
which are quite elementary. There is a brief discussion of free groups, free products
and HNN-extensions. Most of the rest of the chapter is devoted to the word problem
for groups. We prove Anisimov’s theorem that a group has regular word problem if,
and only if, it is finite. The highlight is a reasonably self-contained account of the
result of Muller and Schupp. This says that a group has context-free word problem
if and only if it is free by finite. It makes use of Dunwoody’s result that a finitely
presented group is accessible. To give a proof of this would have been too great
a digression. A discussion of groups with word problem in other language classes
is also given. The chapter ends with a brief discussion of (synchronous) automatic
groups, including a proof of the characterisation by means of the fellow traveller
property.

Expanding the lectures has given Chapter 5 a theme, which is the interplay be-
tween group theory, geometry (specifically, the Cayley graph) and formal language
theory. It seems likely that there is a lot more to be said on this subject.

The proofs of several results have been placed in Appendix A, usually to improve
the flow of the main text. In some cases, these were given as handouts to the class.
Appendices B and C were also handouts, although Appendix B has been expanded
to include a brief discussion of universal Turing machines. Appendix D contains
solutions to selected exercises. A complete solutions manual, password protected,
is available to instructors via the Springer website. To apply for a password, visit the
book webpage at www.springer.com or email textbooks @ springer.com. The number
of exercises is fairly small, and they vary in difficulty; some of them can be used as
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templates for similar exercises (only the exercises in Chapters 1 and 2 were actually
used in the course).

The impetus for the development of formal language theory comes from com-
puter science, and as already noted, it can be at times quite complicated. Despite
this, it is an elegant part of pure mathematics. The book is written by a mathemati-
cian and intended for mathematicians. Nevertheless, it is hoped it may be of some
interest to computer scientists.

The book can be viewed only as an introduction to the subject (the audience
consisted of graduate students in mathematics). For further reading on formal lan-
guages, see, for example, [33] and [34].

The prerequisite for understanding the book is some exposure to abstract math-
ematics, including an understanding of some basic ideas, such as mapping, Carte-
sian product and equivalence relation (note that “mapping” and “function” mean
the same thing throughout the book). At various points the reader is assumed to
be familiar with the combinatorial idea of a graph. This includes both directed and
undirected graphs and the idea of a tree. Generally, vertices of a graph are denoted
by circles or dots, but in the case of parsing trees (Chapter 4) they are indicated only
by their labels. Of course, in Chapter 5, some knowledge of basic group theory is
assumed. Also, the reader needs to know at least the definition of a semigroup and
a monoid. No advanced mathematical knowledge is needed.

Concerning notation, words in a formal language are elements of a Cartesian
product A", where n is an integer, and in this context are usually written without
commas and parentheses. In other cases where Cartesian products are involved, for
example the transitions of a machine or the definition of grammars and machines,
commas and parentheses are used. The exception is in writing the transitions of a
Turing machine, in order to conform with what appears to be the usual practice. Our
definitions of grammars and machines are quite formal. This seems the best way
to proceed, although it has gone out of fashion when defining basic mathematical
objects (such as a group). As usual, R denotes the set of real numbers, QQ the set of
rational numbers, Z the set of integers and N the set of natural numbers, which in
this book means {0, 1,2,...}.

The author thanks Sarah Rees, Claas Rover and Richard Thomas for their helpful
conversations and email messages. In particular, several of the arguments in Chapter
5 were suggested by Richard Thomas. He also warmly thanks Daniel Cohen for his
very useful and perceptive comments on the manuscript.

A list of errata will be available on the book webpage at www.springer.com.

Queen Mary, University of London lan Chiswell
School of Mathematical Sciences
June 2008
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Chapter 1
Grammars and Machine Recognition

By alanguage we have in mind a written language. Such a language, whether natural
or a programming language, has an alphabet, and words are formed by writing
strings of letters in the alphabet. (In the case of some natural languages, the alphabet
for this purpose may not be what is normally described as the alphabet.) However,
to develop a mathematical theory, we need precise definitions of these ideas. An
alphabet consists of a number of letters, which are written in a certain way. However,
the letters are not physical entities, but abstract concepts. If one writes “a” twice,
the two copies will not look identical, but one hopes they are sufficiently close to be
recognised as representing the abstract concept of the first letter of the alphabet.

To the pure mathematician, this presents no problem. An alphabet is just a set.
The words are then just finite sequences of elements of the alphabet. Allowing such
a wide-ranging definition will turn out to be very convenient. The alphabet can even
be infinite, although in this book it is usually finite. (The exceptions are in the de-
finition of abacus machines in Chap. 2, and the discussion of free products and
HNN-extensions in Chap. 5.)

Thus, let A be a set and let A” be the set of all finite sequences a; ...a,, with
a; € A for 1 <i <m. Elements of A are called letters or symbols, and elements of
A™ are called words or strings over A of length m.

Note: 1 is a natural number; A” = {e}, where € is the empty word having no letters,

and A! can be identified with A. The set A” (m > 2) can be identified with the

Cartesian product A X A X ... x A, but its elements are written without the usual
~—————

m copies
commas and parentheses.

Definition. PutA™ = |J A", A* = |J A" =ATU{e}.

m>1 m>0
Ifa=ay...am, p=0by...b, € A", define aff tobe ay ...anb; ...b, (an element
of A™*")_ This gives a binary operation on A* (and on A™) called concatenation. It
is associative: a(By) = (af)y and o.e = et = . Thus A* is a semigroup (the free

semigroup on A) and A* is a monoid (the free monoid on A). Denote the length of a
word o by |o|. As usual, we can define ", where n € N, by: a° = ¢, o' = o ax.

1. Chiswell, A Course in Formal Languages, Automata and Groups, 1
DOI 10.1007/978-1-84800-940-0_1,
© Springer-Verlag London Limited 2009



2 1 Grammars and Machine Recognition

If « is a word over an alphabet A, a subword of « is a word Y € A* such that
o = Byd for some fB, § € A*. If a = By, then B is called a prefix of & and ¥ is
called a suffix of «.

Definition. A language with alphabet A is a subset of A*.

We shall consider languages defined in a particular way, using what is called a
rewriting system. This is essentially a set of rules, each of which allows some string
u, whenever it occurs in a word, to be replaced by another string v. Such a rule is
specified by the ordered pair (u,v), leading to the following formal definitions.

Definition. A rewriting system on A is a subset of A* x A*.

If R is a rewriting system and (¢, ) € R, then for any u, v € A*, we say that uay
rewrites to uf3v. Elements of R are written as &« — f3 rather than (a, f3).

Definition. For u, v € A*, u —v means there is a finite sequence u =uj,...,u, =V
of elements of A* such that u; rewrites to u; for 1 <i <n— 1. Such a sequence is
called an R-derivation of v from u. (Write u %v if necessary.)

Definition. A grammar is a quadruple (Vy,Vr,P,S) where

(1) Vy, Vr are disjoint finite sets (the set of non-terminal and terminal symbols
respectively).

(2) S € Vi (the start symbol).

(3) P is afinite rewriting system on Vy U V7.

(Elements of P are called productions in this context.)

Definition. The language L generated by G is
Lo={weV;|S—w}
(a language with alphabet V7).

Definition. A production is context-free if it has the form A — ¢, where A € Vy
and o € (VyUVy)™. It is context-sensitive if it has the form Ay — Boay, where
AeVy, o, B,ye (VwUVp)*, a+#e.

The reason for the names is that in using a context-free production A— « in a
derivation, A can be replaced in a word by the word o regardless of the context
(the strings of letters that appear to the left and right of A in the word). With a
context-sensitive production Ay — By, whether or not it can be used to replace
A by vy depends on the context (8 must occur to the left, and ¥ to the right of A in the
word). Note, however, that § =y = € is allowed in the definition of context-sensitive
production, so context-free productions are context-sensitive.

The Chomsky hierarchy. This is a sequence of four classes of grammars (and cor-
responding classes of languages), each contained in the next.

A grammar G as defined above is said to be of fype 0. It is of type 1 if all
productions have the form o — B with |et| < |B].
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Note. It can be shown that, if G is of type 1, then L = L for some context-
sensitive grammar G, that is, a grammar in which all productions are context-
sensitive, in the sense above. See Lemma A.2 in Appendix A.

A grammar G is of type 2 (or context-free) if all productions are context-free. It is
of type 3 (or regular) if all productions have the form A — aB or A— a, where A,
BeVyandae Vy.

Alanguage L is of type n if L = L for some grammar G of type n (0 <n < 3). We
also use regular, context-free and context-sensitive to describe languages of types 3,
2 and 1, respectively.

The idea of a context-free grammar was introduced by Chomsky as a possible
way of describing natural languages. Although they have not proved successful in
this, context-free languages have turned out to be important in describing program-
ming languages. The first such descriptions were for FORTRAN by Backus [1], and
ALGOL by Naur [28]. Indeed, context-free grammars are sometimes called Backus-
Naur form grammars. For an example of a modern language (HTML) described by
a context-free language, see [22, §5.3.3].

Context-free languages are important in the design of compilers, in particular the
design of parsers. For a discussion of the uses of context-free languages, we refer to
[22, §5.3].

Examples. It is left to the reader to prove that Lg is as claimed. This is easy in
Examples (1)-(4); Example (5) is discussed in [20, Example 2.2].

(1) Let G = ({S},{0},P,S) where P consists of
§—0, S—08S.

Then Lg = {0" | n > 1} = {0} (a type 3 language).
(2) Let G=({S,A},{0,1},P,S) where P consists of

S—0S, S—A, A—1A, A—1.

Then Lg = {0"1" | m >0, n > 1} (also type 3).
(3) Let G = ({S},{0,1},P,S) where P consists of

§—0S1, S—01.

Then Lg = {0"1" | n > 1} (a type 2 language).
4) Let G = ({S,A},{a,b,c},P,S) where P contains

S—Sc¢, S—A, A—aAb, A—ab.

Then Lg = {a"b"c" |n > 1, i > 0} (also type 2).
(5) Let G = ({S,B,C},{a,b,c},P,S) where P is
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S — aSBC

S — aBC
CB — BC
aB — ab
bB — bb
bC — bc

cC — cc

Then Lg = {a"b"c" | n > 1} (type 1).

The Empty Word. If L is a type n language (1 < n < 3), it is easy to see that € & L.
However, it is useful to view LU {€} as also a language of type n. To do this, we
make the following convention:

S — ¢ is allowed as a production for type n grammars (1 < n < 3), provided S does
not occur on the right-hand side of any production.

To see that this works, we need to prove the following lemma.

Lemma 1.1. [f L is a type n language (1 < n < 3), then L = Lg, for some grammar
G1 of type n, whose start symbol S| does not occur on the right-hand side of any
production of Gy.

Proof. Let L = Lg, where G = (Vy,Vr,P,S) is a type n grammar. Let S| be a letter
not in Vy UVy and put Gy = (VwU{S:},Vr,P1,S1), where

P =PU{S;—a|S—aisinP}.

Then G is of type n and S| does not occur on the right-hand side of any production
of G1 .

Suppose S % w, so there is a P-derivation S = uy,...,u, =w, s0 S —su> isin P,
hence S; — up is in Py; also, P C Py, so Sy, up,...,u, = wis a Py-derivation. Hence
Sl SN w.

P
Conversely, suppose S} —>wand let S; = uy,us,...,u, = w be a P-derivation.
Py
Then S1 —uy isin Py, so S— uy is in P, and S| does not occur in uy, ..., u, since
it does not occur in the right-hand side of a production in P;. Hence S,us, ..., u, is
a P-derivation, so S ——w. Thus L = Lg, . O
P

‘We can now show that our convention works.
Corollary 1.2. If Lis of type n (1 <n < 3), then LU{€} and L\ {€} are of type n.

Proof. By Lemma 1.1, L = Lg where G is some grammar of type n whose start
symbol S does not occur on the right-hand side of any production of G. Adding
S —— € to the set of productions gives a grammar of type n generating LU {&}, since
the only derivation using S—¢€ is S,€. If € € Lg, the set P of productions must
contain § — €. Removing this from P gives a type n grammar generating L\ {€}.
O
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Machine Recognition. We consider imaginary machines which have (at least) a
read head which can read a tape. The tape is divided into squares on which are writ-
ten letters from an alphabet, and the head can scan a single square. Depending on the
letter scanned and other things, the machine can move to an adjacent square and in
some cases, alter the letter scanned. When started with a string on the tape, the ma-
chine either accepts or rejects the string in some manner. The language recognised

by the machine is the set of strings which it accepts.

Associated to each type in the Chomsky hierarchy is a class of machines, such
that a language is recognised by a machine in the class if and only if it is defined by
a grammar of the appropriate type. The classes of machines involved are listed in

the following table.

Language type Recognised by a
0 Turing machine
1 linear bounded automaton
2 non-deterministic pushdown stack automaton
finite state automaton

In this chapter we shall only look at the machines involved with type 0 and type

3 grammars, beginning with type 3.

Finite State Automata

Definition. A finite state automaton (which will always be abbreviated to FSA) is

a quintuple M = (Q,F,A, T,q0), where

(1) Qis a finite set (the set of states).
(2) F is a subset of Q (the set of final states).

(3) A is afinite set (the alphabet).

(4) T C QO xA X Q (the set of transitions).

(5) qo € Q (the initial state).

ai

az

An

Figure 1.1
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The idea is that M has a read head scanning a tape divided into squares, each of
which has a symbol from A printed on it. There is no restriction on the length of
the tape. Further, M scans one square at a time, and is in one of a finite number of
states (represented by the elements of Q). If M is in state ¢, reading a on the tape,
and (gq,a,q') € T, then M can change to state ¢’ and move the tape one square to the
left (equivalently, move the head one square to the right).

Definition. A computation of M is a sequence qo,a1,q1,a2,42,- - -,an, gy (With n >
0) where (g;—1,a;,q;) € Tfor 1 <i<n.
The label on the computation is a; .. .a,. The computation is successful if g, € F.

(The idea is that M successively reads ay,...,a, on the tape, passing through the
states qo,q1,- - -,qn as it does so.)

A string aj ...ay, is accepted by M if there is a successful computation with label
ay...dy.

Definition. The language recognised by M is
L(M)={we A" | wis accepted by M}.

Transition Diagram. The transition diagram of a FSA is a directed graph, with ver-
tex set Q, the set of states, and an edge for each transition. The edge corresponding
to (¢,a,q') € T runs from g to ¢, and has label a. Also, some vertices are labelled;
the initial state gq is labelled with “—" and every final state is labelled with “+”. It
is drawn by enlarging the circles representing the vertices and writing their labels
inside the circles.

Note that there is a one-to-one correspondence

computations of M «— paths in the graph starting at g

If go,e1,q1,---,en,qy is a path, replace each edge ¢; by its label to get the corre-
sponding computation.)

A FSA can be specified by its transition diagram. A finite directed graph with
edge labels from a set A is the transition diagram of a FSA provided: if ¢, ¢’ are
vertices and a € A, no more than one edge from ¢ to ¢’ has label a, exactly one
vertex is labelled “—” and some (possibly no) vertices are labelled “+”.

Note. The label on the computation gy is €, so € € L(M) if and only if go € F. In
this case, £ is drawn in the circle representing g.

Examples. In these examples, it is left to the reader to show that the language recog-
nised is as claimed.

(1) Let the alphabet A have a single letter, say A = {a}, and let the transition dia-
gram be

a
O— =6
a

Figure 1.2
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If M is the corresponding FSA, L(M) = {a*""! |[n=0,1,2,...}.
(2) LetA ={a,b}, with M the FSA defined by the transition diagram

b

Figure 1.3

Then L(M) = {ab" | n € N}U{bda" | n € N}.

(3) Let A be any finite set, with the transition diagram having no edges and one
vertex, which is a final state:

®
then L(M) = {e}.

(4) Again let A be any finite set, and suppose a1, ...,a, € A, with transition diagram

ap

OO0 .. OO0

Then L(M) = {a, ...a,}. Note that (3) can be viewed as the case n = 0 of (4).

It is possible to have two transitions (¢,a,q’) and (g,a,q") with ¢’ # ¢” (more than
one edge leaving g with the same label). Then if the FSA is in state ¢ reading a, it
can enter either state ¢ or state ¢’ (or possibly other states). This is not a problem
with our definition of a computation, although if we imagine a machine actually
running a computation, it would need some means of deciding which state to move
to.

Also, given state g and a in the alphabet A, there may be no transition of the form
(g,a,q), so if the FSA is in state g reading a, it grinds to a halt.

Definition. A FSA is deterministic if for all g € Q, a € A, there is exactly one ¢’ € Q
such that (¢,a,q') € 1.

If M is deterministic, we denote the unique such ¢’ by 6(g,a), thereby defining a
function & : Q X A — Q, called the transition function of M.
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We extend 6 to a mapping Q X A* — Q recursively by

6(q,€) = ¢
0(q,wa) = 6(6(q,w),a) forwe A", acA.

The idea is that if M is in state g and successively reads the letters of w on the
tape, it will be in state 8(q,w). Thus if go,a1,q1,a2,...,a,,g, 1S a computation,
then g, = 8(qo,a; ...ay) (this is easily proved by induction on n). Consequently,
L(M)={w€A*|5(qy,w) EF}.

In defining 6(g, €) = ¢, we are making the convention that, if the tape is blank,
M does not change state. However, we can take a different point of view, that blank
squares are allowed even if the tape is not blank, and M can change state when a
blank square is read.

Definition. A generalised FSA M is one in which triples of the form (q,€,q’) are
allowed as transitions (so T C O x (AU{e}) x O and € is allowed as a label on edges
of the transition diagram). The language L(M) is defined as before. (Note, however,
thatifa; =¢€,ay...a,=ay...ai_1a;11...ay.)

We show that, whatever notion of FSA is used, the class of languages recognised is
the same.

Proposition 1.3. Let L be a language with alphabet A. The following are equivalent:

(1) L is recognised by a deterministic FSA.
(2) L is recognised by a FSA.
(3) L is recognised by a generalised FSA.

Proof. Clearly (1) = (2) = (3), and we show (3) = (1). Suppose L is recognised
by a generalised FSA M = (Q,F,A, T,qo). If X C Q, let X be the set of all possible
endpoints of paths in the transition diagram for M starting at a vertex of X and such
that the label on all edges of the path is €. Note that X C X and X = X.

Define a deterministic FSA M' = (Q',F',A, 7, q;)) as follows.
Put Q' = the set of all subsets X of Q such that X =X

0(X,a) = {all endpoints of edges labelled @ which start at a vertex of X }

(s0o7T ={(X,a,6(X,a)) | X €Q, acA}),
qp={qo} and F'={X e Q' |geX forsomeqg e F}.
It is left as an exercise to show that L(M') = L(M) = L. O

Definition. If (1)-(3) in Prop. 1.3 are satisfied, we say that L is recognised by a
FSA.

We can now establish the relationship between FSA’s and regular languages men-
tioned previously.
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Theorem 1.4. For a language L, the following are equivalent:

(1) L is a type 3 (regular) language.
(2) L is recognised by a FSA.

Proof. (1) = (2). Let L = Lg where G = (Vy,Vr,P,S) is a type 3 grammar. Define
aFSAM = (VyU{X},F,Vr,t,S) (where X is a new letter not in Vy UVr) by

o J{8X) ifs—eisinp
l{xy otherwise

and T = {(B,a,C) | B—aCisin P} U{(B,a,X) | B—aisin P (and a # €)}.
We show Lg = L(M). Suppose u = aj...a, € Lg (n > 1), so there is a P-
derivation
S,alAl,alagAz,...,al...an,lAn,l,al...an

Then (S,al,A1)7(A17a2,A2),.. -,(An—27an—17An—1); (An_ha,,,X) are in T, so
SaalvAlvaZaA27 . 'Anflvanvx

is a successful computation of M, hence u € L(M). If € € Lg then S € F, so € €
L(M). Thus Lg C L(M).
To show the reverse inclusion, suppose u = aj ...a, € L(M) (n > 1), so there is
a computation
S.a1,Ay,a3,A2,... Ay_1,a,,X

of M (if S— € € P, S does not appear on the right-hand side of any production, so
it can’t end with A,,_1,a,,S). Then P contains

S—al1Ay,...,Ap 2 —ay_1A,_1,Ay—1 —ay

(because X does not occur in any production). Hence S —ay ...a, =u.If € € L(M)
then S € F,s0 S— € € P, hence € € Lg. Thus Lg = L(M).

(2) = (1). Suppose L = L(M) where M = (Q, F,A, ,qo) is a deterministic FSA.
We can assume QNA = 0. Put G = (Q,A, P,q), where

P={B—aC| (B,a,C) e t}U{B—a | (B,a,C)ctand C € F}.

Then for u € A*, u # €, S—u if and only if u € L(M), by a similar argument, left
to the reader. If go € F, then € € L(M) and L(M) = LgU{e}, otherwise L(M) = L.
By Cor. 1.2, L(M) is regular. O

Remark 1.1. The alert reader will have noticed a lack of symmetry in the definition
of a regular grammar, which can now be resolved. We can define a left regular
grammar to be one in which all productions are of the form A — Ba or A—a,
where A, B € Vy and a € Vr. Now if w =a;...a, is a word in some alphabet, we
define its reversal wX to be a, ... .a1. If L is a language, we define LR = {w® | w € L}.
If G is aregular grammar generating L, and all productions A — aB are replaced by
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A — Ba, we obtain a left regular grammar generating L. Similarly, if a left regular
grammar generates a language L, we obtain a regular grammar generating LK.

We claim that a language L is regular if and only if LF is. Since (LF)R =L, it
follows that a language is regular if and only if it is generated by a left regular
grammar. Again since (LX)R = L, it suffices to show that, if L is regular, then so
is LR. To see this, take a FSA recognising L, and modify its transition diagram as
follows. Reverse the direction of all edges and make the initial state the only final
state. Add a new initial state, and add an edge from it to each of the original final
states, with label €. This is the transition diagram of a generalised FSA recognising
LR (See also Remark 4.4.)

One can also ask what happens if productions of the form A — aB and A — Ba
are both allowed. This leads to a class known as linear languages (see Exercises 4—6
in Chapter 4).

Rational Operations on Languages. Let L, L, L, be languages with alphabet A.
The following are also languages with alphabet A.

(1) L*; strictly, this is a language with alphabet L, but a finite sequence u; . .. uy,
u; € L, can be viewed as the concatenation of the words u, ..., u,,, so an element
of A*. (Algebraically, L* is the submonoid of A* generated by L.)

) LiL,={uv |u€e€lL,veL}.

(3) LiULy, LiNLy and L = A*\ L.

The language LiL, is called the product of L; and L, and the operation which
associates L* to L is called Kleene star.

Lemma 1.5. Let L, Ly and L, be languages.

(1) If L is finite, it is regular.

(2) If L is regular then L* is regular.

(3) If Ly and L, are regular then Ly UL, is regular.
(4) If Ly and Ly are regular then LiL; is regular.
(5) If L is regular then L¢ is regular.

(6) If Ly and Ly are regular then Ly N Ly is regular.

Proof. (1) From earlier examples, a language with just one word is recognised by a
FSA, so is regular by Theorem 1.4. Thus (1) follows from (3).

(2) If L is regular, L = L(M) for some FSA M by Theorem 1.4. Let M’ be the (gen-
eralised) FSA obtained from M by making the following changes to the transition
diagram.

(i) Adding anew vertex, which is to be the only final state of M’, and adding edges
from each old final state of M to the new vertex, all with label €.
(ii) Adding another new vertex, which is to be the initial state of M’, and adding an
edge with label € from the new vertex to the old initial state of M.
(iii) Adding an edge from the new final state to the new initial state of M’, and an
edge in the opposite direction from the initial state to the final state, both with
label &.
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This is illustrated by:

O‘\f\

€

T oo | />/ ©
@) €

old initial | Told final

state of M states of M

[

Figure 1.4

It is easy to see that L* = L(M'), so L* is recognised by a FSA, hence is regular
by Theorem 1.4.

(3) By Theorem 1.4, L; = L(M;) for i = 1, 2, where M; is a FSA, and we can assume
that M; and M, have no states in common. We construct a new FSA, whose tran-
sition diagram is the union of the transition diagrams for M| and M, modified as
follows. There is one extra vertex as initial state and two extra edges from this new
vertex to the initial states of M| and M, having label €. The final states are those of
M, and M,.

D
o m
£ D
©
£ &S
O M :
D

T old initial states of M| and M,
Figure 1.5

Clearly the new FSA recognises Lj U L.

(4) Let L; = L(M;) as in the previous part. We obtain a FSA recognising L;L, by
connecting the transition diagrams “in series”, as illustrated in the diagram below.

O ?
ol —% | &

old final states of M; | Told initial state of M,

© M,

Figure 1.6
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Thus, we take the union of the transition diagrams of M| and M,, with new edges
from the final states of M to the initial state of M5, all with label €. The new initial
state is that of My, and the final states are those of M>.

(5) If L is regular, we can write L = L(M), where M = (Q,F,A,T,qo) is de-
terministic, using Prop. 1.3 and Theorem 1.4. Then L¢ = L(M'), where M’ =
(Q,0\ F,A,t,q0). (For w € A%, there is exactly one path in the transition diagram
of M, starting at go and with label w.)

(6) This follows from (3) and (5) by the de Morgan law: L; N L, = (L{ULS)¢. O

The rational operations on languages are union, product and Kleene star. Let &
be a collection of languages with alphabet A. Call . rationally closed if, for all
languages L, L and L, with alphabet A,

(1) if Lis finite, then L € .&Z;

2) if Le L then L* € .Z,

B) ifLy, L, € £, then LiUL, € ¥,
@) ifLy, L, € &, then LiL, € L.

There is a smallest rationally closed collection, namely the intersection of all such
collections ., which will be denoted by Z. A language L is called rational if L € %.

Theorem 1.6. (Kleene) A language is rational if and only if it is regular.

Proof. By Lemma 1.5, the class of regular languages on an alphabet A is rationally
closed, and so contains Z. That is, a rational language is regular.

Conversely, suppose L is regular, so L = L(M) for some FSA M = (Q,F,A,T,qo),
by Theorem 1.4.

Ifg,e1,q1,...Gn-1,¢€n, ¢ is a path in the transition diagram of M, the intermediate
states of the path are defined to be g1,...,¢,_1. Forq,q' € 0, X C Q, let

L(q,q',X) = the set of all labels on paths from g to ¢ for which all
intermediate states of the path belong to X.

We prove by induction on the number of elements of X that L(q,q',X) € %.
If X =0,letey,..., e, be the edges starting at ¢, ending at ¢, with labels ay, . .., a,
{ar,...,a;}  ifqg#q

respectively. Then L(gq,q',X) = { i
{e,a1,...,a,} ifqg=¢q

is finite, so belongs to Z.
If X # 0, choose x € X, and define

L= L(Qaq/’x\{x})v L, = L(anvx\{x})
Ly = L(X,X,X\{X}) Ly= L(x,q',X\{x}).

By induction, L; € Z for 1 <i < 4. Since & is rationally closed, L(q,¢',X) = L1 U
(LoL5Ls) € Z, completing the induction. Finally, L(M) = U L(q0,¢,0) € Z. 0O
qeF
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Thus, although complement and intersection are not used in defining the set of
rational languages, it turns out that the set of rational languages is closed under these
operations, by Lemma 1.5 and Theorem 1.6.

Next, we shall prove some results on regular languages which are useful in de-
ciding if specific languages are regular, beginning with a characterisation by certain
equivalence relations.

Definition. The index of an equivalence relation is the number of sets in the corre-
sponding partition.
Definition. An equivalence relation on A* (A being any set) is right invariant if, for
all x, y € A*, xRy implies that for all z € A*, xzRyz.
If L is a language with alphabet A, we can define a binary relation R;, on A* by: xRy
if and only if xz(xz) = x1(vz) for all z € A*, where Yy, is the characteristic function
1 ifwel
0 ifweA"\L
Then Ry is a right-invariant equivalence relation.

of L, that is, xz.(w) =

Theorem 1.7. (Myhill-Nerode) For a language with alphabet A, the following are
equivalent.

(1) L is recognised by a FSA.

(2) L is the union of some of the equivalence classes of a right-invariant equiva-
lence relation of finite index on A*.

(3) Ry is of finite index.

Proof. (1) = (2) Suppose L is recognised by M = (Q,F,A,7,qo), a deterministic
FSA. Let the transition function be 8. Define xRy to mean §(qo,x) = 8(qo,y), for
x, y € A*. This is an equivalence relation of finite index on A* (the index is at most
the number of states of M, since J(qo,x) € Q). By induction on |z| (where z is as in
the definition of right-invariant), R is right-invariant. Finally, L is the union of those
equivalence classes containing an element x such that §(gp,x) € F.

(2) = (3) Let L be the union of some of the equivalence classes of R, a right-
invariant equivalence relation of finite index on A*. Then xRy implies xR, y. For if
XRy, then xzRyz for all z € A*, hence xz € Lif and only if yz € L, i.e. xRy y. Hence Ry,
has finite index (each R-equivalence class is contained in an Ry -equivalence class).

(3) = (1) Assume Ry is of finite index. Let Q be the finite set of equivalence classes
of Ry, and denote the equivalence class of x by [x]. Put 6([x],a) = [xa] for a € A
(this is well-defined), go = [€] and F = {[x] | x € L} to define a deterministic FSA
M which recognises L (because 6(qo,y) = [y] for y € A*, by induction on [y|). O

Example. In Example (3), p.3, we saw that L = {0"1" | n > 0} is type 2, but it is not
type 3 (regular). Otherwise Ry, has finite index, so 0"R.0" for some m, n > 0 with
m # n. But then 0"1"R0"1", a contradiction since 0"1" ¢ L and 0"1" € L.

The next result can also be used to show L is not regular, and is another useful
criterion. If v is a subword of a word w € L, where L is a language, then we say that
v can be “pumped” if replacing v in w by V', for any i € N, results in a word in L.
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Lemma 1.8. (The Pumping Lemma) Let L be a regular language. There is an in-
teger p > 0 such that any word x € L with |x| > p is of the form x = uvw, where
[v| >0, |uv| < p and uv'w € L for all i > 0.

Proof. Let p be the number of states in a FSA recognising L, and let the FSA have
initial state gg. An accepted word x = a; ...a, is the label on a path in the transition
diagram, starting at go and ending at a final state, say qo,e1,4q1,---.,€n,qn. There are
n+ 1 occurrences of states in this sequence, so if n > p, there must be integers r < s
such that g, = g5. Choose s as small as possible subject to this. Now putu =aj .. .ay,

V=dpi]...ds, W= dgy]...dp, s0 |v| > 0. The vertices qo,...,qs—1 are distinct, by
minimality of s, hence |uv| = s < p. Also, gr,€r11,qrt1,---,€5,qs 1s a closed path,
so can be repeated i > 0 times in the original path, to give a path from gg to g, with
label uv'w. (When i = 0, the path is go,e1,....Gr €51, Gst1s---+Gn.) O

There is also a pumping lemma for type 2 (context-free) languages, which is
stated here to illustrate its use. Its proof is deferred until later (after Theorem 4.10).

Lemma 1.9. Let L be a context-free language. Then there is an integer p > 0, de-
pending only on L, such that, if z € L and |z| > p, then z can be written as z = uvwxy,
where |vwx| < p, v and x are not both € and for every i > 0, uv'wx'y € L.

Example. From an earlier example, {a"b"c" | n > 0} is type 1, but it is not of type 2
(context-free). For otherwise, Lemma 1.9 applies to z = a"b"¢" for sufficiently large
n, but no choices of v, x give uv'wx'y € L for all i > 0.

Thus there are strict inclusions of classes of languages:
{regular languages} G {context-free languages} & {context-sensitive languages} .

Eventually (see the note preceding Theorem 3.12), we shall show there is a type 0
language which is not type 1, so the inclusions in the Chomsky hierarchy of lan-
guages are all strict.

Although the class of regular languages is the most restricted class we have con-
sidered, regular languages are nevertheless important in computer science. We refer
to [21, §2.8] and [22, §3.3] for a discussion of their uses, including lexical analy-
sers and searching for strings. This involves another way of describing rational lan-
guages, by means of “rational expressions”.

The ideas of rational expression, rational language and recognition by a FSA
can be generalised, and there are notions of rational and recognisable subset of a
monoid, leading to the idea of star height of a monoid. For a discussion of this, see
[14] and [31]. The idea of an automaton over a subset A of a monoid is obtained
by taking the labels on the transition diagram to be elements of A, so the automaton
recognises a subset of the monoid generated by A. There is a generalisation of The-
orem 1.6. If A is a set of generators for a monoid N, then a subset of N is rational if
and only if it is recognised by an automaton over A. See [9, Theorem 2.6]. Also, the
pushdown stack automata considered in Chap. 4 can be viewed as automata over a
suitable monoid. See [9, §7].
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We now turn to the class of machines which recognise type 0 languages.

Turing Machines. A Turing machine has a similar description to a FSA, but is
allowed to do more. It can move the tape in both directions, print a new symbol on
the scanned square, and extra symbols are allowed on the tape which are not part of
the alphabet of the language recognised, which is called the input alphabet. Here is
the formal definition.

Definition. A Turing machine is a sextuple 7 = (Q,F,A,I,T,qo), where

(1) Qs a finite set (the set of states);

(2) F is asubset of Q (the set of final states);

(3) A is a finite set (the tape alphabet) with a distinguished element B (the blank
symbol);

(4) I1isasubset of A\ {B} (the input alphabet);

(5) TC O xAXQxAXx{LR} (the set of transitions), where {L,R} is a two-
element set;

(6) go € Q (the initial state).

Often, “Turing machine” will be abbreviated to “TM”.

Thus the idea is that 7 has a read/write head scanning a tape divided into squares,
each of which has a letter from A printed on it, and is in a certain state (element of
Q). Elements of T will be written without parentheses or commas. If gaq'd'L € 7,
this means that, if T is in state g , reading a, it can change to state ¢, overwrite the
scanned square with ¢’ and move the head one square to the left (equivalently, move
the tape one square to the right). If L is replaced by R, the head moves one square to
the right.

No restriction is placed on the length of the tape, and it is convenient to view it
as infinite in both directions, with all but finitely many squares blank (i.e. having B
written on them).

Figure 1.7

We now formalise this idea by giving a precise definition of a computation. Some
preliminary definitions are required.



16 1 Grammars and Machine Recognition

Definition. A fape description for a TM T as above is a triple (a, o, 3) where « :
N — A and ;N — A are functions with &(n) = B and 3(n) = B for all but finitely
many n € N.

The idea is that a is on the square being scanned and the successive letters on the
tape to the right of the scanned square are a(0),a(1),... Similarly, B records the
letters to the left of the scanned square:

B | BO)| a | a(0) | 1)

Figure 1.8

This is a good definition for theoretical purposes, but in practice it is useful to
have a different way of giving a tape description. Suppose (i) = B for i > r and
B (i) =B fori>I. Then (a,a, ) is determined by the word

BB —1)...8(0)ac(0)...a(r)

with a underlined. Conversely, any word in AT with a letter underlined represents a
tape description.

Definition. A configuration of T is a quadruple (q,a,a,f) where ¢ € Q and
(a, o, B) is a tape description.

Again, a configuration will sometimes be written as (g, w), where ¢ € Q and w is
a word in AT with a letter underlined.
We now describe the moves allowed by the transitions.

Definition. A configuration ¢’ is obtained from a configuration c by a single move
if one of the following holds:

(1) ¢ = (q,a,a,B), gaqg'dL € T and ¢ = (¢',B(0),a,B’), where o/ (0) = o,
a/(n)=o(n—1)forn>0and p'(n) = B(n+1) forn > 0.

(2) c=(q,a,a,B),qagddRe tand ' = (¢, x(0),a’,B’), where &' (n) = at(n+1)
forn >0, B/(0) =d’ and p'(n) = B(n—1) forn > 0.

It is now easy to define a computation.

Definition. A computation of T, starting at ¢ and ending at ¢/, is a finite sequence
c=ci,...,c, = c of configurations, where n > 1 and ¢;. | is obtained from c; by a
single move, for 1 <i <n.

We say that the computation halts if ¢’ is a terminal configuration, that is, of the
form (g,a, o, ), where no element of 7 begins with ga.
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Definition. c?c’ means there is a computation of 7', starting at ¢ and ending at

c.

We can now define the language recognised by the TM. For w = a; ...a, € A*, let
cw = (qo,ay -..ay) (= (qo,B) if w=¢).

Definition. The TM T accepts wif ¢,, — ¢’ for some configuration ¢’ = (g,a, o, B)

such thatg € F.
The language recognised by T is

L(T)={weTI"|wisaccepted by T}

(a language with alphabet I* rather than A™).

Deterministic Turing Machines. The requirements for a deterministic TM are less
stringent than for a FSA. It is useful, even in a deterministic TM, to have the possi-
bility of terminal configurations.

Definition. A TM T is deterministic if, for every pair (¢,a) € Q X A, there is at most
one element of T which begins with ga.

For each configuration ¢ of a deterministic TM, there is at most one configuration
¢’ obtained from ¢ by a single move. Put §(c) = ¢/, to obtain a partial function
0 : C — C, where C is the set of configurations.

Note. A partial function f: X — Y, where X and Y are sets, is a function f: Z — Y,
where Z is a subset of X. In this context, if f: X — Y is defined on all of X (i.e.
Z =X), f is called a rotal function.

Further, if gaq'd’'d € T, we can write ¢ = Ny(q,a), @ = Rr(q,a) and d = Dr(q,a),
to obtain partial functions Ny : Q XA — Q, Ry : QXA —Aand Dy : Q xA — {L,R}.
(The subscript “T”” will be needed in the next chapter when these functions are
discussed simultaneously for a collection of TM’s.) The next lemma is an immediate
consequence of our definitions.

Lemma 1.10. Let T be deterministic, ¢ = (q,a, o, ) a configuration with 8(c) de-
fined. Then

(1) If Dr(q,a) = L, then §(c) = (Nr(qa),
o' (n)=a(n—1)forn>0and '(n) =
(2) If Dr(q,a) = R, then 6(c) = (Nr(g,a),
forn>0, B(0) = Ry (4,) and B'(n) =

B(0),a’, "), where o/'(0) = Rr(q,a),
B(n+1) forn>0.
o(0), ', B'), where &' (n) = a(n+1)
B(n—1) forn>0.

O

We can extend the definition of 8. Define § : C x N — C by: §(c,0) =c, §(c,n+
1) = 8(8(c,n)). Note that CTC/ if and only if ¢ = 6(c,n) for some n > 0.

Given c, either 5 (c,n) is defined fog all n > 0,_0r only for 0 < n < r, where
r > 0, meaning that the computation ¢, 6(c,1),...,8(c,r) halts. If ¢ = (qo,a, ¢, B)
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and this computation halts for some r, we say that 7 halts when started on the tape
description (a, a, f3).

As mentioned earlier, the class of languages recognised by a TM coincides with
the class of type 0 languages. We shall prove only half of this now, deferring the
converse until we give another characterisation of type 0 languages, in Chap. 3. (We
shall also prove in Chap. 3 that a language recognised by a TM is actually recognised
by a deterministic TM.) First, a remark is needed.

Remark 1.2. If L = L(T) for some TM T, let T’ be T with all transitions starting
with ga, where g € F (the set of final states) removed. Then L = L(T").

(For clearly L(T") C L(T). If c = cy,...,cy, is a computation of T, where ¢, begins
with a final state, taking n as small as possible subject to this gives a computation of
T’ starting at c¢. Hence L(T) C L(T").)

Theorem 1.11. If a language L is recognised by a TM, it is of type 0.

Proof. Let L be recognised by T = (Q, F,A,I,7,q0). By Remark 1.2, we can assume
that, if ¢ € F, no element of 7 begins with ga.
Let G be the grammar (Vy, V7, P,S), where Vy =1

Vv = (TU{e}) xA)UQU{S,E\, Ez, E3}

(S,E1, E», E3 being extra letters) and P consists of the following. (The reader is
advised not to try to take in this list now, but to refer to it when needed in the
commentary below.)

() S—EE;.

(2) Ey—(a,a)E; foralla 1.

(3) Er, —E3.

(4) Es—(g,B)E3, Ey —(&,B)E) (B is the blank symbol of T').

(5) E5—¢, Ey —q0.

(6) g(a,C)—(a,D)p, for all qCpDR € Tand a € IU{e}.

(7) (a,C)q— p(a,D), for all qCpDL € T and a € [U{e}.

8) (a,C)q—> qaq, q(a,C) — qgaqand g— ¢, forallac IU{e},C€Aandg€F.

We show that L= Lg. Leta ...a, € I"; using productions (1), (2) and (3), we obtain
S%El(al,al) .. (an,an)E3

Suppose aj . ..a, is accepted by T. In a computation starting at ¢o = (¢o,4; .- -ay)
and ending with a state in F', T uses only finitely many squares, say /, to the left of
the initially scanned square. It also uses finitely many squares, say m, to the right of
the square containing a,,, giving a block of / +m+ n squares. Now using (4) and (5),

S—5(e,B) qo(ar,a1) ... (an,a,)(€,B)"

A configuration ¢ in the computation can be described as ¢ = (¢, X1 ... X; . .. Xptnti),
where x1,...X,+,4; are the letters currently on the initial block of squares. Associ-
ated to c is the word
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¢=(br,x1)...(bi—1,xi-1)q(bi, xi) . .. (byynttsXmin+1)

where by = ...=b; =€, bjyy =ay,...bixn=an, bigpy1 = ... =bpypm =€ It
follows by induction on the number of moves in the computation to get from ¢ to ¢
that, using (6) and (7),

Co = (E,B)[qo(al ,a)...(ap,a,)(€,B)" —=¢

hence S —-¢&. If ¢ is the last configuration in the computation, then g € F, and by
use of (8) we find é—>+ay ...a,, hence S—ay ...a,. Thus L(T) C Lg.

For the reverse inclusion, suppose S ——aj...a,. A corresponding derivation
must start by deriving (&,B)'qo(b1,b1). .. (bx,by)(€,B)™ for some k, I, m, b;, then
continue using (6) and (7) (after possibly changing the places where the produc-
tions E3 —(g,B)E3 and E3 — ¢ are used). Each use of (6) and (7) corresponds
to a move of T, so we obtain a computation of T starting at (g, b; ...by). Eventu-
ally the word derived must contain some g € F, in order to use (8), so T accepts
b1 ...by. The rest of the derivation can use only (8), resulting eventually in by ... by.
Thus by ...by = aj ...ay, is accepted by T. Therefore L(T) = Lg. O

For a direct proof of the converse of Theorem 1.11, see [20, Theorem 7.3]. Before
ending, we briefly describe the machines recognising context-sensitive languages.
These will not be studied in detail. For a proof that these recognise exactly the
context sensitive languages, see [20, §8.2].

A linear bounded automaton is a TM T = (Q,F,A,1,7,qo) such that only the
part of the tape on which the input word is written may be used. More precisely

(1) The input alphabet 7 includes two special letters € and $ (the left and right end
markers of the tape);

(2) there are no transitions of the form g€q'al or g$q'aR (the read head cannot
move beyond the end markers);

(3) the only transitions beginning g€ (resp. g$) have the form g€g¢'€R (resp.
q3$4'$L) (T cannot overprint € or $).

A wordw € (I'\{€,$})" is accepted by T if (go, €w$) ?(q,c) for some configu-

ration ¢ and g € F. We define L(T') to be the set of words accepted by w. It can be
shown that a language L is context-sensitive if and only if it is L(7') for some linear
bounded automaton 7. See [20], Theorems 8.1 and 8.2, or [21], Theorems 9.7 and
9.8. A language is called deterministic context-sensitive if it is L(T') for some linear
bounded automaton 7" which is deterministic as a TM. It is still unknown whether
or not a context-sensitive language is deterministic context-sensitive.

Exercises on Chapter 1

1. Let G be the grammar ({S,A},{a,b},P,S), where P consists of:
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S — ab
S — aASbh
A — bSb
AS — b

Is ababbabb € Lg?

. Let G be the grammar ({S},{a,b,c},P,S), where P consists of S — aaS and

S — bc. Describe explicitly, with brief justification, the language L.

. Draw the transition diagram for a FSA which recognises the language

{(ab)" | n=0,1,2,...}.

. Do the same for the language {vaw | v,w € {a,b}* }.

. Let L= {1"01"01"*" | m,n € N}, a language with alphabet {0,1}.

(1) Is L context-free (type 2)?
(i1) Is L regular (type 3)?

. Show that the language {a'b"c" | n > 1, i > 0} is context-free. Give an example

of a pair of context-free languages L; and L, (on the same alphabet) such that
LN L, is not context-free.



Chapter 2
Recursive Functions

In this chapter, we consider the notion of a computable function f : N* — N. Such
a function is computable if there is a finite set of instructions for a procedure which,
if followed on input (xi,...,x,), terminates with output f(xi,...,x,) (for example,
a computer program). No restriction is made on the time or space required in the
device used to implement the procedure. (This, of course, is unrealistic, but it is
easier to develop a theory without such restrictions.)

More generally, we consider partial functions f : N" — N. Recall that this
means f is a function X — N where X is a subset of N”. Such a function is com-
putable if such a set of instructions exists, but the procedure terminates with output
Sf(x1,...,x,) if this is defined, and otherwise does not terminate. (Also recall that, in
this context, a function f : N” — N, defined on all of N, is called a toral function.)

This idea of computability cannot be subjected to a mathematical analysis be-
cause various terms, such as “procedure” have not been precisely defined. Neverthe-
less, it is possible to make some progress even with such a vague notion. As an ex-
ample, take the following statement. Suppose g, i : N — N are two computable func-
tions; then their composition g o/ is computable (recall that (g o h)(n) = g(h(n))).
To “prove” this, take a procedure which computes A, give it input n, then pass the
output to a procedure which computes g. The output is g(A(n)), so this is a procedure
to compute go h.

To obtain a mathematical theory, the way to proceed is to develop this idea. Write
down a collection of functions which one expects to be computable (under any rea-
sonable definition). Then give ways of constructing new functions which, applied to
computable functions, should lead to new computable functions (such as composi-
tion, as described above). Then take all functions obtained from the initial functions
by repeated use of these operations. This is what we shall do, leading to a class of
functions called partial recursive functions.

We have to hope that we have written down enough initial functions and ways
of constructing new functions that all possible computable functions are recursive.
This is, of course, impossible to prove. Nevertheless, the assertion that this is true
has a name.

1. Chiswell, A Course in Formal Languages, Automata and Groups, 21
DOI 10.1007/978-1-84800-940-0_2,
© Springer-Verlag London Limited 2009
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Church’s Thesis. The partial computable functions as described above are precisely
the partial recursive functions.

This is sometimes called the Church-Turing thesis. In practice, it is used like the
word “clearly” in other branches of mathematics. Thus “f is partial recursive by
Church’s thesis” means “f is obviously computable and I don’t want to write out
the lengthy details needed to prove it’s recursive”. We shall not use it in this way.

As evidence for Church’s thesis, we shall consider several precise notions of
computability and show that, in all cases, the partial computable functions are pre-
cisely the partial recursive functions. We shall consider computability by register
programs. These resemble programs in a very simple assembly language. The ma-
chine which executes these programs has “registers”, each of which can store any
natural number, which can be changed when the program runs. This unrealistic as-
sumption is compounded by making no limit on the number of registers a program
may use, so the machine is given infinitely many registers. This reflects the state-
ment made above in introducing computable functions: no restriction is made on the
time or space required. Thus the machine implementing the program is expected to
continue indefinitely without running out of power or breaking down.

We also consider computability by abacus machines, which can be viewed as
versions of register programs written in a higher-level language, where only well-
structured programs are possible. Finally, we discuss computability by Turing ma-
chines, a new use for them after their use in language recognition in Chap. 1.

Before defining the class of partial recursive functions, it is useful to define a
smaller class, the class of primitive recursive functions, which are all total. Many
standard functions on the natural numbers are primitive recursive. The definition in-
volves just two ways of constructing new functions; a generalisation of composition
discussed above, and “primitive recursion”. We shall define these for arbitrary par-
tial functions, so that no modification is needed when defining the partial recursive
functions. Also, it is convenient to introduce the idea of a primitively recursively
closed class, so that our results apply to other classes, such as the class of recursive
functions defined later on.

Definition. Let g: N" — N, Ay,...,h, : N” — N be partial functions. The function
f=go(hy,...,h) obtained from g,hy,...,h, by composition is the partial function
f :N" — N defined by

SO, xn) =g (X1, Xn)s ooy (X1, X))

where the left-hand side of the equation is defined if and only if the right-hand side
is.

If g,hy,. .., h, are computable functions, one can see that f is computable by a sim-
ple generalisation of the discussion above.

Definition. Let g : N* — N, 4 : N"*2 — N be partial functions. The function f :
N1 — N obtained from g and & by primitive recursion is defined by:



2 Recursive Functions 23

SOer, e x0,0) = g, ooy x)
f(‘x17"'7'xn7y+1) = h('xl,"'7xn7y’f('xl7"'7'xn,y)).

For a formal proof that these equations do define a unique partial function f, we
refer to [4, §3.7]. For given (x1,...,%,), f(x1,...,%,,y) is defined either for no y, for
all y, or for 0 <y < r for some r. Note that n = 0 is allowed, when g is viewed as a
fixed natural number.

If g and h are computable, then so is f. Given x = (xj,...,x,), we first use a
procedure to compute g(x). If it terminates, the value obtained is f(x,0). We can
then use this value and a procedure to compute / to find f(x, 1). If this terminates,
we can then use the computed value of f(x,1) and the procedure to compute 4 to
compute f(x,2), and so on.

We also define the initial functions to be the functions in the following list:

(zero function) z : N — N defined by z(x) =0 forallx € N

(successor function) 6 : N — N defined by o(x) =x+1

the projection functions m;, : N — N defined by m;,(x1,...,x,) = x; (for n > 1
and 1 <i<n).

The initial functions are all computable; it is left to the reader to justify this. We now
define

P = {f | for some n > 0, f is a partial function N* — N}
and T = {feP]| fistotal}

In this chapter, a class of functions means a subset of P and a class of total functions
means a subset of J.

Definition. A class of total functions C is primitively recursively closed if

(1) € contains all the initial functions;

(2) Cis closed under composition (i.e. if f is obtained from g, Ay, ..., A, by compo-
sition, and g, h1,...,h, are all in C, then f € C);

(3) C is closed under primitive recursion (i.e. if f is obtained from g and h by
primitive recursion, and g, 4 € C, then f € C).

There is a smallest primitively recursively closed class (the intersection of all
primitively recursively closed total classes), called the class of primitive recursive
functions.

Note. It is left to the reader to show that a function f is primitive recursive if and
only if there is a sequence fy, ..., fy = f of functions, where each f; is either an
initial function, or is obtained by composition from some of the f;, for j < i, oris
obtained by primitive recursion from two of the f; with j < i. Such a sequence is
called a primitive recursive definition of f.
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Examples of Primitive Recursive Functions.

(1) (addition) The function s : N> — N defined by s(x,y) = x +y is primitive recur-
sive. For

s(x,0) = g(x) where g = m;; (the identity mapping on N)
s(x,y+1) =s(x,y)+ 1 =h(x,y,s(x,y)), where h = 0 o 733

SO Ty, M33, O, O 0 M33, s IS a primitive recursive definition.
(2) (multiplication) m : N?> — N defined by m(x,y) = xy is primitive recursive. For

x,y)),n13(x,y,m(x,y)))
), where h = so (733, 713).

From this, it is easy to write down a primitive recursive definition. (In this and
subsequent examples, this will be left to the reader.)
(3) (exponential function) exp(x,y) = x” is primitive recursive. For

exp(x,0) =1
exp(x,y+ 1) = m(x,exp(x,y)).

(4) (factorial) Fac(x) = x! is primitive recursive since Fac(0) = I, Fac(x+ 1) =
m(x+ 1,Fac(x)).

(5) Any constant function N” — N is primitive recursive. For n = 1, the constant
function 0 is z, the constant function 1 is ¢ oz, the constant function 2 is ¢ o
(0 0z), ete. For general n, the constant function c is ¢’ o 7y, where ¢ : N — N
is the constant function with value c.

(6) (predecessor) We define Pred(x) to be x — 1 if x > 0 and Pred(0) to be 0. This
is primitive recursive since Pred(0) = 0, Pred(x+ 1) = x.

(7) (proper subtraction) x =~y = max{x — y,0} is primitive recursive: x-0 = x,
x=(y+1)=Pred(x~y).

(8) (modulus) |x —y| = (x=y) + (y=x) is primitive recursive.

©) (sign) sg(x) = 0 1¥=0

) is primitive recursive, because sg(0) = 0 and
1 ifx>0
sg(x+1)=1.

Remark 2.1. If f: N* — N is in C (a primitively recursively closed class) and g :
N" — Nis defined by g(x1,...,%u) = f(¥1,...,yn), Where each y; is either a constant
or x; for some fixed j, then g € C. (For g = fo (hi,...,h,), where h; is either a
constant function or some 7;;,.)

Lemma 2.1. Let € be a primitively recursively closed class, and let g : N**! — N
be in C. Then the following functions are in C.

(1) f1 :N"T' N, where fi(x1,...,%2,y) =

t

g(x1,. .. xp,1).

Lva-
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n+1 2
(2) fZ N - N’ where f2(xla' . 7xn7y) = H g(xla cee 7xn7t)'
t=0

Proof. Both f and f> are obtained by primitive recursion from functions in €, since

(D fi(x,0) =g(x,0), filx,y+1) = fix,y) +g(x,y+1).
(2) fo(x,0) =g(x,0), Lx,y+1) = fi(x,y).g(x,y+1).

O
Predicates. A predicate P(xj,...,x,) of n variables is a statement concerning these
variables which is either true or false. In our case, the variables stand for elements of
N. Such a predicate is determined by the set {x € N" | P(x) is true} (and in formal
approaches to set theory, would be identified with this set).

Recall that, if A C N”, the characteristic function of A is the function

1 ifxcA

:N* — {0,1} defined b, =
a2 " {0.1} defined by 74(x) {0 o

If P is a predicate, xp is defined to be x4, where A = {x € N" | P(x) is true}.

Definition. Let C be a primitively recursively closed class. A subset A of N" is said
to be in C if x4 € C. A predicate P of n variables is in C if {x € N" | P(x) is true} is
in C.

This is a somewhat awkward notation since “in” does not mean “is a member of”.
If C is the class of primitive recursive functions, we shall say A (or P) is primitive
recursive, rather than A (or P) is in €. Similar terminology will be used with the
class of recursive functions defined later.

In the next lemma, the notation of propositional logic is used, and is assumed
to be familiar. (Recall that A means “and”, V means “or” and — means “not”. Thus
PV Q is true, where P and Q are predicates, when either P is true, or Q is true, or
both.)

Lemma 2.2. Let C be a primitively recursively closed class. If A, BC N" and A, B
are in C, then AUB, ANB and N"\ A are in C. Consequently, if P, Q are predicates
of n variables in C, then PNV Q, P\ Q and —P are in C.

Proof.

XauB(x) = Xa(x)-XB(x)
Xaup(x) = sg(xa(x) + x5(x))
XN"\A (l) =1 ;%A (1)

O
We next note that some familiar predicates of two variables are primitive recur-
sive, for example x = y (meaning the predicate P(x,y) defined by P(x,y) is true if
and only if x =y).
Lemma 2.3. The predicates x =y, x #y, x <y, x <y, X >y, X >y are primitive
recursive.
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Proof. Referring to the examples of primitive recursive functions given above, note
that

Xz (x,y) = sg(lx—y[), x<(x,y) = sg(x+y)
and then use Lemma 2.2. In a slightly strange-looking notation, = is —(#), < is
<V =, >is (<), ete. O
Bounded Quantifiers. These are quantifiers of the form Jy < z and Vy < z, where
¥, z are variables representing elements of N.

Lemma 2.4. Let C be a primitively recursively closed class. If P is a predicate of
n+ 1 variables in C, then the predicates Q, R of n+ 1 variables defined below are
in C.

(D) O(x1, ..., Xn,2) is true < Ty < z(P(x1,...,%,,y) is true);
(2) R(x1,...,Xn,2) is true < Yy < z(P(x1,...,X,,Y) is true).

Proof. (1) xo(x,z) = sg ( )ZZOXP(x,y)>;
=

2) xr(x,2) = f[ xp(x,y). Now use Lemma 2.1.
y=0
]

Bounded Minimisation. Let P be a predicate of 7+ 1 variables. Define f: N"+! —
N by

the least y < z such that P(x,y) is true  if such a y exists
fx,2)= .
z+1 otherwise.

(Here x € N.) The notation for this is f(x,z) = uy < zP(x,y).

Lemma 2.5. If C is a primitively recursively closed class and P is in C, then f (as
Jjust defined) is in C.

Proof. This follows from Lemma 2.1, since

Z !

fx2) =Y [Tse(1 = xp(x,).

t=0y=0

O

Note. If g : N"*! — Nis is C, then defining P(x,z) to be true if and only if g(x,z) =
0, Pisin € (xp(x,2) = 1 -sg(g(x,2))). Thus, if f(x,z) = uy < z(g(x,y) = 0), then
fis in C. On the other hand, every predicate P can be expressed in this way, with
g(x,z) = 1= xp(x,2).

Definition by Cases. Let f1, ..., fi : N* — N be in C(a primitively recursively closed
class) and let Py, ..., P, be predicates in C, of n variables. Suppose that for all x € N",
exactly one of Py (x),...,Pc(x) is true. Define f : N* — N by
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f(x) = fi(x) if P(x) is true, for x € N
Lemma 2.6. If f is so defined, then f is in C.

Proof. Just note that f(x) = fi(x)xp, (x) + -+ fi(x) XA (%) O
Again, P, can be given by: P;(x) is true if and only if g;(x) = 0, where g; is in C.

More Examples.

(1) The predicate of two variables, “x divides y” (written x|y) is primitive recursive.
For x|y < 3t < y(x.r =y). If P(x,y,1) is the predicate x.r =y, then P is primitive
recursive, as xp(x,y,t) = x=(x.t,y).

(2) The predicate of one variable, “x is prime”, is primitive recursive, for

xisprime < (mIy <x(l <y Ay <x A yjx)) A (1 <x).

(3) The function p(n) = the nth prime is primitive recursive. Since p has to be
defined on N, we let p(0) =2, p(1) = 3, etc., so in fact p(n) is the nth odd
prime for n > 0. To prove p is primitive recursive, note that

p(n+1) = least p such that (p(n) < p and p is prime)

and this value of p is less than or equal to p(n)!+ 1, since none of p(0),..., p(n)
divide p(n)!+ 1, but some prime does divide p(n)!+ 1. Thus, if

fx,y)=up <y(x<p A (pis prime))

then f is primitive recursive, and so is h(x) = f(x,x! + 1). Since p(0) = 2,
p(n+1) = h(p(n)), p is primitive recursive. In future, we prefer to write p,
rather than p(n) for this function.

(4) Let v(n,m) be the highest power of p, dividing m. This does not make sense
when m = 0, but we define v by

v(n,m) = pry < m(=(p)"" [m))

so v is primitive recursive. This gives v(n,0) = 1, which will not cause problems.
If p = pu, we define log,, : N — N by log,,(m) = v(n,m), a primitive recursive
function. Thus log,, is essentially the p-adic valuation (except that logp(O) =1),
rather than the logarithm function encountered in analysis.

(5) Define quo(x,y) = L%J to be the quotient when y is divided by x. Then quo is
primitive recursive. For quo(x,0) = 0, and

quo(x,y)+1  ify+1 =x(quo(x,y) +1)
quo(x,y) otherwise.

quo(x,y+1) = {

Thus, if we define
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z+1 ify+1=x(z+1),ie. |(y+1)—x(z+1)]=0
h(x7y, Z) = P(x,,2)
Z otherwise, i.e. if =P(x,y,z) is true

then % is primitive recursive by Lemma 2.6 (with P| = P, P, = —P). Since
quo(x,0) = 0 and quo(x,y+ 1) = h(x,y,quo(x,y)), it follows that quo is prim-
itive recursive. Note that if x = 0, L%J is undefined, but this definition gives
quo(0,y) =0 forall y € N.

(6) The remainder when y is divided by x

rem(x,y) =y — x.quo(x,y) =y -~ x.quo(x,y)

is primitive recursive. Note that rem(x,y) =y if x = 0, otherwise 0 < rem(x,y) <
x; also, rem(1,y) =0.

Iteration. Let X be a set, f : X — X a partial function. The iterate of f is the
partial function F : X x N — X defined by F(x,0) =x, F(x,n+1) = f(F(x,n)) (so
F(x,n) = f™(x) in the usual sense if f is total).

We have a notion of a function f : N” — N being in a class C. We can extend this
to functions f : N — N¥, by saying that f is in € if the coordinate functions 7y o f
arein Cfor1 <i<k.

Definition. A class € of functions is closed under iteration if, whenever f : N* —
N” is in @, then its iterate F : N*t! — N is in C.

One can show that if € is primitively recursively closed, then C is closed under iter-
ation (see Exercise 6 at the end of this chapter, or just refer to [4, p. 40]). However,
we are interested in a kind of converse.

Lemma 2.7. Let C be a class of functions which contains the initial functions and is
closed under composition and iteration. Then C is closed under primitive recursion.

Proof. Let f: N"*! — N be obtained from g, i by primitive recursion, where g, &
are in €. For x € N”, let ¢(x,y,2) = (x,y+ 1,h(x,y,2)) and let & be the iterate of ¢.
Then & (x,0,g(x),y) = (x,y, f(x,y)) (by induction on y). It is easy to see ¢ is in C,
so @ isin C. Since g is in € and C is closed under composition, it follows easily that
fisinC. O

We now come to the more general classes of recursive and partial recursive func-
tions. Their definition involves just one more way of constructing new functions,
minimisation. Let f : N**! — N be a partial function. We can define a new function
g :N" — N by saying g(x) is the least y such that f(x,y) = 0. However, since f is
partial, this needs some clarification, and the definition is as follows.

Definition. The function obtained from f by minimisation is the partial function
g :N" — N defined by
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r if f(x,r) =0and for 0 <s <r, f(x,s) is defined and not O
8x) = :
undefined otherwise.

We write g(x) = uy(f(x,y) = 0). By contrast with the bounded minimisation con-
sidered earlier, g may be partial even if f is total.

Definition. The function g is obtained from f by regular minimisation if, addition-
ally, f is total and for all x € N”, there exists y such that f(x,y) = 0. (The function
g is then total.)

If f is computable in the informal sense described at the beginning of this sec-
tion, then g(x) = uy(f(x,y) = 0) is computable. To compute g(x), take a proce-
dure to compute f and use it to successively compute f(x,0), f(x, 1), f(x,2),...
until a value r is reached with f(x,r) = 0, then output r. This procedure will con-
tinue indefinitely if either a value s is reached with f(x,s) undefined (and none of
f(x,0),... f(x,s— 1) is zero), or if there is no value of r such that f(x,r) = 0. These
are precisely the circumstances under which g(x) is undefined.

A plausible way of defining g is to change the first clause as follows: g(x) = r if
f(x,r)=0and for 0 <s <r, f(x,s) is either undefined or is defined and not equal to
0. However, the procedure just given will no longer work. If this clause applies and
there is some s < r with f(x,s) undefined, the procedure will continue indefinitely
without outputting r. In fact, there are examples where, using this definition, one
can argue that g is not computable (see the end of §2.4, p.32 in [4]). This is why we
have not used this as the definition.

We are now ready to define the idea of recursive function.

Definition. The class of recursive functions is the smallest class C of total functions
which is primitively recursively closed and closed under regular minimisation. (That
is, if fisin C and g is obtained from f by regular minimisation, then g is in C.)

Note that there is such a smallest class, namely the intersection of all such classes
C. As indicated earlier, a subset A of N" is called recursive if y4 is recursive, and a
predicate P of n variables is recursive if {x € N" | P(x) is true} is recursive.

Thus the lemmas above concerning predicates in a primitively recursively class
apply to recursive predicates.

The idea of a recursive subset of N” is the formal version of a decidable set. This
is a set A for which there is a finite set of instructions for a procedure which, given
x € N, decides in finitely many steps whether or not x € A. Even with such a vague
idea, it should be clear that A is decidable if and only if y4 is computable.

Definition. The class of partial recursive functions is the smallest class of partial
functions which contains the initial functions and is closed under composition, prim-
itive recursion and minimisation (in what should be an obvious sense).

The class of partial recursive functions which are total is primitively recursively
closed and closed under regular minimisation, so contains the class of recursive
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functions. That is, a recursive function is partial recursive and total. The converse
is true, but it is not obvious and will be proved later. Also, a primitive recursive
function is recursive. We note some examples to show we have really extended
the class of primitive recursive functions, and not all partial recursive functions are
recursive.

Examples.

0 ifx=0
(1) Let £(x) = uyx(y+1) =0) = undefined otherwise
Clearly f is partial recursive but not total, so not recursive.
(2) For examples of recursive functions which are not primitive recursive, see [4,
§3.6]. A particularly interesting example is the function A : N> — N now gener-
ally known as Ackermann’s function. It is a simplified version of Ackermann’s

original function, and is defined by

A(O,y) =y+1
A(x+1,0) = A(x, 1)
Alx+1,y+1) = A(x,A(x+1,y))

This is not a variant of primitive recursion, and A is not primitive recursive. But
A is recursive, and it should be clear that A is computable, in the intuitive sense
given at the beginning of the chapter. For proofs, see [5, §3.6.2].

Register Programs. Consider a machine having a number of registers, which are
storage devices, each of which can store a non-negative integer. The machine can be
given instructions to perform certain simple operations on registers. After finitely
many steps, only finitely many registers are used, the others being clear (i.e. have
0 stored in them). However, there is no limit on the number that can be used. It
is convenient to view the machine as having infinitely many registers, numbered

1,2,3,..., where only finitely many have a non-zero entry.
X1 X2 X3 cee Xn 0 0
1 2 3 n
Figure 2.1

The register contents are described by an infinite sequence x = (xj,x2,x3,...) of
natural numbers, indexed by the positive integers, with x; = 0 for all but finitely
many values of k. Let X be the set of all such sequences.

Instructions are given to the machine by means of a program. We shall give a for-
mal definition of a program, then indicate the intended meaning of the instructions.

Definition. A register program P is a finite sequence ¢y, ..., o, where each ¢; has
the form i.3, and f; is an instruction, that is, one of
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ag, s, STOP, Jk(lvm)

where k > 1 and 1 < [,;m < r. We also require that o, is terminal, i.e. of the form
r.STOP.

We call i the label on ¢, and ¢; is called a line of the program. The intended meaning
of the instructions is as follows:

ay: add 1 to the contents of register k;

si: subtract one from the contents of register k, if this is not zero;

Ji(I,m): if register k is clear (i.e. contains 0), jump to instruction labelled /,
otherwise to the instruction labelled m.

The instructions are executed in order unless a jump or STOP instruction is en-
countered. The STOP instruction means exactly what it says-when it is encountered
no further instructions are carried out. Following the usual practice, the lines of a
register program are written in a vertical list.

Example. Consider the program O(k):

1. Ji(4,2)
2. Sk

3. Ji(4,2)
4. STOP

Starting at Line 1, if register k is clear we go to Instruction 4 and stop, otherwise
go to Instruction 2 and subtract 1 from register k. Then we go to Instruction 3. If
register k is now clear, we go to 4, otherwise back to 2. Thus, while register & is not
clear, Instructions 2 and 3 are repeatedly executed until it is. That is, O(k) clears the
contents of register k.

Given n, it is easy to construct a register program using more than n registers.
Thus the machine which runs all register programs must have infinitely many reg-
isters. An alternative approach is to give each register program its own machine,
with finitely many registers, sufficient to run the program. This would no longer be
possible if we considered more complicated programs with instructions of the form
“if r is the contents of register k, do something related to register r”.

We now give formal definitions of the effect that any register program P has on
the registers of our machine.

Definition. A configuration of P is a pair (i,x), where i is a label and x € X. It is
terminal if the line labelled i is terminal, i.e. is i.STOP.

(The interpretation is that x represents the contents of the registers and the instruc-
tion of line i is about to be executed.) Given a non-terminal configuration (i,x),
carrying out Instruction i will result in a new configuration, which is described in
the following definition.

Definition. If (i,x) is a non-terminal configuration, the configuration (j,y) yielded
by (i,x) is defined by:
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{% if p#k
xp+1 ifp=k
Xp ifp#k
xp—1 ifp=k

(1) if line 7 has instruction ay, then j=i+1,y,

(2) if line 7 has instruction s, then j=i+1,y, = {

e . . ) [ ifx=0
(3) if line 7 has instruction Ji(I,m), then y=x, j= k )
m  otherwise
Definition. The computation of P starting from x € X is the finite or infinite se-
quence

(i1u£1)7(i27-§2)7”'

where ij = 1, x; = x and (iq+1,)gq+1) is the configuration yielded by (iq,gq), unless
(iq,gq) is the last term in the sequence, in which case it must be terminal.

This defines a partial function @p : ¥ — X:

y if the computation of P starting from x is a finite sequence

Xpp = whose last term is (i,y) for some i

undefined otherwise

(It is convenient to write @p on the right, as will be seen later.) For example, if
P=0(k),

XQPp = (.Xl, cee X1 aoaxk+1 (XN )
Using ¢@p, P determines a partial function N” — N, for every n > 1.

Definition. The partial function f : N* — N is computed by the register program P
if
if oy Xy, 0,0, =(y,...
f(xl7--~ xﬂ): y 1 (xla »Xn, Y, Uy )(PP ()’7 )
undefined if (x1,...,x,,0,0,...) @p is undefined

(In the first case, f is given the value in register 1, and the values in the other registers
are irrelevant.)

Abacus Machines. These are not really machines, but are words meant to represent
certain (well-structured) register programs. The alphabet is {ag,s, (, )i | k> 1},
which is infinite, including an infinite collection of indexed right parentheses, )i, )2,
etc. To each abacus machine is associated a natural number (its depth) and there is
a notion of simple abacus machine. The definition is by induction on depth.

(1) ag, sg (k> 1) are the only simple abacus machines of depth O.

(2) The abacus machines of depth n are the words M ...M,, where each M; is a
simple abacus machine of depth at most n, and some M; has depth exactly n.

(3) The simple abacus machines of depth n+ 1 are the words (M), where M is an
abacus machine of depth n and k > 1.

An abacus machine is a set of instructions for operating on the registers, as follows.
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ay: add 1 to contents of register k; si: subtract 1 from register k unless it contains
0.

M ...M,: execute My, ..., M, in succession.

(M) while x; # 0 do M, where x; is the contents of register k. (That is, check if
x; # 0 and if so, execute M. Do this repeatedly until x; = 0.)

Note that the set of instructions corresponding to M may not terminate, for example
ag(ag ) just keeps incrementing register k by 1. Here are some examples which carry
out useful tasks.

Examples.

(1) Cleary = (si)x (clears the contents of register k).

(2) Descopyy, 4 = Clear, (spa,), (copies contents of register p to register g and
clears register p. This is short for “destructive copy” since the contents of reg-
ister p are destroyed).

(3) Copyp.q,r = Cleary (spagay), (srap), (if register r is clear, copies register p to
register g, leaving registers other than ¢ unchanged).

Next we prove some results on the structure of an abacus machine.

Lemma 2.8. (1) An abacus machine has the same number of left and right paren-
theses (all the letters ), k > 1 are regarded as right parentheses here).

(2) A proper non-empty prefix of a simple abacus machine has more left than
right parentheses (the proper non-empty prefixes of a word u; ...u,, are uj .. .u;
where 1 <1 < m).

Proof. We use induction on depth, when (1) becomes obvious. Clearly (2) holds
for simple abacus machines of depth O (they have no proper non-empty prefixes).
Suppose (2) holds for simple abacus machines of depth at most n, and let M be
a simple abacus machine of depth n+ 1. Then M = (M, ...M,);, where each M;
is a simple abacus machine of depth at most n. The proper non-empty prefixes of
M are (M;...M;_ 1M, where M is a prefix of M; (possibly € or M;). By (1) and
the induction hypothesis, M,...,M;_;,M] all have at least as many left as right
parentheses, hence so does M .. .M,-,lMi’ . Therefore (M, ...M,',lMl( has more left
than right parentheses. O

Lemma 2.9. (1) If a string S is an abacus machine, then there is exactly one value
of r and one sequence of simple abacus machines My, ... ,M, such that S =
M...M,.

(2) If S is a simple abacus machine, there is a unique k such that S is either ay, si
or (M), where M is an abacus machine uniquely determined by S.

Proof. (1) We can write S = M ... M, for some simple abacus machines M, ..., M,.
By Lemma 2.8, M is the shortest prefix of S (other than €) having the same number
of left and right parentheses. If My # S, we can write S = M|S’ and similarly M,
is the smallest prefix of ' having the same number of left and right parentheses.
Continuing, this determines My, ..., M, (and r) uniquely.
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(2) This is obvious since )i is the last letter of (M), and (M) = (M'); implies
M = M’ (deleting the first and last letters on each side). a

An abacus machine M defines a partial function @y : ¥ — X, as follows.

Xi if i k
(1) x@4 =y, where y; = { 7

xi+1 ifi=k
X; ifi£k
2) x =y, where vy, =
@) x5 =y T w ifi=k

(3) If M =M, ... M, (M; simple) then x @y = x @y, ... Py, -

(4) If M = (M")y, then x @y = x @}, where ¢ € N is chosen as small as possible
such that (x (p}w,) x (the kth entry of x (Pztvﬂ) is zero (x ¢y is undefined if no such ¢
exists).

This defines ¢y, by induction on the depth of M, using Lemma 2.9. (Having defined
@y for M of depth at most n, (4) then defines @y, for simple abacus machines of
depth n+ 1, then (3) defines it for all abacus machines of depth n + 1.) Incidentally,
(3) is the reason @y, is written on the right, so that the order of the M; does not have
to be reversed, and we write @p (where P is a register program) on the right for
consistency. As with register programs, an abacus machine determines a function
f:N"— N foreachn > 0.

Definition. A partial function f : N* — N is computed by the abacus machine M if:
f(x1,...,x,) is defined if and only if (x1,...,x,,0,0,...) @y is in which case

(xla"'vxnvoaoa"') Pym = (f(xlv'“axn)ﬂ"')'

As with the definition of computable by a register program, the entries other than
the first in (f(x1,...,X,),...) are irrelevant, but we show that they can all be taken to
be 0. For this, the idea of registers used by an abacus machine is needed.

Definition. The registers used by an abacus machine M are those whose numbers
appear as subscripts in the machine. Thus

(1) ag, s use only register k
(2) M, ...M, uses those registers used by M; for at least one value of
(3) (M) uses register k and the registers used by M.

Since only finitely many subscripts appear in an abacus machine, an abacus machine
uses only finitely many registers.

Remark. If x@y =y and register i is not used by M, then x; = y;. (This is easily
proved by induction on depth.)

Lemma 2.10. If f : N — N is computed by an abacus machine, it is computed by
an abacus machine M such that:
S(x1,...,x,) is defined if and only if (x1,...,%,,0,0,...) @ is, in which case

(X153 %0,0,0,.. ) 0ur = (f(x1,--.,%,),0,0,...).
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Proof. Let f be computed by M’'. Choose m greater than or equal to the number
of any register used by M’, and with m > n. Then M = M’ Clear; ...Clear,, is the
required machine. O

The goal now is to show that register program computable, abacus machine com-
putable and partial recursive are equivalent notions. The first step is the following,
which implies that abacus machine computable functions are register program com-
putable. The proof spells out the assertion that abacus machines are meant to repre-
sent certain register programs.

Lemma 2.11. If M is an abacus machine, there is a register program P such that
@p = @y and the only STOP instruction of P is in the last line.

A Sk
2.STOP 2.STOP
(2) Suppose M = M ...M,, where there exist register programs F; such that ¢p. =
Oy, (1 <i<r)and P, has only one STOP instruction. We show that there is a
register program P with only one STOP instruction and ¢p = @y,. For notational
convenience, we treat only the case r = 2, leaving the modifications in the general
case to the reader.

Let P, have labels 1,...,n and P, have labels 1, ..., p. Re-label the lines of P, as
n+1,...,n+ p and replace any jump instructions Ji (I,m) by Jy(n+1,n+m), to get
a sequence of lines P;. Replace line n of P; by n.J;(n+ 1,n+ 1) (an unconditional
jump to the line labelled n+ 1) to obtain P[. Let P be the concatenation P|Pj; then
P is a register program with only one STOP instruction, and ¢p = @y.

Proof. (1)If M = a;, take P to be { and if M = sy, take P to be {

(3) Suppose @p' = @y, where P’ has r lines and one STOP instruction, and k > 1. We
construct a register program P with one stop instruction and @p = @), . Increase
all labels of P’ by 1 and replace any jump instructions J,(I,m) by J,(I+1,m+1).
Add a new first line, 1.J;(r 4 2,2), then remove the last line (r + 1.STOP) and add
r+ l.Jk(7‘+2,2)
r+2.STOP

The lemma now follows by induction on the depth of the abacus machine M. 0O

two new lines: { . This gives the required program P.

For example, if M = Cleary, the program P with ¢p = ¢y, given by the proof
is O(k). We next show that partial recursive functions are abacus computable. Two
technical lemmas about abacus computability are needed.

Remark. If x, y € £ and x; = y; for all i such that the abacus machine M uses register
i, then x @y =y @ This is easily proved by induction on the depth of M.

Lemma 2.12. Let fi,...,f : N* — N be abacus computable and let p > 0 be an
integer. Then there is an abacus machine N such that, for all x € X,

XON = (X15 ey X Xt 1y ooy X S1(X), o fr(2),-0)
where f;(x) means fi(x1,...,x,).

Proof. Let the abacus machine M; compute f; (1 < i < r). Choose an integer
m greater than the number of any register used by any of the M;. Put M| =
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Clearpy ...Clear,M;. By the remark, for any x € X, x@p = (fi(x1,...,Xn),-.).
Let M! be the machine obtained from M/ by increasing every subscript of M/ by ¢,
where g = p+r+n. Let

Ki =Copy1 g+1,g+n+1--- Copyn,q+n,q+n+1Mz{/
Then for any x € X,

X(PK,- = (xl,...,xn+p+r,f,~(x1,...,xn),...)
———

q

Now put N; = K; Descopy,+1n4p+i- Then N = Ny ... N, is the required machine. O

Corollary 2.13. Under the hyptheses of Lemma 2.12, there is an abacus machine M
such that, for all x € X,

XOp = (f1(X1, o3 Xn)s o fr(Xn, e X0) s X 1 e e o3 Xy )

Proof. Let N be as in Lemma 2.12 and put ¢ = p+r+n. Then

M = NDescopyni1,4+1-..Descopynip gt pDescopynpii1 ... Descopynipiripr+p

is the required machine. O

Theorem 2.14. Partial recursive functions are abacus computable.

Proof. We show that the set of abacus computable functions contains the initial
functions and is closed under composition, primitive recursion and minimisation.
By definition, the class of partial recursive functions is then a subset, proving the
theorem.

Now Clear) computes the zero function, a; the successor function, Descopyy
(k # 1) computes 7, and a;s; computes 7y, so the initial functions are abacus
computable.

Suppose fi,...,fr : N — N and g : N* — N are abacus computable. By Cor.
2.13, there is an abacus machine M such that

(xlv"'vanrla"')(PM: (fl(xlv"',xn)v"'7fr(x17'"axn)axn+1a"')'

Let g be computed by the abacus machine M’, and choose m greater than the number
of any register used by M. Then

MClear, . ...Clear,,M'

computes go (fi,...,f;). Thus the set of abacus computable functions is closed
under composition.
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Let f: N” — N” be such that its coordinate functions f; = m;, o f are abacus com-
putable for 1 <i < n. We show that the iterate of f is abacus computable (meaning
its coordinate functions are abacus computable). By Cor. 2.13, there is an abacus
machine M such that

(-xlv"~7xn+la"')(PM = (fl(xh...,x,,),...7f,,(x17...,xn),xn+17...).

Let M' = (Msy1)n+1. Then

(X1y s X1y o) Qupr = (f{c(xl,...,x,,),...,f,]f(xl,...,x,,),O,...).

provided the right-hand side is defined, where k = x,,1.1. Using M’ and M'Descopy; 1
(2 <i<n), we see that the iterate of f is abacus computable. By Lemma 2.7, the
class of abacus computable functions is closed under primitive recursion.

Finally, let f : N"*! — N be abacus computable. By Lemma 2.12, there is an
abacus machine M such that for all x € X,

(xl,”.,xn+],”.)qm4::(x],”.,xn+1,f(x1,“.,xn+1),..)

Let M" = Cleary+1M(an+1M )42 Descopyn+1.1. Then M’ computes the function &
given by h(xy,...,x,) = uy(f(x1,...,X,y) =0). Thus the set of abacus computable
functions is closed under minimisation, completing the proof. O

The next result finishes the proof that abacus computable, register machine com-
putable and partial recursive are equivalent.

Theorem 2.15. If f : N" — N is a partial function computed by a register program,
then f is partial recursive.

Proof. Let f be computed by the register program P with labels 1,...,r. The map-
ping (i,x) — 2' [] p¥» is a one-to-one mapping from the set of configurations of P
mz

into N, and 2' [] pl is called the code of (i,x). (Note that g € N is a code if and

m>1
only if 1 <log, g < r.) Define

In(xy,...,x,) =2 H o

1<m<n

(the code of (1, (xi,...,x,,0,0,...))) and

Out(g) = logs(g)

(the contents of register 1 if g is a code). Also define Next : N — N by:

g, if g is not a code, or is the code of a terminal configuration
Next(g) = < code of the configuration yielded by (i,x),
where g is the code of (i,x), otherwise
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In the second case, put i = log,(g). Then

if line i of P is i.ay, then Next(g) = 2.g.px

2.quo(py,g) iflog, (g) #0

2.8 iflog, (g) =0
2".quo(2',g) iflog, (g) #

2'.quo(2',g) iflog, (g) =

Let Comp be the iterate of Next. Finally, Let

if line i of P is i.sy, then Next(g) =

0
if line i of P is i.J;(I,m), then Next(g) = { 0

1 if g is the code of a terminal configuration

Term(g) = {

0 otherwise

Then In, Out, Next, Comp and Term are primitive recursive (exercise).
Now, putting x = (x1,...,%,),

f(x) = Out(Comp(In(x),1))

for any ¢ such that Comp(In(x),t) is the code of a terminal configuration, that is,
such that Term(Comp(In(x),t)) = 1 (and f(x) is undefined if there is no such ¢).
Put

F(x,t) = Out(Comp(In(x),t))
G(x,t) = 1 =Term(Comp(In(x),t))

Then F and G are primitive recursive, and

f(x) = F(x,t) for any ¢ such that G(x,7) =0
(undefined if there is no such ).

Hence
f(x) =F(x,ut(G(x,1) = 0)).

and it follows that f is partial recursive, being obtained from F' and G by minimisa-
tion and composition. a

Corollary 2.16. For a partial function f : N'" — N, the following are equivalent.

(1) f is partial recursive.
(2) f is abacus computable.
(3) f is computable by a register program.

Proof. (1) = (2) by Theorem 2.14, (2) = (3) by Lemma 2.11, (3) = (1) by The-
orem 2.15. O
We can now resolve a point from earlier in the chapter.

Corollary 2.17. A partial function f : N" — N is recursive if and only if it is partial
recursive and total.
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Proof. 1t has already been noted that recursive implies partial recursive and total.
If f is partial recursive, then it is computable by a register program (Cor. 2.16),
and from the proof of Theorem 2.15, we can write f(x) = F (x, uz(G(x,t) = 0)) for
some primitive recursive functions F and G. If f is total, the minimisation must be
regular, so f is recursive. O

Computation of functions by Turing Machines. We show that the class of func-
tions computable by a Turing machine coincides with the class of partial recursive
functions. First, we have to specify how a TM computes a function, and this involves
a special kind of TM.

Definition. A numerical TM is a deterministic TM T = (Q, F,A,I,T,qo) with F =
I=0,A=1{0,1} and B = 0 (blank symbol).

If x = (x1,...,x,) € N", define Tape(x) to be the tape description 01*101*20...01*.
If T is a numerical TM, define In7, : N — C (C is the set of configurations of T')
by Ing(x) = (qo, Tape(x)).

Definition. The partial function @7, : N* — N is defined by: if 7', started on tape
description Tape(x) halts with the tape description 017 = Tape(y) for some y € N
(i.e. the computation starting with Inr ,(x), where x € N, ends with a terminal
configuration (g, Tape(y))), then @r ,(x) =y. Otherwise, @r,(x) is undefined.

The partial function f : N* — N is called TM computable if f = ¢r, for some
numerical TM T'.

It is convenient to modify 7. Add two new states p, h and the transitions

gapaL for all (g,a) € Q x A such that no element of 7 starts with ga

pahaR . .

hapaL} forallac A (i.e.a=0,1).

Call the new machine 7", let Q' = QU {p,h} be its set of states and let C’ be its set
of configurations. Then 7’ remains deterministic and transitions have the form

qaNy/(q,a)Ry(q,a)Dr:(q,a)

(see p. 17, just before Lemma 1.10) and Ny, Ry, Dy are defined on Q' x A. Also,
after suitable renaming, we can assume that

Q' ={0,1,....r—1},h=0,p=1,L=0,R=1.

Then Q' x A is a finite subset of N2, and putting Nz (x,y) = Ry (x,y) = Dy (x,y) =0
for (x,y) € N?\ (@' x A), Ny+, Ryv, Dy are primitive recursive functions N> — N.

Let 6 : C' — C' be the transition function of 7’, and let § be its iterate (these
are total functions). If 7 has a computation ending with a terminal configuration
(g, Tape(y)), then T', after two more moves, can enter state /2 without altering the
tape. The only moves are then to alternate between states p and #, alternately moving
the tape right and left. Note that Inr , = Inzs , and so
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) , for any ¢ such that 8 (Ing,(x),t) = (h,01”) for some y
n\X) = . . :
Pralt undefined, if there is no such ¢

To show ¢r , is partial recursive, we need to code configurations by natural num-
bers. Define Code : C' — N by Code(q,a,a, B) = 243%5°(®)79(B) where

a(0) +a(1)2+ o (2)2% + ...
(B) = BO)+B(1)2+B(2)2%+...

so Code is a 1 — 1 function.

(e
(e

Lemma 2.18. There is a primitive recursive function Next : N — N such that
Next(Code(c)) = Code(d(c))
forall c € C.

Proof. See Appendix A. a
Now let Comp be the iterate of Next, so

Comp(Code(c),t) = Code(8(c,t))
which follows by an easy induction on 7. Also,
Code(h,01%) = 2030512427+ 427 190 — 521

hence
@r.n(x) = logy (1 +1logs(Comp(Code(Inr u(x)),1)))

for any ¢ such that Comp(Code(Int ,(x),t)) = Code(h,01”) for some y (and is un-
defined if there is no such 7). Define y : N**! — N by

W(x.1) = Comp(Code(Ing u(x)).1))

so  is primitive recursive, since x — Code(Inrt ,(x)) is primitive recursive (the
proof is left to the reader). Further, the predicate P defined by

P(x,t) is true if and only if y(x,t) = Code(h,01”) = 5%~ for some y
is primitive recursive (again left as an exercise). Put

F(x1) = logy (1 +logs(y(x,7)))
Glx,1) = 1= xp(x,1)

so F and G are primitive recursive. Then ¢r,(x) = F(x,t) for any ¢ such that
G(x,t) = 0 and is undefined if there is no such 7. In particular,

Ora(x) = F(x,ut(G(x,1) = 0))
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is partial recursive. We have proved the following.
Theorem 2.19. A TM computable function is partial recursive.
O

We can take this further, by not only coding computations, but coding the TM’s
themselves. First, we need to order the transitions in a specific way. Given a linearly
ordered set L, we can linearly order L*. If u = x; ... xp, v=y;...yp, €L letu <v
if either m < n, or m = n and there exists i such that x; = yy,...,x;_; = y;_ but
x; < y;. This is called the ShortLex ordering on L*. Restricted to the set of words of
a fixed length, it is called the lexicographic ordering.

Now let T be a numerical TM, and modify it as above to obtain 7", so the transi-
tions are words of length 5 in N*, and N is linearly ordered. We can therefore order
the transitions by the lexicographic ordering, then number them to respect this or-
dering, say g;a;qiaD; (1 <i <k) (so this is the ith transition in the lexicographic
ordering, and k is the number of transitions). Define

/ kg d g ai 44D

i 0 i i i i i

gn(T') =2"3 l |p5ip5i+1p5i+2p5i+3p5i+4
i=1

(gn stands for “Godel numbering”, an idea discussed in the next chapter). Now
define the following primitive recursive functions:

x(g,1) =log, (g), ¥(g,i) =1log,,,  (g)
k(g) =logy(g)
j = j(gaa7b) = “l < k(g)(x(gvi) = a/\y(g’i> = b)

N(g.a.b) = log, . ,(g) if (3 <k)(x(g,i) =aAy(g,i)=Db)
o 0 otherwise

Then if g = gn(T’), N(g,a,b) = Ny/(a,b), where Ny is the function used in the
proof of Lemma 2.18, defined just before Lemma 1.10. Similarly, we can define
R(g,a,b) and D(g,a,b) (using 5j+ 3, 5 + 4 instead of 5j + 2). Also, we define

In,(g,x) = (logz(g), Tape(x)), for g € N, x € N".

In the proof of Lemma 2.18 (see Appendix A), replace Ry(a,b), Nyi(a,b), Dy:(a,b)
by R(g,a,b), etc., to get a primitive recursive function NEXT : N> — N such that,
if g = gn(T'), NEXT (g,x) = Next(x). Define COMP : N* — N by

COMP(g,x,0) = x
COMP(g,x,1 +1) = NEXT(g,COMP(g,x,1)).
Then COMP is primitive recursive, and if g = gn(T"), COMP(g,x,t) = Comp(x,t),

where Comp is the function in the proof of Theorem 2.19. This is proved by induc-
tion on 7.
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Put ¥(g,x,1) = COMP(g,Code(In,(g,x)),t) and let P(g,x,t) be the predicate
¥ (g,x,1) =5>"" for some y.

Let
F(g,&f) = 10g2(1 +log5(lf’(gvlat)>)
G(gu-EJ) = 1LXP(g7l7t)’

Then F and G are primitive recursive, and if g = gn(T’), then from the proof of
Theorem 2.19

(x) F(g,x,t) forany ¢ such that G(g,x,1) =0
n\X) = . .
Pralt undefined if no such ¢ exists

We have now proved the following.

Theorem 2.20. For each n > 1, there are primitive recursive functions F, G :
N2 — N such that, for any TM computable function f : N' — N, there exists
g € N such that, for all x € N", f(x) = F(g,x,t) for any t such that G(g,x,t) =0
and f(x) is undefined if no such t exists. In particular,

f(x) = F(g,x, ut(G(g,x,t) = 0)).

O
We shall prove that partial recursive functions are TM computable by showing
that abacus computable implies TM computable. To do this, we need to construct
some numerical TM’s to perform specific tasks. There is quite a long list of them, but
they provide insight into how TM’s operate. A useful operation in their construction
is the product of two TM’s. This can only be defined when the first TM has a halting
state.

Definition. Let 7" be any TM. A state £ is called a halting state if, for any configu-
ration ¢ = (g,a, @, 3), c is terminal if and only if ¢ = h.

Products of TM’s. Let 7', T’ be any TM’s and assume 7T has a halting state. Rename
the states so the halting state of T is also the initial state of 77, and 7', T’ have no
other states in common. Also, assume T, T’ have the same blank symbol. Define
TT’ to be the TM whose states and transitions are those of 7 and 7/, and whose
tape alphabet is the union of the tape alphabets of T and 7”. The initial state and
input alphabet are those of T, the final states are those of 7”.

If7h,...,T, are TM’s and T1,...,T,—; all have halting states, we define (recur-
sively) Ty ... T, = (Ty ... T, ) T,.

Some Numerical TM’s

(1) Py: this TM has set of states QO = {qo,¢,q'} (where g is the initial state) and
four transitions
goaqOR, gaq'aL (a=0,1).
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Py: has the same set of states, but transitions goaglR, gaq'aL.
(For i =0 or 1, P, prints i on the scanned square and halts without moving the
tape.)
(2) R: this has Q = {qo,q} and transitions goagaR (a=0,1).
L: has Q = {qo,q} and transitions gpagal (a=0,1).
(R, respectively L, moves one square right (resp. left) and halts.)
3) R*: 0={q0,q,4,h}, transitions

qoaqaR (a=0,1), glqlR, g0¢'OR, ¢'ahal (a=0,1).

(Moves to the first blank square to the right of the scanned square and halts.)
L*: this is obtained from R* by interchanging L and R in the transitions. (Moves
to the first blank square to the left of the scanned square and halts.)

(4) Test: this has Q = {qo, po, p1, P}, P } and transitions:

q00poOR,  poapoal  (a=0,1)
qlpi1R, piapial (a=0,1).

(Test leaves the tape description unaltered, changes to state pg (respectively p;)
if O (resp. 1) is scanned initially, and halts.)

(5) Test{Ty,Ti}: here Ty, T are numerical TM’s, with their states renamed so that
they have no states in common, the initial state of 7; is p; (the state of Test for
i=0, 1,and T;, Test have only the state p; in common. The states and transitions
are those of Ty, T} and Test, and the initial state is that of Test.

(Started on a given tape description, this TM will follow the computation of 7j
or 71, according to whether a O or 1 is initially scanned.)

(6) Shiftleft = PIR*LPyR (started on the tape description #001*0v, halts with the
tape description u01°00v, for any u, v € {0,1}").

Shiftright = PIL*RPyL (started on u01*00v, halts with 001*0v).

(7) Testy = R* *~'RTest{L* ¥ L*¥}. To describe the action of Test;, define, for x €

X
Tape(x) = 01"10120170...

(Testy, started on Tape(x), halts with the same tape description, but in a state
po if x; = 0, and in a state p; if x; #£ 0.)

This completes our list, and we can now use these TM’s to show that abacus com-
putable implies TM computable.

Definition. A numerical TM T with a halting state simulates an abacus machine M
if, for all x € X, T, when started on the tape description Tape(x), halts if and only if
X @y is defined, in which case it halts with the tape description Tape(x @y).

Theorem 2.21. Any abacus machine M can be simulated by a numerical TM with
a halting state.

Proof. The proof is by induction on the depth of M. If M is a;, M is simulated by
Addy = Shiftleft* " \PL* *. If M is s, then M is simulated by
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Suby = R* *"'RTest{L* * T}

where Tj, = PyLShiftright*~'R.

If M =M, ...M, and T; simulates M;, then T; ... T, simulates M, ... M,.

Suppose M = (N); and T simulates N. Rename the states of T so its initial state
is py (a state of Testy), its halting state is g (the initial state of Test;), but T and
Test, have no other states in common. Let 7/ be the TM whose states and transitions
are those of T and Test, with initial state ¢o. Then T’ simulates M. This is left to
the reader (the halting state of 7" is the state pg of Test;). O

Corollary 2.22. If f : N — N is abacus computable, there exists a numerical TM
T with a halting state such that, started on the tape description Tape(x) (where
x € N"), T halts if and only if f(x) is defined, in which case T halts with the tape
description 017, where y = f(x).

A function is partial recursive<= it is abacus computable<it is TM computable.

Proof. By Lemma 2.10, there is an abacus machine M such that f(x) is defined if
and only if (x1,...,x,,0,0,...) @y is, for x = (x1,...,x,) € N”, in which case

(X1, 5%0,0,0,..) o = (f(2),0,0,...).

By Theorem 2.21, there is a TM T which simulates M, and T is the required TM.
Thus abacus computable implies TM computable, and the corollary follows by Cor.
2.16 and Theorem 2.19. O

Our final result in this chapter makes use of this and Theorem 2.20.

Theorem 2.23 (Kleene Normal Form Theorem). There exist primitive recursive
functions @ : N — N and y : N> — N such that, if f : N — N is partial recursive,
there exists g € N such that

f(x) = o(ut(w(g,x,1) =0)).

Proof. By Theorem 2.20 and Cor. 2.22, there are primitive recursive functions F,
G : N3 — N such that if f: N — N is partial recursive, there exists g € N such that
f(x) = F(g,x,t) for any ¢ such that G(g,x,¢) = 0 (and f(x) is undefined if no such
t exists). Given f, choose such a number g.

Now put ¢ = FoJ3’l and

w(s,x,y) = GI; ' (v) + [K(y) — s| + |KL(y) — x|

where J3, K and L are as in Exercises (3) and (4) at the end of this chapter. Thus
J5'(v) = (K(y),KL(y),LL(y)), and @, y are primitive recursive.

If w(g,x,y) =0 then K(y) = g, KL(y) = x and G(g,x,t) = 0, where t = LL(y),
so f(x) = F(g,x,1) = @(y).
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Conversely, if f(x) is defined, it is equal to F(g,x,7) for some ¢ with G(g,x,7) =0.
Puty = 13(gvxat)' Then f(x) = (p(y) and ll,(gvxay) =0.

Thus f(x) is defined if and only if there exists y with y(g,x,y) = 0, in which
case f(x) = ¢@(y) for any such y. In particular, f(x) = @(ut(y(g,x,t) =0)). O

There are other ways of precisely defining computable functions, including sev-
eral minor variants of register programs. The proof that computable functions are
partial recursive often follows the method of proof used above for register program
computable and TM computable. (Roughly, code computations by natural numbers,
using primitive recursive functions.) The proof of the converse tends to use simula-
tion (for example, of abacus machines by TM’s).

For further reading on recursive function theory, see [29].

Exercises on Chapter 2

1. Show that the following functions are primitive recursive.

(@ f(x1,...,x,) =max{xy,...,x,}.
(b) f(x1,... %) =min{xy,...,x,}.
(¢) f(x) = the number of primes less than or equal to x.

2. Show that the binary predicate RP, where RP(x,y) means that x, y are relatively
prime, is primitive recursive. Show that the function ¢ : N — N, defined by
¢(x) = the number of positive integers less than or equal to x which are rela-
tively prime to x, is primitive recursive.

3. We can define a bijection J : N> — N as follows. Write the elements of N? as
an infinite matrix:

(0,0) 0,1) (0,2) (0,3) (0,4)

e

(1,0) (1, 1) (1,2) (1,3)

/
(2,1) (2,2)
/
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then write the entries as an infinite sequence by successively moving along the
diagonals from northeast to southwest, as indicated by the arrows, giving

(0,0),(0,1),(1,0),(0,2),(1,1),(2,0),(0,3),(1,2),(2,1),(3,0),(0,4),(1,3),...

Now there are k + 1 pairs (m,n) with m+n = k, so the pair (m,n) occurs in the
position 142+ ...+ (m+n)+m in the sequence (where the first position is
numbered 0). We therefore define J(m,n) = S (m+n)(m+n+1)+m.

(a) Give a formal proof that J is bijective, and primitive recursive.
(b) Writing J~!(x) = (K(x),L(x)), show that K, L : N — N are primitive recur-
sive.

. We can define bijections J, : N — N for all n inductively by J; = @11, J, =J

(the function in the previous exercises), J3(x1,x2,x3) = J(x1,J(x2,x3)), and in
general J,11(x1,...,Xpt1) = J(x1,J0(x2, ..., xn41)). It follows easily by induc-
tion on 7 that J,, is primitive recursive for all .

Show that J; ' (r) = (K(r),KL(r),LL(r)), and that for all n, J, ! is primitive
recursive (meaning its coordinate functions are primitive recursive).

. If f:N" — N is a partial function with finite domain, show that f is partial

recursive.

. If f:N" — N"is in C (a primitive recursively closed class), prove that its iterate

F: N1 — N"is in C. (Hint: this is easy for n = 1; in the general case, consider
the iterate of J, 0 foJ, )

. If h: N — Nis primitive recursive, show that ¢ : N> — N defined by ¢ (x,,7) =

W'~ "(x) is primitive recursive.

. Suppose i, k: N — N and f: N> — N are primitive recursive, and g : N> — N

is defined by

g(x,0) = k(x)
glx,t+1) = f(x,g(h(x),z)).

Prove that g is primitive recursive.

(Hint: without mentioning g, give a definition of a function G(x,¢,r) by primi-
tive recursion, such that G(x,z,7) = g(h'~"(x),t) for t > r. Using this definition,
show that forz > r, G(x,t+ 1,r) = G(h(x),t,r). Then put g(x,t) = G(x,7,) and
show g is given by the equations above.)

. Construct a numerical TM 77 which, started on the tape description #01¢00 1,

halts with the tape description 01010, for any u € {0,1}* and natural num-
bers a, c.
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10.

11.

12.

13.

14.

Construct a numerical TM 7> which, started on the tape description 101901° 01¢,
halts with the tape description #014+101°~101°*!, provided b > 0, for any u €
{0, 1}* and natural numbers a, b, c.

Construct a numerical TM T3 which, started on the tape description 2014010,
halts with the tape description u01¢7201%0, for any u € {0, 1}* and natural num-
bers a, b.

Construct a numerical TM 7 which, started on the tape description 10140140,
halts with the tape description 401920, for any u € {0, 1}* and natural numbers
a, b.

Given a positive integer k, construct a numerical TM 75 which, started on the
tape description 40190170, halts with the tape description 201720, for any
u € {0,1}* and natural numbers a, b.

Given a positive integer k, construct a numerical TM Ty which, started on the
tape description 01*101*2...01*#Q, halts with the tape description

0 1X1+x2k+X3k2+<~-+xizk’17]

for any n, x1,...,x, > 0, and which, when started on a blank tape, halts on a
blank tape (i.e. it works when n = 0 as well). (Your machine should have a
halting state.)

(Hint: in 9-14, use machines already constructed and products of TM’s. In some
cases, you may need to identify the initial state of one machine with a state of
another machine.)



Chapter 3
Recursively Enumerable Sets and Languages

We begin by discussing recursively enumerable subsets of N. This formalises the
idea of a listable set. This means a set A which is f(N) for some computable function
£, so the elements of A can be listed as f(0), f(1), f(2),... by some procedure with
a finite set of instructions. We also consider the empty set to be listable.

Definition. A subset A of N is recursively enumerable (abbreviated to r.e.) if A =
S(N) for some recursive function f: N — N, or A = 0.

There are several other equivalent ways of saying a set is r.e. The partial character-
istic function xps of A is defined by:

e ifxcA
A =\ indefined if x ¢ A.

Lemma 3.1. For A C N, the following are equivalent.

(1) A is recursively enumerable.

(2) A is the domain of some partial recursive function g : N — N.

(3) the partial characteristic function Xpa is partial recursive.

(4) there is a partial recursive function f : N — N such that A = f(N).

(5) either A = 0, or there is a primitive recursive function f : N — N such that

A= f(N).

Proof. (1) = (2). If A =0, A = dom(g), where g is a partial recursive function
with empty domain, for example g(x) = puy(x+y+1=0). If A = f(N), where f is
recursive, let g(x) = uy(f(y) = x). Then A = dom(g).

(2) = (3). Assume (2). Then xps = 1 ~z.g, where z is the zero function, so ¥pa
is partial recursive, as it is obtained from g and primitive recursive functions by
composition.

(3) = (4). Let f = m1 + (1= Xpa). (Recall that 7y; is the identity function on
N.)

1. Chiswell, A Course in Formal Languages, Automata and Groups, 49
DOI 10.1007/978-1-84800-940-0_3,
© Springer-Verlag London Limited 2009
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(4) = (5). Assume (4). By Theorem 2.23, there are primitive recursive functions
u:N—N,v:N? — N such that f(x) = u(ut(v(x,t) = 0)). (We obtain v from the
function y in 2.23 by fixing a suitable value of g.) If A = 0 then (5) is true; otherwise
choose ag € A and define F : N> — N by

F(x,n) = {u(lit <n(v(x,t)=0)) if 3 S.n(v(x,z) —0)
o otherwise.

Then F is primitive recursive (this is left as an exercise) and F(N?) = A. Let J :
N? — N be the primitive recursive bijection in Exercise 3 of Chapter 2. Then by
Exercise 3, FoJ ™! = Fo(K,L) : N — N is primitive recursive, with image A.

(5) = (1). This is obvious. O

Recall that a subset A of N is recursive if 4 is recursive, and this formalises the
idea of a decidable set. If A is listable, it does not follow (at least, not obviously)
that A is decidable. There is a procedure to list the elements of A, so if n € A, it will
appear eventually in the list. But we have no idea, in general, when it will appear, so
if n € A, this procedure will not tell us that n ¢ A. (In fact, we shall shortly exhibit a
r.e. non-recursive set.) However, if N\ A is also listable, then A is decidable. Given
n, just list the elements of A and the elements of N\ A and see which list  eventually
appears in. (We are ignoring the extreme cases A = 0, A = N.) Conversely, if A is
decidable, we can list both A and N'\ A by computing y4. Here is the formal version
of this.

Lemma 3.2. A subset A of N is recursive if and only if both A and N\ A are r.e.

Proof. Suppose A is recursive. Then xpa(x) = 1+ uy(xa(x) = 1) and y\pa(x) =
1+ uy(xa(x) = 0), so these partial characteristic functions are partial recursive,
hence A, N\ A are r.e. by Lemma 3.1.

Suppose A, N\ A arere. IfA =N or A = 0, x4 is constant, so (primitive) recur-
sive, hence we can assume A = f(N), N\ A = g(N) with f, g recursive.

h(2x) = f(x) . L
Define { h(2x+1) = g(x)’ Then £ is recursive, since

h(X) — f(qUO(Z,x)) if quo(z’x) =0
g(quo(2,x)) ifquo(2,x)=1

and h(N) = f(N)Ug(N) =N.

Define ¢(x) = wy(h(y) = x). The minimisation is regular, so ¢ is recursive. If h(y) =

xeA if y is even

xeN\A ifyisodd

Hence x € A if and only if ¢(x) is even, so xa(x) = 1 -rem(2, ¢(x)) is recursive.
O

x, then

Lemma 3.3. (1) If A, B are r.e. then so are AUB and ANB.
(2) If F : N — N is partial recursive and A is r.e., then F(A) and F~'(A) are re. If
F is total and A is recursive, then F~1(A) is recursive.
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Proof. (1) Clearly AUB isr.e. if A or B is empty. Otherwise, take recursive functions
f, g such that A = f(N), B= g(N). Then AUB = h(N), where # is defined as in the
proof of Lemma 3.2, so A is recursive.

By Lemma 3.1, there are partial recursive functions ¢, ¥ : N — N such that
A =dom(¢), B=dom(y). Then ¢ + v is partial recursive with domain A N B, so
ANBisre. by Lemma 3.1.

(2) This is clear if A = 0. Otherwise, we can write A = dom(¢), where @ : N — N is
partial recursive, and A = f(N), where f is recursive. Then F~!(A) = dom(¢@oF),
F(A) = (F o f)(N) are re. Hence, if F is total, N\ F~1(A) = F~'(N\ A) is re.
provided N\ A is, and (2) follows by Lemma 3.2. O

Lemma 3.4. Let A C N. Then A is recursive and infinite if and only if there is a
recursive function f : N — N such that f(N) = A and f is strictly increasing.

Proof. Suppose f(N) = A where f is recursive and strictly increasing. Then by an

easy induction on n, f(n) > nforall n € N, so A is infinite. Further, a € A if and only

if 3n < a(f(n) = a). This is a recursive predicate by Lemma 2.4, so x4 is recursive.
Conversely, suppose A is recursive and infinite. Define ¢ : N — N by

o(x) = uy(y >xAxaly) =1)

a partial recursive function since )4 is recursive, and total since A is infinite. Hence
¢ is recursive by Cor. 2.17. Let @ be the iterate of @, and put f(n) = ®(agp,n),
where qg is the least element of A. Then f is recursive since @ is, and f(N) C A
since @(N) C A. Also, f is strictly increasing.

It remains to show that if a € A, then a € f(N). Since ag = f(0), we can assume
a > ap. Since f is strictly increasing, there is n such that f(n) <a < f(n+1). By
definition of f, f(n+ 1) is the least element of A greater than f(n). Hence a =
f(n+1) € f(N). O

Recall from Lemma 2.23 that there exist primitive recursive functions F : N — N,
G : N? — N such that for any partial recursive function f : N — N, there exists k such
that f(x) = F(ut(G(k,x,t) =0)) for x € N.

Put U (k,x) = F(ut(G(k,x,t) = 0)) and let fi(x) = U(k,x). Then {f; | k € N} is
the set of all partial recursive functions of one variable.

Proposition 3.5. The set of recursive functions of one variable is not r.e., that is
{k | fx is recursive}

is not r.e.

Proof. Suppose it is r.e., so equal to g(N) for some recursive function g : N — N.
Put i(x) = f,()(x) +1=U(g(x),x) + 1. Then h is partial recursive (h = coUo(go
m1,71)) and total, so recursive by Cor. 2.17. Hence h = fg(m) for some m. But then
h(m) = fom)(m) = fo(my(m)+1, a contradiction. 0

Proposition 3.6. The set A = {x € N | U(x,x) is defined} is r.e. but not recursive.
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Proof. First, A = dom(U o (7, m11)), so A is r.e. If A were recursive, then N\ A
would be r.e., 80 ¥ = ¥,\4) Would be partial recursive, hence y = f;, for some m.
Thenm ¢ A <= x(m) is defined<=> f,,(m) is defined<=> U (m,m) is defined<=>
m € A, a contradiction. O

Proposition 3.7. The set B= {(k,x) | U(k,x) is defined} is not recursive.

Proof. If it were, the set A in Prop. 3.6 would be recursive, since x4 (x) = xz(x,x).
O

Note. Props. 3.6 and 3.7 are related to the “halting problem” for Turing machines.
This is discussed in Appendix B. Also, the arguments in Props. 3.5 and 3.6 are
related to “Cantor’s diagonal argument”, which is discussed in Appendix C.

Godel Numbering
We want to introduce the ideas of recursive language and recursively enumerable
language, corresponding to informal ideas of decidable and listable language. The
way to proceed is, given an alphabet A, to code A* by natural numbers. (This is
similar to what happened in Chapter 2, where computations of register programs
and of TM’s, as well as TM’s themselves, were coded by natural numbers (Theorem
2.15, Theorem 2.19 and Theorem 2.20).) Then we use the notions of recursive and
r.e. already defined for subsets of N.

We shall show that the r.e. languages are precisely the type 0 languages defined in
Chapter 1, and complete the proof that these coincide with the languages recognised
by a TM.

Let X be a countably infinite set, f : X — N a bijection.

Definition. A subset A of X is recursive (resp. r.e) relative to f if f(A) is recursive
(resp. r.e.).

Definition. A Godel numbering of X is an injective mapping ¢ : X — N such that
(X)) is recursive.

One can similarly define recursive and r.e. subsets relative to a Godel numbering
¢. We have not done so explicitly because we shall see that these ideas are equiva-
lent to recursive and r.e. relative to a suitable bijection f. These notions depend on
the choice of ¢, but in many cases various natural choices for ¢ lead to the same
collections of recursive and r.e. subsets of X.

Given a Godel numbering ¢ : X — N, there is a strictly increasing recursive
function g from N onto ¢ (N), by Lemma 3.4. Then f = g~ !0 : X — N s bijective,
so we can consider recursive and r.e. sets of X relative to f.

Lemma 3.8. In these circumstances, let A be a subset of X. Then

Alis re. relative to f <= @(A) is re.

and A is recursive relative to f <= @(A) is recursive

Further, A is recursive if and only if A and X \ A are re.
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Proof. The set A is r.e. relative to f if and only if g~'(¢(A)) is r.e. By Lemma 3.3, if

@(A) isre. then g7'(p(A))isre., and if g7 (¢(A)) is re. then g(g ' (@(A)))is re.

Since g maps onto ¢(A), gg~ ' (¢(A)) = @(A), whence the first part of the lemma.
Now

A is recursive <= g~ (¢(A)) is recursive
— g (@A) and N\ g ! (@(A)) are re.
g '(p(A) and g (p(X)\ p(A)) are re.

< g '(p(A)) and g ' (¢(X \A)) are re.
<= Aand X \ A are r.e.
<= @(A) and @(X \ A) are r.e. (by the first part).

Also, @(A) is recursive if and only if ¢(A) and N\ ¢(A) are r.e., so to prove the
lemma we need to show that

O(X\A)isre. < N\ @(A) isre.

Since (X \A) = o(X)\ ¢(A) = o(X)N(N\ @(A)) (because ¢ is injective), and
©(X) is recursive, if N\ ¢(A) is r.e. then @(X \ A) is r.e. by Lemmas 3.2 and 3.3.
Also, N\ 9(4) = (N\ (X)) U (@(X) | 9(4)) = (N (X)) Up(X \ A) and N\
¢@(X) isre. by Lemma 3.2. Hence if (X \ A) is r.e., then N\ ¢(A) is r.e. by Lemma
3.3. O

Let A be a finite set; we consider Godel numberings of languages with alphabet
A.Fix abijection {1,2,...,n} — A, i+ a;. The following can be shown to be Gidel
numberings of A*:

k . k .
M) oi(a...a;) = _zlij(n+1)f*1; o (a;, ...a;) = zlijnf.
J= J=
ko
2) ¢a(ay ...a;,) =251 p’jf (recall that p; is the j th odd prime for j > 1).
j=1

In all three cases, the notions of r.e. and recursive subset of A* given by Lemma 3.8
are the same, and independent of the choice of bijection {1,2,...,n} — A (exercise-
cf Exercise 1 at the end of the chapter). Note that ¢; (€) = ¢@{(€) =0 and ¢, (¢) = 1.
Further, we can allow A to be empty (n = 0), when A* = {€}. The first assertion of
the exercise is then obvious, and the second irrelevant.

Definition. A subset L of A* is r.e. (resp. recursive) if ¢(L) is r.e. (resp. recursive),
where @ can be @y, @] or ¢,.

Note. If B C A then ¢(B*) is recursive, where ¢ can be @1, @ or ¢, (exercise).
Hence ¢|p+ is a Godel numbering of B*.

Now let G = (Vr,Vy,P,S) be a grammar and put A = Vy U Vy. Fix a numbering
of A, say A = {ay,...,a,}, and use the Godel numbering ¢ = @, defined above.
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Also number the productions, say P = {o; — B1,...,04 — 3}, and let A; = |o;
W = |Bi| (the lengths of the words).

[l

Lemma 3.9. For 1 <i <, there is a primitive recursive function f; : N2 — N such
that, if m = @(x1...x;) and xy ... X = X1 ... Xp_10GX, 43, . .. X, then

filrm) = @(x1...x 1 Bix, g, - Xk)
and f;(r,m) = m otherwise.

logp (m) logp +s5—1 (m) .

. " - e >

Proof. First define F(r,m,s,t) = Pr 14s—1 ifr,s 21
1 otherwise

and show F is primitive recursive (exercise). Then use F to define f;. It is recom-
mended that the reader tries to do this, as the answer below is a rather complicated
expression.

plona(m)+u) =4 F (1, m,r=1,1).F(1,0(B:), i, r)x
F(r+A;,m,(logy(m)+ 1) =(r+A;),r+ 1),
if 2%F (r,m, A, 1) = @(04), 1 < r <log,(m)+1and m € p(A*)

m, otherwise.

filr,m) =

It is left to the reader to show f; is primitive recursive; this needs the fact that “m €
¢@(A*)” is a primitive recursive predicate, which is part of Exercise 1 at the end of
the chapter. g

Proposition 3.10. A rype 0 language is r.e.

Proof. Let L = Lg, with G a grammar as above. With the notation of Lemma 3.9,
put
f(u,r,m) = fi(r,m) ifu=i modl.

Then f is primitive recursive (exercise). Define g : N> — N by
g(x,0) = ¢(S) (S = start symbol of G)
g(x?[ + ]) = f(logz(x),10g3(x),g(10g5(x),z)).

Then g is primitive recursive (this follows easily from Chap. 2, Exercise 8).
Let X; be the set of all o € A* such that S —— o by a derivation of length at most
J. Then @(X;) = {g(x, j) | x € N} (by induction on j). Let X = |J X;. Then ¢(X) =
j=0

g(N?) = goJ !I(N) (see Chap. 2, Exercise 3), so ¢(X) is r.e. Also, L =X NV}, so
o(L) = @(X)No(Vy) isre., since ¢(V;) is recursive, and so r.e. |

Proposition 3.11. A frype 1 (context-sensitive) language is recursive.

Proof. Let L = Lg where all productions of G have the form a — 8 with |et| <.
(We are assuming for the moment that S — ¢€ is not a production.) Use the notation
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of Prop. 3.10. For k > 1, let Y;j(k) be the set of elements in X; of length at most k.
Then

Yi(k) =Yj_1(k)U{a € A* | 3B € Y;_ (k) such that B rewrites to o and |a| < k}.

The number of words of length at most k in A™ is n + n? + ...+ n* (recall: n is
the cardinality of A). Abbreviating Y;(k) to Y; ) if Yo Y, € S. C Y then the number
of elements of Y; is at least j, so j < n+n*+. —|—nk Hence Y; 1 =Y; for some
j< 14+n+n2+... 44, andthenY; | =Y; fYHl

Next, we claim that there is a primitive recursive function G : N? — N such that
o € Y;(k) if and only if (&) = g(x, j) for some x < G(k, j). (See the proof of Prop.
3.10 for the definition of g.) If j = 0 we can take G(k,0) = 0.

Suppose o € Y (k). If a € Y;(k), ¢(a) = g(x,j) for some x, and g(x, j) =
S(0,k+2,g(x, j)) (from the definition of f and the f;). By definition of g, this equals
g(203K+25% 1),

Otherwise, 3 rewrites to o for some 8 € Y;(k), so ¢(B) = g(x, j) for some x, and
o(a) = f(u,r,g(x,j)) for some u <[ and r < k+ 1, which equals g(2“3"5%,j+1).
Thus we can put G(k, j+ 1) = 2!/3%+256(kJ)_defining G by primitive recursion.
Now

aeX e 3j<(I+n+...+n%)(aey(al)

& 3j < (1+n+ .. 4020 (3x < Glogy (9(a)), ) (@ () = g(x. /)
< P(¢(a)) where P is a primitive recursive predicate.

Therefore ¢(X) = {z € N | P(z)} N @(A*) is recursive, so ¢(L) = @(X) N @(V}) is
recursive.

Finally, if the production S — ¢ is added, the new language is LU {e} (see Cor.
1.2), which is also recursive (this follows easily from Lemma 2.2). a

Note. (1) A recursive language need not be context-sensitive. See [20, Theorem
8.3] for an example.

(2) Let S C N be r.e. and non-recursive (such sets exist by Prop. 3.6). Let ¢ : A* — N
be one of the Gédel numberings defined above. There is a strictly increasing recur-
sive function f : N — ¢@(A*), by Lemma 3.4. Then f(S) is r.e. and non-recursive by

Lemma 3.3 (f~!(f(S)) = S). Further, o(¢ ' (£(S))) = £(S), s0 ¢~ '(f(S)) is are.,

non-recursive language.

We shall show that a r.e. language is type 0, so there are inclusions of classes of
languages:

{context-sensitive langs} G {recursive langs} G {r.e. langs} = {type O langs} .

Theorem 3.12. For a language L, the following are equivalent.

(1) Lis of type 0.
(2) Lis re.
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(3) L is recognised by a deterministic TM.
(4) L is recognised by a TM.

Proof. By Prop. 3.10, (1) = (2), (3) = (4) obviously, and (4) = (1) by Theorem
1.11. It remains to show (2) = (3). Assume L is r.e. We can assume the alphabet
of LisA={2,3,...,r— 1} and use the Godel numbering @ : x...x; — x| +x2r +
A xrk T of A

Consider deterministic TM’s with tape alphabet {0,1,2,...,r— 1}, input alpha-
bet I = A and set of final states F' = (. The blank symbol B will be 0.

Step 1. The following such TM’s can be constructed (exercise).

R: moves right one square and halts; L: similarly.

R: moves right until two consecutive zeros are scanned, then halts.

L: similarly.

Py (i): prints i 1’s on the tape to the right of the scanned square, starting with the
scanned square, moves right one square and halts.

Py(i): similarly.

Test{To,Ti,...,T,—1 }: if a is on the initially scanned square, this follows the com-
putation of 7. Here T, is any TM of the form described above. (This is a simple
generalisation of Example (5) of a numerical TM preceding Theorem 2.21.)

Now take

Ty = RL
Ty=L
T; = Py(1)RP,({)LRR (i >2)

and let T be Test {1y, T1, . .., T,— } with the halting states of T}, T», ... T, identified
with the initial state of Test {1y, T1,...,T,—1 }.

Then T, started on the tape description x; ...x; (2 <x; <r—1, k > 0), halts with
tape description 01*10...01%Q. Further, the halting state of 7j is a halting state for
T.

Step 2. By Exercise 14 in Chap. 2, there is a numerical TM T’ which, started on
tape description 01%10...01*0, halts with tape description 01?™1-*%) and T’ has a
halting state.

Step 3. There is a partial recursive function f such that ¢(L) = dom(f). By Cor.
2.22, there is a numerical TM T” which, started on the tape description 01*, halts if
and only if f(x) is defined (in which case, it halts with the tape description 01/ @,
Further, 7" has a halting state, say h.

Now TT'T”, started on the tape description x; ...x; (2 <x; < r— 1), halts if and
only if xj ...x; € L. Modify this TM by letting the set of final states be {h}, to get a
deterministic TM recognising L. O
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Theorem 3.13. For a language with alphabet A, the following are equivalent.

(1) L is recursive;
(2) L is recognised by a deterministic TM which, on input xy ...xy (X1,...,Xx € A),
always halts.

Proof. Assume L is recursive. Again we can assume A = {2.3,....r—1}. In the
construction of Theorem 3.12, replace T” by a TM which computes Xo(1)-to obtain
a TM U which, started on tape description x; ...x; (Where w = x;...x; € A¥) halts,

. o 01 ifwel
with tape description .
0  (blank tape) if w € L

Let U’ = URTest (see Example (4) of a numerical TM preceding Theorem 2.21).

inastate pyifweL
Then U’ halts < p1 ) " .
in a state po if w ¢ L

Modify U’ by letting the the set of final states be {p; }, to get the desired TM.

Conversely, assume (2). We can assume the TM in (2) halts whenever a final state
is reached (see Remark 1.2). Let Q be the set of states and F' the set of final states of
the TM. Modify the TM as follows. Add a new state /. For each pair (g,a), where
g € Q and a is in the tape alphabet, such that ¢ ¢ F' and no transition starts with ga,
add a transition gahaR. Then replace F by {h}. The new machine recognises A*\ L,
hence L and A*\ L are r.e. by Theorem 3.12.Then L is recursive by Lemma 3.8. O

We use Theorem 3.12 to prove a result needed in Chapter 5. The Kleene star
operation is defined in Chapter 1, before Lemma 1.5.

Lemma 3.14. If L is a re. language, then so is L*.

Proof. By Theorem 3.12, L = L for some type 0 grammar G = (Vy,Vr,P,S). By
Lemma A.1 in Appendix A, we can assume all productions in P are either of the
form oo — 8 where a, B € Vi, or of the form A — a, where A € Vy, a € Vr. Take
two new symbols §’, §” not in Vy UVr. Let G’ be the grammar (Vy;, V7, P',S"), where
Vi =VyU{5,5"} and

P =PU {S’—>8, R S'—>SS"} U {aS"—wlS7 aS" —aSS" |a € VT}

It is left to the reader to check that Ly = L*, so again by Theorem 3.12, L* isre. O

Complexity. Turing machines are intended as models of computation. For a dis-
cussion of how a modern computer can be simulated by a deterministic TM (and
vice-versa), see §8.6 in [22]. It is convenient here to use a multi-tape Turing ma-
chine, one of several variants of TM’s discussed, for example, in [20], §56.5 and
6.6, or in [21], §5§7.6 and 7.8. Given a problem with an algorithm to solve it which
can be implemented by a computer program, it is important to know how much time
the program takes to run, in terms of some measure of complexity of its input.

In terms of a TM, the input is a word on the input tape, and we can take the
length of the word as a measure of complexity. The time taken to run is measured
by the number of moves the machine makes with a given input. (See [21, §12.1]
for further details.) If, for any input word of length n, a TM makes at most f(n)
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moves before halting, 7 is said to have time complexity f(n). It is assumed in [21]
that the TM always reads its entire input and verifies it has been read by reading
a blank cell, so for input of length n, always makes at least n+ 1 moves. Thus,
for an arbitrary function f, time complexity f(n) actually means time complexity
max(n+1,[f(n)]).

A language L is said to be in the class NTIME(f (n)) if L = L(T') for some TM of
time complexity f(n). It is said to be in DTIME((f(n)) if L = L(T) for some deter-
ministic TM of time complexity f(n). It can be shown that if L € NTIME(f(n)),
then L = L(T) for some single tape TM T of time complexity f(n)?, and if
L € DTIME(f(n)), T can be taken to be deterministic. See [21], Theorem 12.5
and its corollary.

We define AP to be the class of languages which are in NTIME(f(n)) for some
polynomial f(n). Also, 2 is the class of languages in DTIME( f(n)) for some poly-
nomial f(n). It is believed that the class of problems which can be efficiently solved
by a computer are those having an algorithm implemented by a program which runs
in polynomial time. It is argued in [22], §8.6.3, that a deterministic TM simulat-
ing such a computer program is of polynomial time complexity. This explains the
interest in the class P.

Clearly 2 C AP, but by contrast with Theorem 3.12, it is unknown whether or
not P = AP, indeed this has become a notorious problem. For examples of some
problems which might lead to languages in A(P\ 2, and the related idea of an NP-
complete language, see [22, Chap. 10].

One can also consider space bounds for computations. In a TM, the space used
is measured by the maximum number of cells scanned on each tape. This leads to
language classes NSPACE(f(n)) and DSPACE(f(n)). For further information, see
[21, §12.1].

Exercises on Chapter 3

1. Consider the functions @;, ¢{ and ¢, defined after Lemma 3.8.

(a) Show that ¢; and @, are Godel numberings, and that ¢; and ¢, give the
same collections of r.e. and recursive subsets of A*.

(b) Show that @] is a Godel numbering, and that @] and ¢; give the same
collections of r.e. and recursive subsets of A*.

(c) Show that the collections of r.e. and recursive subsets given by ¢, ¢} and
¢, do not depend on the choice of bijection {1,2,...,n} — A.

(d) Show that if B C A, then @(B”) is recursive, where ¢ is either @y, @] or ¢,.

(Warning: this is quite tricky.)
2. Construct the TM s used in Step 1 of the proof of Theorem 3.12.
3. Show that, if L and L’ are r.e. languages, then LL' is r.e.



Chapter 4
Context-free Languages

In this chapter we study context-free languages and the machines recognising them,
the pushdown stack automata. The class of languages recognised by deterministic
pushdown stack automata is called the class of deterministic languages. It is a proper
subclass of the class of context-free languages. The class of deterministic languages
is the class of languages generated by what are called LR(k) grammars (k being a
natural number). However, things are complicated by the fact that a pushdown stack
automaton has two ways of recognising a language. In the case of deterministic
machines, this makes a difference to the class of languages recognised, leading to a
proper subclass of the deterministic languages. It turns out that this class is precisely
the class of languages generated by LR(0) grammars. The idea of LR(k) language is
important in Computer Science in the construction of parsers, although our account
does not reflect this. (See, for example, the parser-generator YACC described in [22,
§5.3.2].)

Subsequently, in dealing with grammars, we shall just say terminal instead of
terminal symbol, and a non-terminal symbol will be called a variable. Also, terminal
string means a word whose letters are all terminals. As a matter of notation, if G is
a grammar with set of productions P, we shall sometimes write a% B to mean

a %»ﬁ and refer to a P-derivation as a G-derivation. We also write ' B to

mean o rewrites to § using a production of P.

It is convenient to extend the definition of context-free grammar. A context-
free grammar with €-productions is a grammar in which all productions are either
context-free or €-productions, that is, productions of the form A — &, where A is a
variable. Hitherto, the only such production allowed is S — &, where S is the start
symbol. We begin by showing that allowing e-productions does not change the class
of languages generated.

Lemma 4.1. Let G = (Vy,Vr, P,S) be a context-free grammar with €-productions.
Then there is a context-free grammar Gy with Lg = Lg,. Further, we can assume
the start symbol of G| does not appear on the right-hand side of any production.

1. Chiswell, A Course in Formal Languages, Automata and Groups, 59
DOI 10.1007/978-1-84800-940-0_4,
© Springer-Verlag London Limited 2009



60 4 Context-free Languages

Proof. By Lemma 1.1, we can assume S does not occur on the right-hand side of
any production in P. Let N be the set of variables A in Vi such that A ? €. (The

set N can be found by the following procedure, starting with N empty.

(1) If A — € is a production, then put A in N.
(2) If A — By ...By is a production and B; € N for 1 <i <k, then put A in N.
(3) Repeat step (2) until no more variables are put in N.

The proof that this finds all elements of N is left to the reader. An induction on the
number of steps in a derivation from A to €, for A € N, is required.)
We now modify the productions of G as follows.

(1) Remove all e-productions.

2) fA—X;...X,1sin P, where X; € Vr UVy and r > 0, replace this by all pro-
ductions of the form A — Y; ...Y,, where, if X; € N, Y; is either X; or €, otherwise
Y; is X;. This replaces the production by 2" productions (including the original
production), where m is the number of symbols X; in N. However, if all X; € N,
A — € is omitted.

Call the new set of productions P' and let G’ = (Vy, Vr,P',S). We claim that L =
L\ {€}. Since G’ is context-free and contains no &-productions, € &€ L. In a G-
derivation, any use of a production A — Y;...Y; as in (2) can be replaced by use
of the production A — X ... X,, followed by several uses of &-productions of G, to
obtain a G-derivation of the same word. Hence Ly C Lg \ {€}. To prove equality,
we show that, for A € Vy

A%»w and w # € implies A —— w.
Gl

The proof is by induction on the number of steps in a G-derivation from A to w. If the
number is 1, then A— w is a production of G, so of G’ since w # €. If the number
of steps is k > 1, the derivation has the form A, X ...X,,...,w, where A — X ... X,
is in P. We can write w = wy ...w,, where X; ?wi by a derivation of length less

than &, so by induction X; ?w,’, if w; #£ €. LetZy,...Z, be those X; (in order) for
which w; # €. Note that m > 0 since w # €. Then Z; ... Z,, ? w,andA—Z;...Zy
isin P/, soA%>w.

Ifeelsg (i(.}e. S e N), we let G| be G’ with S — € added to the productions, and

G = G otherwise. Then G is context-free, S does not appear on the right-hand
side of any production of Gy, and L = L, (see the proof of Cor. 1.2). O

For the rest of this chapter, “context-free grammar” will mean a context-free
grammar with e-productions. A useful idea in dealing with context-free grammars
is that of a parsing tree. A rooted tree is a tree with a distinguished vertex, vo, called
the root. This establishes a level for each vertex v, namely the length (number of
edges in) of the reduced path from vy to v. Then

(1) vo is the only vertex of level O
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(2) every vertex v of level n > 0 is adjacent to exactly one vertex of level n — 1, and
v is called a successor of this vertex.

A vertex with no successors is called a leaf. A vertex v is a descendant of a vertex
w if there is a sequence of vertices w = vy, vy,...,v, = v for some n > 0, such that
v; is a successor of v; | for 1 <i<n.

We shall consider only finite rooted trees, which can be drawn in the plane with
the root at the top and vertices of the same level physically at the same level. This
gives extra structure to the tree; the successors of a given vertex are linearly ordered
“from left to right”. If v, w are two successors of the same vertex with v to the left
of w, then all descendants of v are said to be to the left of all descendants of w. It is
an exercise to show this induces a linear ordering on the leaves.

Definition. Let G = (Viy,Vr,P,S) be a context-free grammar. Let A € Vy. An A-tree
for G is a finite rooted tree whose vertices are labelled by elements of Vy UVy U{e},
satisfying the following.

(1) the label on the root is A.

(2) if a vertex is a non-leaf, its label is in Vy.

(3) if a non-leaf has label B, and the successors of this vertex have labels X1, ..., X,
in order from left to right, then B— X ... X, is in P.

(4) if aleaf v is a successor of w and has label &, it is the only successor of w.

An A-tree for some variable A is called a parsing tree of G.

A subtree of a parsing tree is a non-leaf of the tree together with all its descen-
dants, the edges joining them, their labels and left-right ordering. If B is the label on
the vertex, then this is a B-tree.

Definition. The yield of a parsing tree is the word obtained by reading the labels on
the leaves from left to right.

Example. Let G = ({S,A,B},{a,b,c},P,S) where P contains
S—Bc, B—aAb, A—aAb, A—ab.

Here is an S-tree for G and a subtree which is a B-tree (we just indicate the vertices

by their labels):
/ S
B \ | a /

A b

SN N
7N

B

Figure 4.1
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The yield of the parsing tree is a>b*c and of the subtree a”>h?. Notice that the vertex
of the parsing tree labelled a at level 2 is to the left of the vertex labelled a at level
3, according to our definitions, although not physically so.

Definition. A leftmost derivation is one in which, at each step, the production used
replaces the leftmost variable. Similarly for rightmost.

Lemma 4.2. Let o € (VyUVr)*, A € V.

(1) A—> a if and only if there is an A-tree with yield «.
(2) If a € V', and there is an A-tree with yield o, then there is a leftmost derivation
of a from A, and a rightmost derivation of ¢ from A.

Proof. (1) Given a derivation A = o, &, ..., %, = &, we construct inductively A-
trees Ry, Ry, ... R, such that R; has yield ¢;. We take Ry to consist of a single vertex
(which is both the root and a leaf) with label A. Suppose R;_; has been defined.
Let B— 3 be the production used to get from o;_; to oy, and let f = X, ... X},
where X; € Vy UVr. Then there is an occurrence of B in ¢;_; which is replaced by
B, and this corresponds to a leaf of R;_;. Add k successors to this leaf, with labels
X1, ..., Xy (in left-right order), to obtain R;.

The R; satisfy:  R; is obtained from R;_; by adding successors to a leaf correspond-
ing to a production B— f3;
Ry consists of a single vertex with label A.

Conversely, suppose R is an A-tree with yield oc. We shall construct a sequence of
A-trees R; with R,, = R for some n. This sequence will have the additional property
that, if v is a non-leaf of R;, then R; contains all the successors of v in R. We take
Ry to be the root vy of R, with label A. Suppose R;_; has been defined. Choose a
leaf of R;_; which has successors in R, and add all these with their labels, to obtain
R;. Suppose no such leaf exists; then we claim R;_; = R and we put n =i — 1. For
if v is a vertex of R not in R;_y, let vo,vy,...,v, = v be the vertices, in order, of the
reduced path from v to vin R;_;. Let j be smallest such that v; is not in R;_;. Then
J > 0since vp is in R;_1, and v;_1 is in R;_;. Now v;_; has v; as a successor in R,
so by assumption is not a leaf of R;_;. Hence R;_; contains all successors of v;_; in
R, including v}, a contradiction.

Let o; be the yield of R;. Then it is easily seen by induction on i that A =
o, A1, ...,0; is a derivation, and taking i = n gives a derivation of «.

(2) The procedure just given involves choices of leaves, so in general will give sev-
eral different derivations. To make it unique, always choose the leftmost possible
leaf (in the left-right order of the leaves of R;_;. If o € V7, this will give a leftmost
derivation of . (All leaves to the left of the one chosen must be leaves of R, and
therefore have labels in V7, so the leaf chosen corresponds to the leftmost variable
in ¢;—1.) Similarly, if at each stage we choose the rightmost leaf, we get a rightmost
derivation. g

Remark 4.1. In the proof of Lemma 4.2, suppose R, R’ are two different A-trees.
(Here, “different” means “non-isomorphic”, where two parsing trees are isomorphic
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if they are isomorphic as trees, via an isomorphism preserving roots, labels and left-
right orderings. That is, they look exactly the same when drawn.) Let Ro, Ry, ... and
R{,, R}, ... be the sequences of A-trees constructed from them, always choosing the
leftmost leaf. Let o, 01, ... and @, o] ,... be the corresponding derivations. Then
there is a first value of i such that R; and R; are different. Then a; = &} for j < i, but
0; # o These are therefore two distinct derivations. Similarly, taking the sequences
obtained by always choosing the rightmost leaf gives two different derivations.

If A= op,a,... and A = &, 0 ,... are two leftmost derivations, construct the
sequences of A-trees Ro,Ry,...,R, = R and R),R},...,R), = R as in the proof of
Lemma 4.2. Then these are the sequences obtained from R and R’ by always choos-
ing the leftmost possible leaf (by an inductive proof). Therefore, if R and R’ are the
same, these sequences of A-trees will be the same (again by an inductive argument-
isomorphisms preserve left-right ordering). Thus if the two derivations are different,
the sequences of A-trees will be different, at the point where the derivations first dif-
fer, so R and R’ will be different.

Similarly, two different rightmost derivations give two different parsing trees.

Definition. A context-free grammar is ambiguous if there exists w € V; and two
different S-trees with yield w.

In view of Remark 4.1, this is equivalent to saying there exists w € V; having two
different leftmost derivations from S, also to saying there exists w € V; having two
different rightmost derivations from S.

We now consider ways of modifying context-free grammars so they generate the
same language, but have certain extra properties, culminating in two normal forms.
Definition. Let G = (Vy,Vr,P,S) be a grammar.

(1) Aletter X € VyUVy is called generating if X ?w for some w € V.

(2) A letter X € Vy UVy is called reachable if S% aXp for some o, B € (VyU
Vr)*.
Note that every element of V7 is generating.

Lemma 4.3. Let G = (Vy, Vr, P,S) be a context-free grammar with Lg # 0. There is
a context-free grammar G' = (Vy,,Vr,P',S), such that every A € Vy, is generating,
with LG = LG"

Proof. Let Vy, be the set of all A € Viy which are generating and P’ the set of produc-
tions in P having all their letters in V}, U V7. (The set ¢ of all generating symbols
can be found by the following procedure, starting with & = Vr.

(1) If A — o is a production,and every letter of  is in ¢, then add A to ¢
(2) Repeat step (1) until no new letters are added to ¢.

The proof that this works is left to the reader. Then of course, V](, =9 NVy.)
Note that S € V, by the assumption Lg # 0. Clearly Ly C Lg. Suppose w € Lg,
w & L¢. There is a G-derivation of w from S, which uses a production not in G/, so
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some word in the derivation has the form wAw,, where A ¢ V,(,. Since wiAwn ? w,

A % w' for some w' € Vji, so A is generating, a contradiction. This gives the desired
grammar. a

Lemma 4.4. Let G = (Vy,Vr,P,S) be a context-free grammar. There is a context-
free grammar G' = (Vy,,V},P',S), such that every A € V, UV} is reachable, with
Lc=Lg.

Proof. Let Vy, be the set of all reachable letters in Viy and V. the set of all reachable
letters in V7. (We can find the set # of all reachable letters, hence Vy, and V;., as
follows.

(1) Start with Z = {S}.
(2) If A— a is a production and A € Z, add all letters occurring in @ to Z.
(3) Repeat step (2) until no more letters are added to Z.

The proof that this works is left to the reader.)

Now let P’ be the set of productions in P having all their letters in V{, UV;.. Clearly
Lg C Lg. But in a G-derivation from S, all letters which occur are reachable, so all
productions used are in P’, hence it is a G’-derivation, so Ly = Lg. O

Definition. A letter in a grammar G is called useless, or a useless symbol, if it does
not appear in any derivation of an element of V; from S, otherwise it is called usefu!.

It is left as an easy exercise to show that a letter is useful if and only if it is both
generating and reachable.

Lemma 4.5. Every non-empty context-free language is generated by a grammar
with no useless symbols.

Proof. Let L = Lg where G is context-free. Let G| be the grammar obtained from
G by Lemma 4.3, with all letters generating, and let G, be the grammar obtained
from G| by Lemma 4.4, with all letters reachable, so Lg = Lg,. Suppose G has

a useless symbol X. Then X is reachable, so S GL> aX B for some ¢, B. Since the
2

productions of G, are productions of Gy, it follows that S GL> oXp GL>W for some
1 1
terminal string w. But then all letters in this derivation are reachable, so this is a

G»-derivation and X is not useless, a contradiction. O

Lemma 4.6. [f L is a context-free language, then L = Lg for some context-free
grammar G having no productions of the form A— B, where A and B are vari-
ables.

Proof. Suppose L = Lg where G' = (Vi Vr, P,S) is a context-free grammar. Let %/
be the set of all ordered pairs (A, B), where A, B € Vy, such that A ?B. (The set

% can be found by the following procedure.
(1) Start with Z = {(A,A) | A € Vy}.
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(2) If (A,B) € % and B— C is a production, where C € Vy, then add (A,C) to % .
(3) Repeat step (2) until no more pairs are added to % .

The proof that this works is left to the reader.)

Define a new set of productions R as follows: for each (A, B) € %, R contains all
productions A — a, where B— « is a production in P with o ¢ V. (Note that R
contains all productions in P of the form A — a with o & Vy, as (A,A) € % .) Now
let G = (Vy,Vr,R,S). Clearly if A— o is in R, then A j» o,s0 Ly C Lg.

Suppose w € Lg and consider a leftmost derivation

S=a— 0o —...— 0, = w.
G G G

Suppose there is a sequence o; 7(11‘4',] o 7% using only productions of
the form A— B, but «; 70@41 by a production in R. (We cannot have j =n

since w € Vy.) Then ¢, ..., «; all have the same length, and since the derivation
is leftmost, the letter replaced at each stage must be in the same position. If the
letter replaced in @; is A and the letter in the same position in «; is B, then A ?B,

and «; - o1 by a production B? B. But then o o o1 by the production

A— B of G'. Thus we can remove 0 1,...,¢; from any such sequence to obtain
a G'-derivation of w from S. Hence Lg = L. 0

Normal Forms. We show that a context-free language can be defined by a context-
free grammar in normal form, that is, where the productions all have a certain form.
There are two such normal forms, and we can now establish the first of these. It is a
refined version of Lemma A.1, Appendix A, for type 2 grammars.

Theorem 4.7. (Chomsky Normal Form) Any context-free language L with € ¢ L can
be generated by a grammar in which all productions are of the form A— BC or
A——a, where A, B, C are variables and a is a terminal.

Proof. By Lemma 4.1 and the fact that € ¢ L, we can assume that L = L for some
context-free grammar G with no &-productions. The construction of Lemma 4.6
does not introduce any e-productions, so we can further assume that G has no pro-
ductions of the form A — B where A, B are variables. Then if the right-hand side
of a production has a single letter, it must be a terminal, so is in the required form.
If a terminal a appears on the right in a production A — X ...X,,, where n > 1,
add a new variable C, and a production C, — a. Then replace all occurrences of
a on the right of such productions by C,. Do this for every terminal, and call the
resulting grammar G'. If o — 8 is a G-production then clearly a#ﬁ, hence

Lg C L. We show by induction on the number s of steps in a derivation that if A
is a variable of G and w is a terminal string of G such that A %w, then A %»w. It
G

then follows that Lg = L.

If s =1, then A—w is a production of both G and G’. If s > 1, the derivation
has the form A,Y;...Y,,...,w, where Y; are variables of G’ and n > 1. Then we can
write w = wy ...wy,, Where Y; ? w; by a derivation of length less than s (using some
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but not all of the productions used in the original derivation). If ¥; = C, for some a
then the only production in this derivation is C, — a, as this is the only one with
C, on the left-hand side, hence w; = a. If ¥; is a variable of G, then by induction
Y,' ? wi.

Now the first production used in the G’-derivation is A— Y] ...Y,, arising from
a G-production A — X ...X,, where ¥; = X; if X; is a variable of G, and ¥; = C, if
X; = a is a terminal, in which case w; = a. It follows that X; ? w; for all i, hence

X[...XH?WL..W":W

and so A ? w, finishing the inductive proof.

The productions of G’ are of the form A —sa and A— X; ... X, (n > 2) where
all X; are variables. For a production of the second form with n > 3, we add new
variables Dy, ...,D,_, and replace this production by the productions

A— XDy, D1 —XoDs,...,Dy—3—Xy—2Dp—2, Dp—2 — Xp—1Xs.

This gives a new grammar G” in the required form. The proof that Ly = Ly is left
as an exercise. O

For our second normal form, two lemmas are needed, giving more ways of ma-
nipulating context-free grammars while not changing the language generated. First,
we introduce some notation. An A-production is one of the form A — «. A list of
A-productions A — ¢, ...,A — @, is abbreviated to A— oy |0 | . . . | 0.

Lemma 4.8. Let G = (Vy,Vr,P,S) be a context-free grammar. Let A— aBY be in
P and let the B-productions in P be B— B1|Ba|...|Bn. Let G' = (Vy,Vr,P',S) be
obtained by deleting the production A— aBY from P and adding the productions

A—apry|laBy...|oB.y.
Thel’l LG = LGI.

Proof. If A — a3y is used in a step of a G'-derivation, then it can be replaced by
two steps using the productions A — aBY and B— f3;, to obtain a G-derivation,
hence Ly C Lg. If A— aBy is used in a step of a G-derivation of a terminal
string w, the variable B must be changed at some later step using a production
B— f3;. These two steps can be replaced (at the point where A— By is used)
by A— a3y, resulting in a G-derivation of w. Hence Lg = L. O

Lemma 4.9. Let G = (Vy, V7, P,S) be a context-free grammar, A € Vy. Suppose
A—A0y|Amy|...|A0y,

are the A-productions whose right-hand side begins with A, and let the other A-
productions in P be A— B1|Ba| ... |By. Add a new variable B, and let G' = (Vy U
{B},Vr,P',S), where P is obtained by replacing all the A-productions by
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A— B1|B2]...|Bn|B1B|B2B| ... |BuB, and B— oy || ... oy |0 B|aaB|. . .| 0, B.
Then LG :LG/.

Proof. If w € Lg, there is a leftmost G-derivation of w from S, by Lemma 4.2. If
a derivation A — Aq; is used, it must be the start of a succession of steps using a
sequence of productions of the form

A—A0; ,A—A0;,,...,A—A0; ,A— B; (*)

resulting in A being replaced by the string 80, @, , ... ;. This can be replaced
by steps using the sequence of productions:

A—B;B,B— ;B,B— a0 _,B,...,B— o;,B,B—;, (%)
The result is a G’-derivation of w from S, so Lg C L. Conversely, if w € Ly, we
can find a rightmost G'-derivation of w from S by Lemma 4.2. If B appears in this
derivation, there is a succession of steps corresponding to a sequence of the form
(), which can be replaced by the sequence (x), resulting in a G-derivation of w

from S. Hence Lg = L. g

Theorem 4.10. (Greibach Normal Form) Every context-free language L without €
is generated by a grammar in which all productions are of the form A — aa, where
A is a variable, a is a terminal and « is a string of variables.

Proof. Let G = (Vy,Vr,P,S) be a grammar in Chomsky normal form generating L.
Number the variables, say Vy = {Aj,...,A,}, and add new variables {Bj,...,B,}
(this does not change the language generated). We begin by modifying the produc-
tions so that if A; — A;Yy is a production, then i < j. Further, the right-hand side
of a production is either a non-empty string of variables, or begins with a terminal,
followed by a string of variables. If i = 1 we replace the A-productions with right-
hand sides starting with A using Lemma 4.9 (with A = A, B = B;) to obtain the
desired conditions.

Assume we have achieved the desired conditions for 1 < i < k. For each pro-
duction Ag;1 —A;y with j <k, apply Lemma 4.8 to this production with o = &,
A = A1 and B = A;. This replaces each such production by productions of the
form Ay g — Ay, where j/ > j and ¥ is a string of variables, or Ayj —ay
where a is a terminal and ¥’ is a string of variables. Applying this procedure at most
k times brings the Ay 1-productions to the required form, except for productions of
the form Ay, | — Ax+1Y. We replace each of these productions by new productions
using Lemma 4.9 (with A = Ay, B = By41) to get all A, |-productions in the re-
quired form. (If there are no productions of the form Az, | — Ay 17, the variable
By can be omitted.) By induction on k, we obtain the desired conditions.

Looking at the form of the B-productions in Lemma 4.9, the productions which
are not in the form given by the theorem are now of two kinds.

(1) A;—Ajy where i < j and ¥ is a string of variables.
(2) Bi— Ay where 7 is a string of variables.
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The right-hand sides of the A,-productions must already be in the required form
(terminal followed by a string of variables). The right-hand sides of the A,_;-
productions of type (1) start with A,, and can be modified using Lemma 4.8 (with
A=A,_1, B=A,, o = ¢€) to bring them to the required form. We can continue to
use Lemma 4.8 to successively bring the A;-productions, for i =n—2,...,1 to the
required form.

Finally all productions of type (2) can now be modified by use of Lemma 4.8 to
bring them to the required form. O

Before proceeding, we shall prove the Pumping Lemma (Lemma 1.9), whose
statement we recall.

Let L be a context-free language. Then there is an integer p > 0, depending only
on L, such that, if z € L and |z| > p, then z can be written as z = uvwxy, where
[vwx| < p, v and x are not both € and for every i > 0, w'wx'y € L.

Proof. Let G be a grammar in Chomsky normal form generating L\ {€}, and let k
be the number of variables of G. If T is a parsing tree with yield a terminal string
w, and the maximum level of a vertex is /, then |w| < 2/=1 This is easily proved by
induction on /. (The right-hand side of a production has length at most 2. If [ =1,
the minimum possible, the root has a single successor with label w € Vr.)

Put p=2k.If z€ L and |z| > p, then z € Lg and there is an S-tree T (S being the
start symbol) with yield z. From the previous paragraph, if / is the maximum level
of a vertex of T, then [ > k+ 1. Let vq be the root, and let vy, vy, ..., v; be the vertices
of a path from v to a vertex of level /. Only v; can have a terminal as label, so two
of the k+ 1 vertices v;_1,V;_2,...,V;—k,Vi—ir—1 must have the same label, say v, and
vy both have label A, where | —k— 1 <r<s<Il—1,sol—r—1<k.

Then v, is the root of a subtree of 7" which is an A-tree, say 77, and vy is the root
of a subtree of 71 which is also an A-tree, say 7. Let w be the yield of 7;. Removing
T from T; (except for vy) gives an A-tree 7| with root v, and yield vAx for some v,
x, and the yield of 77 is vwx. This is illustrated by the following picture.

S
AN
/ \
/ \
/ \
/ A \
/ Vr \
/ AN \
7 / \ \
/ \
/ r ' \
/ \
/ P A \
Ay \

/ , s \ N
/ n \
/ / / \ \ \
/ / \ \

/ I \
/ / / \ \ \
/ / / \ \ \
—_——— e — — N N—————

u v w X y

Figure 4.2
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Now v, must have two successors, corresponding to a production A — BC,
where B, C are variables. For otherwise v,; would be a leaf, which is impossi-
ble as r+ 1 < s < [. Both successors are in Tl’, hence |[vAx| > 2, so v, x are not both
E.

Similarly, removing 77 (except for v,) from 7' gives an S-tree with yield uAy for
some u, y, and the yield of T is uvwxy = z. Now v, has level r, so the maximum
level of a vertex of Tj is [ — r. Hence |vwx| < pl=r=l <ok = p.

Finally, it follows from Lemma 4.2 that

S—suAy, A-—svAx, andA-—-w.
G G G

It follows easily by induction on i that § %»uviAxiy, hence S %»uv"wx"y, for all
i>0. O
In the proof just given, note that we can obtain an S-tree with yield uviwx'y as
follows. Begin with 7", the tree obtained by removing 7 (except for v,) from 7.
Add a copy of 7}, identifying its root with v,. Add another copy of 7, identifying
its root with (the copy of) v, in the previous copy of 7}. Repeat, adding a total of
i copies of 7}. (Note that i = 0 is allowed, when no copies of 7} are added and we
finish with 7”.) Finally, add a copy of T3, identifying its root with the vertex v, in
the last copy of 7} (or T, if i = 0). If i > 1, this replaces the final copy of | by a
copy of T, and if i = 1, just results in 7. For i = 2, the result is illustrated below.

Figure 4.3

We come now to the machines which recognise context-free languages.

Definition. A pushdown stack automaton (abbreviated to PDA) is a septuple

M = (Q’ FDA’F7 T?q()?ZO)



70 4 Context-free Languages

where

(1) Qs a finite set (the set of states).

(2) F is asubset of Q (the set of final states).

(3) Ais afinite set (the tape alphabet).

(4) T is a finite set (the stack alphabet).

(5) tis afinite subset of O x (AU{e}) x I x Q x I'* (the set of transitions).
(6) go € Q (the initial state).

(7) zo € Z (the start symbol).

< tape

stack

Figure 4.4

Essentially, it is a FSA (Q,F,A, T,qo) with a “stack”.
This is best thought of as a collection of squares or
cells stacked loosely one on top of the other, each with
an element of I" written on it. The machine can read
the top cell, then delete it and add a finite number of
new cells (possibly none) on top of the stack. Exactly
what it can do depends on the state, the tape symbol being read, and the stack symbol
being read. (The analogy has often been made with the stack of plates sometimes
found in cafeterias. These are on top of a spring which ensures that just the top plate
is visible. It can either be removed for use, or the person washing dishes can add
more plates to the stack.)

Definition. A configuration of M is an element of O X A* x I'*.

The configuration (g,w,7) is meant to represent the situation that M is in state ¢, w
is the remaining word on the tape at and to the right of the read head, and 7 is the
word on the stack, read from top to bottom. This is a difference from FSA’s, where
only the tape symbol being read is needed. We can now formally describe the effect
of the transitions.
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Definition. If (¢,a,z,4, @) € T, we say that a configuration (g,aw,zf3) yields the
configuration (¢’,w, @f3) by a single move.

Thus if o = €, the top cell containing z is erased from the stack, otherwise « is
added to the top of the stack, replacing z. Note that a = ¢ is allowed. This means the
machine can operate on the stack, without reading or moving the tape (another dif-
ference from a FSA). The following two definitions are just as for Turing machines.

Definition. A computation of M, starting at ¢ and ending at ¢/, is a finite sequence
of configurations ¢ = cy,...,c, = ¢’ (where n > 1), such that ¢; yields ¢;11 by a
single move, for 1 <i<n-—1.

Definition. If ¢, ¢’ are configurations, ¢ - ¢’ means there is a computation starting

at ¢, ending at ¢’

We can now describe acceptance of words by M. Unlike previous machines, there
are two ways this can be done.

Definition. The PDA M accepts w € A* by final state if there exists y € I'* and
g € F such that (go,w,z0) V(q,s,y).

The language recognised by M by final state, denoted by L(M), is the set of all
elements of A* accepted by M by final state.

Thus w € L(M) means that M, started in state go, with w on the tape and just z¢
on the stack, has a computation which eventually reaches a final state after reading
w on the tape.

Definition. The PDA M accepts w € A* by empty stack if there exists ¢ € Q such
that (qo, w,20) — (4, €, €)-

The language recognised by M by empty stack, denoted by N(M), is the set of all
elements of A* accepted by M by empty stack.
Thus w € N(M) if M, started as before, has a computation which eventually
results in a configuration with empty stack, after w has been read on the tape.
When considering recognition by empty stack, the set of final states is irrelevant,
and is usually taken to be the empty set.

Note. A configuration ¢ = (¢, w, ) is called terminal if a computation, on reaching
¢, cannot be continued. That is, there is no transition (g,a,z,¢’, &) where z is the
first letter of @, and a is either € or the first letter of w. A configuration (g,w, €) is
always terminal (if o = €, no z € I can be the first letter of o). Thus if M empties
its stack, it halts.

As with previous machines, there is a notion of deterministic PDA.
Definition. A PDA N is deterministic if

(1) Forevery g € Q,a€ AU{¢e} and z € T, there is at most one transition starting
with ¢g,a,z.
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(2) Forevery g € Q and z € I', if there is a transition starting with ¢, €, z, there is no
transition starting with g, a, z, for any a € A.

Condition (1) will seem reasonable in view of the definitions for previous machines.
Condition (2) prevents a choice between a move without reading the tape and one
in which the tape is read.

We now show the equivalence of recognition by final state and recognition by
empty stack. If we confine attention to deterministic PDA’s these are no longer
equivalent.

Theorem 4.11. [f L = N(M) for some PDA M, then L = L(M'") for some PDA M'. If
M is deterministic, M' can be taken to be deterministic.

Proof. Suppose M = (Q,F,A,I',7,q0,20). Define M’ = (Q',F',A",T",7,q(,x0),
where
0 =0U{qy.q'}, A=A, I'=I'U{x}, F={q}

and 7’ consists of all transitions in 7, together with

(q6’8ax07quZOXQ)
and (q,€,x0,q,€) forallg e Q.

Suppose w € N(M), so (q0,w,20) 7(4},8,8) for some ¢ € Q. Hence, using the
same sequence of transitions, (go,w,z0X0) T(q, €,x9). Every transition of M is a

transition of M’, so there is a computation of M’ of the form:

(Q67W7x0)5 (CIO7W720x0)7 ey (q7£a-x0)a (q/7878) (*)

hence w € L(M’). It is easy to see that any computation of M’ starting with (g(, w,xo)
and ending with (¢', €,7) for some ¥ has the form (x). Hence, if w € L(M"), then

(q0,w,20%0) 7(% £,X0)

and (qo0,w,20) 7(6], €,€) by the same transitions, so w € N(M). If M is determin-

istic, then clearly M’ is.

(The purpose of adding g, is to put xo on the bottom of the stack, where it remains
while carrying out a computation of M. When M’ reads xo on the stack, this means
M would have emptied the stack without xg at the bottom, so M’ enters the final state
to accept w.) a

Languages of the form N (M) with M deterministic have a certain property which
we now describe. Recall that, if w is a word in some alphabet, and w = uv, then u is
called a prefix of w and v is called a suffix of w.

Definition. A language L is prefix-free if whenever w € L, no prefix of w, other than
w, isin L.
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Remark 4.2. If L = N(M) for a deterministic PDA M, then L is prefix-free. For if
w=uv €L, u,v#E&,uc L, the computation of M accepting w must initially be the
same as that accepting u, since M is deterministic. But then M halts after accepting
u since its stack is empty, so can’t accept w, a contradiction. Note that, if € € L,
there is a transition starting with g, €,z0, SO no transition starting with g, a, zop with
a € A, by (2) in the definition of deterministic. (As usual, g is the initial state and
7o the start symbol of M.) It follows that L = {€}, which is prefix-free. Also, if
M has one state go and one transition, (qo, €,20,40,€), then M is deterministic and
N(M) = {e}.

There are examples of languages of the form L(M), where M is a deterministic PDA,
which are not prefix-free, so are not of the form N(M). (See Example 2 near the end
of the chapter.) However, the prefix-free property is the only additional requirement
needed.
Theorem 4.12. If L = L(M) for some PDA M, then L = N(M") for some PDA M'. If
M is deterministic and L is prefix-free, M’ can be taken to be deterministic.
Proof. Suppose M = (Q,F,A,I',7,q0,20). Define M’ = (Q',F', A", T, 7, q(,x0),
where

Q’:QU{qb,q’}, A=A, T''=ru{x}, F' =0

and 7’ consists of all transitions in 7, together with

(d0+€,%0,40,20%0)
(q,€,2,4,€) forallge F,zeT”’
(¢,€,2,4',€) forallzel’.

(This time the bottom of stack marker xj is needed in case M empties its stack before
entering a final state; without it, M’ might then accept a word not in L(M). The extra
transitions are to make M’ empty its stack on entering a final state of M.) The proof
that this works is similar to the proof of Theorem 4.11.

Suppose w € L(M). Then (go,w,z0) 7(q,8,}/) for some g € F, y € I'*, so

(q0,w,20%0) 7((17 £,7X0)-

Since every transition of M is a transition of M’, we obtain a computation of M’ of
the form:

(q67wvx0)7 (QOaWaZO-xO)v LR (Cb €, Yx0)7 LR (qlu £, 8) (*)

hence w € N(M’). Conversely, if w € N(M"), a computation starting with (g, w,x)
and ending with (p, €, €) for some state p must be of the form () (where g € F). For
using transitions of M will always leave x( on the bottom of the stack, so eventually,
after reading w, M’ must use a new transition to enter state ¢/, and then it will empty
its stack, remaining in state ¢’. Thus (go,w,z0x0) 7(6],8, ¥x0) using transitions of

M, hence (qo,W,ZO) 7((]787}/)’ sow € L(M)
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Suppose M is deterministic and L is prefix-free. Modify M’ by removing all tran-
sitions in 7 starting with g, for some ¢ € F, to obtain a deterministic PDA M”,
whose set of transitions is denoted by 7. Since 7 C 7/, any computation of M" is
one of M’, so N(M") C N(M') = L. Suppose w € L(M) = L. Then there is some
computation

(q0,w,20) = co,---,cn = (q,€,@) where g € F.

Let i be the smallest value of j such that ¢; = (¢;,w;, o) satisfies ¢; € F. Then
there is a computation of M"":

(QZMW’ZO),CE),-- . 7C;

where c’j is obtained from c; by replacing o; by a;xo. Further, w = uw; for some u,
and the suffix w; can be removed from w; in c'j to obtain a computation

/ 1 7 "
(qo,u,20),¢q,---,¢; of M".

Since ¢; € F, this computation can be continued, without moving the tape, until M”
empties its stack. Hence u € N(M") C L. Since L is prefix-free, u=w e N(M"). O

Theorem 4.13. If L = N(M) for some PDA M, then L is context-free.

Proof. LetM = (Q,F,A,I',7,q0,20). Define a grammar G = (Viy, A, P,S) by putting

W={(¢2,p)|q,p€Q, zeT}U{S}
and letting P consist of the productions

(1) S—(qo,20,9) forallg € Q

2 (9,2,p) —alq1,y1,492)(92,2,43) - - - (dm; Ym Gm+1), Where gmi1 = p, for all
q4,q15--- qmi1 € 0,allac AU{e} and all z,yy,...,y,, € I such that the quin-
tuple (q,a,z,q1,y1-..ym) is a transition. (If m = 0, the right-hand side of the
production is a.)

The idea is that a leftmost derivation of G, using the productions (2), should sim-
ulate a computation of M. Use of a transition of M will lead to use of a corresponding
production in a derivation. There are several possible productions, and some means
is needed to choose the states g; which occur in the variables. This needs an inter-
pretation of the variables: (¢,z,p) is meant to indicate that, when in state ¢ with z
as the top stack symbol, there is a computation ending in state p which “pops” z.
This means it has the effect of erasing z from the top of the stack. It does not mean
that the final transition used erases z, which may have been replaced earlier by some
other string. It means that what is on the stack in state p is what was below z on
the stack in state g. (Of course, not all variables will necessarily have this interpre-
tation.) A production (2) is intended to mean that, when M uses the corresponding
transition, one way to pop z is to enter state g; and pop y;, ending in state g», then
pop y» ending in state g3, etc. (Again, not all productions will necessarily have this
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interpretation.) The terminals occurring at each stage of the derivation will indicate
the part of the input that M has read.
We show that this works, by proving that

(4,w,2) ——(p,€,¢€) if and only if (¢,2, p) —>w.

Suppose that (g, w,z) 7( p,€,€). We show by induction on the number of moves
of a computation of M that (g,z, p) i» w. If the number of moves is 1, then w is in
AU{e} and (¢, w,z, p, €) is a transition. Therefore (¢,z, p) — w is a production, so

(6:2,p) > w-
Suppose the number of moves, s, is greater than 1. The computation has the form

(Q1W7Z)7(qlav)y1"'ym)7"'7(p7818)

where w = av and a € AU {e}. Let v; be the prefix of v such that the stack first
becomes as short as m — 1 symbols after M has read v;. Let v, be the subword of v
following v such that the stack first becomes as short as m — 2 symbols after M has
also read v,, and so on. Thus v =v; ...v,,. Note that, while v; ...v;_ has been read,
Yi...ym remains on the bottom of the stack.

Let g; (i > 2) be the state of M when the stack first becomes as short as m —i+ 1
(80 gm+1 = p). The top stack symbol is then y;. Thus

(CIia Vi, Yi-- -J’m) 7(qi+1 ,E, Vit - .ym)
for 1 <i <m, by a computation with fewer than s moves. Using the same transitions

gives a computation showing (g;, v;,y;) 7(qi+1 ,€,€). It follows by induction that

(isYi,qi+1) % v; for 1 <i < m. From the first move in the computation, there is a

production

(9,2, p) —a(q1,y1,52)(q2:¥2,93) - - - (m> Ym> Gm11)-

Hence, there is a G-derivation:

(¢:2,p),a(q1,1,52)(q2,52:93) - - - (qmsYm: Gm+1) - - -
aVl(‘]2a)’2a‘]3) e (QmaylnaCIin+1)7' ey
aviva(q3,53,94) - - (qm:Ym> Gmi1)5 -, QVIV2 . Vg = W

as required. (Note that, if we take leftmost derivations of v; from (g;,y;,qi+1), the
result is a leftmost derivation of w.)
Conversely, assume (g,z,p) ?w. We show that (¢, w,z) 7(17, €,€) by induc-

tion on the number of steps in a derivation of w from (g, z, p). If this number is 1,
then (¢,z, p) — w is a production. This can only happen if w € AU {e} and there is
a transition (¢, w, z, p,€), hence (¢, w,z) 7(17’8’ €).
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Suppose the number of steps in the derivation is greater than 1. The derivation
has the form

(g,2.0),a(q1,51,92)(92:Y2,43) - - - (> Yims s 1) 5 - - -, W

where ¢,,+1 = p and (¢,a,2,q1,y1 -..Ym) is a transition. We can write w = avy ... vy,
where, for 1 <i <m, (gi,vi,qi+1) %vi, and by induction

(qia Viayi) 7(qi+l €, 8)
for all such i. Thus, for each i, using exactly the same transitions, we find that
(Gir ViVis1 -+ - Vs Yidig1 - - Ym) 7(6]i+1 Vitl o Vi Yitd -+ Ym)-

Hence there is a computation

(qsw,2), (@1, VIV2 Vs YIV2 Vi) s e e o5 (G2 V2 o Vis Y2 ooV )y - o
((»]37\/3 --~Vm7y3"'yln)a"'7(qm+1787£)

and since g, +1 = p, this completes the induction.
Finally, it follows that (g, z0, p) — w if and only if (go,w,z0) 7(;7, €,€). Now

using the productions (1), it follows that S ——w if and only if (go,w,20) 7(;7, €,€)
for some p € Q. hence Lg = N(M). O

Remark 4.3. With more care, the proof shows that leftmost derivations of G sim-
ulate computations of M in a precise manner. Given a computation (go,w,z9) =
C1,€2,...,¢cn = (p, €, €), there is a unique associated leftmost derivation (g, 20, p) =
oy, 0,. .., 0, =w, and any leftmost derivation starting with (go, zo, p) arises in this
way. If ¢; = (gi—1,vi, Bi) and B; = zj1 ... zik;, Where z;; € Z, then

o = ui(_azih _> cee (_azikp _)
where w = u;v;, and the dashes represent certain elements of Q.

Suppose M is deterministic; it follows that G is unambiguous. Further, in con-
figuration c;, u; has been read from the tape. When u; is first read, the computation
next uses a uniquely determined sequence of transitions (possibly none) of the form
(¢,€,—,—,—) before reading the next symbol on the tape. This sequence will ap-
pear in any computation in which u; is read from the tape at some point. Thus if
(g0,z0,p) = &1, 0, ..., 0 = wis a leftmost derivation with o/; = ;Y for some j (y
is a string of variables of G), the corresponding computation of M will use all of this
sequence of transitions, and all of the corresponding words (beginning with u;) will
appear in the derivation. Hence, given two leftmost derivations S, (¢o,z0, p),...,W
and S, (90,20, p),---,W, if uy appears in one derivation and uy appears in the other,
then both words appear in both derivations. (Here u € Vi, v, ¥ € Vi)



4 Context-free Languages 77

Theorem 4.14. If L is context-free, then L = N(M) for some PDA M.

Proof. Suppose first that € ¢ L. Let L = Lg where G = (Vy,Vr, P,S,) is a context-
free grammar in Greibach normal form. Let M = ({¢},0,Vr,Vy,7,q,S), where T
consists of all (¢,a,A, g, %) for all productions A— ayin P. For oo € Vy and w € V',
we show that

S~ wa if and only if (g,w,S) 7((],8, o).

Suppose S ——wa, so there is a leftmost derivation of w from S. We show by
induction on the number of steps in this derivation that (¢, w,S) 7((], €,a). If the

number of steps is 0, then w = ¢, @ = S, and (g, €, 5) 7(5], €,5) by 0 moves. Oth-

erwise, the derivation has the form

S,...,vAB,vayB

where v € Vi, B € Vi and A—ay is a production. Thus w = va and a = yf3. By
induction, (q,v,S) —>(¢,€,AB), so (q,w,5) ——>(¢,a,AB). Also, (¢,a,A,4,7) is

transition. Hence there is a computation

(Q’ W’S)’7(q7a7Aﬁ)’(Q’87,Yﬁ)

as required.
Conversely, suppose (g, w,S) 7(6], €, a). we show by induction on the number

of moves in a corresponding computation that § —— wa. This is obvious if the num-
ber of moves is 0. Otherwise, put w = va; the computation has the form

(q7va’S)""’(q7a7ﬁ/)7(q7£’a)'

The final transition used comes from a production of the form A —ay, so B’ = A
for some f3, and a = yf. Using all but the final transition, we obtain a computation

(@.v.S),--(g:€.B)

so by induction S —=vB’ = vAB. Also, vA§ —vayB = wa, hence S ——wa.
Taking o = € gives S ——w if and only if (g,w,S) 7(% €,€), hence L = N(M).

Finally, if € € L, then L\ {€} is context-free (by Cor. 1.2), so by what we have
proved, L\ {€} = N(M) for some PDA M with initial state ¢ and start symbol S.
Add a new state ¢’ to M, and a new transition (g, €,S,¢, €) to obtain a PDA M’ with
L=N(M). g

We now have two new classes of languages: those which are L(M) for some
deterministic PDA M, and those which are N(M) for some deterministic PDA M.
We shall show that these can be defined by corresponding classes of grammars. We
begin by giving a name to these classes

Definition. A language L is deterministic if L = L(M) for some deterministic PDA
M, and L is strict deterministic if L = N(M) for some deterministic PDA M.
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Before proceeding, we prove two results concerning regular, context-free and deter-
ministic languages.

Lemma 4.15. A regular language is deterministic.

Proof. Let M = (Q,F,A,T,qo) be a deterministic FSA recognising the regular lan-
guage L. Let M’ be the deterministic PDA (Q,F,A,{z0},7’,40,20), where T’ con-
sists of all transitions (g,a,z0,¢’,20) for (¢,a,q’) € T. It is easily shown that if
w=adaj...a, € A" (n > 0), then there is a computation of M with label w ending
at state ¢ if and only if (go,w,20) 7(% €,20). (The proof is by induction on |w|.)

Since M and M’ have the same set of final states, L = L(M’). 0

Recall from Exercise 6, Chapter 1 that the intersection of two context-free lan-
guages is not necessarily context-free. However, we can now prove the following.

Lemma 4.16. Let R be a regular language. If L is a context-free language, then
LNR is context-free. If L is deterministic, then LN R is deterministic.

Proof. We can assume L, R have the same alphabet, A (otherwise take the union of
their alphabets as the new alphabet). By Theorem 4.14 and Theorem 4.11, L = L(M)
for some PDA M, say M = (Q,F,A,I",7,q0,20). Also, R is recognised by some
deterministic FSA, say M' = (Q',F' A, 7, q;)).

Let & be the transition function of M’. Define a new PDA M” by

MH = (Q X Q/7F X F/7A5Fa T”7 (quQ6)7Z0)
where, for each (¢,a,z,p, ) € Tand ¢’ € Q', 7" contains the transition

((9,4'),a,2,(p,8(4 ,a)), a).

(Recall that a € AU{e}, and 6(¢',€) = ¢'.) It is left to the reader to verify that
LNR=L(M"). If M is deterministic, then clearly M” is, and the last part of the
lemma follows. O

We now define the classes of grammars which will be used to characterise the
two language classes recognised by deterministic PDA’s. In what follows, we make
some notation conventions. Greek letters denote elements of (Viy UVr)*, lower case
letters denote elements of (Vr U{$})*, where $ is a new letter not in Vy U Vr, and
upper case letters denote elements of Vy.

Definition. Let k € N and let G = (Vy,Vr, P,S) be a context-free grammar. Let $ be
a letter not in Vy UVy. Then G is called LR(k) if S does not appear on the right-hand
side of any production, and given rightmost P-derivations

S$k, o QAW IWY, O BW Wy

S$F. ... yBw, afwiws

where |wi| =k, then y= o, A= B, and w = wyws3.
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(In a rightmost derivation of two words from S$* which agree up to k letters beyond
the point of the last replacement, the words at the penultimate step agree up to
k symbols beyond the point of the last replacement. The new letter $ is used as
a “padding symbol”, to make sure there are k letters beyond the point of the last
replacement. Note that, in these derivations, $k always remains at the right-hand
end, as $ does not occur in any production. In particular, wyw, and wiws end in
$K. The term LR(k) stands for something like “parsing from the left of rightmost
derivations with k steps of lookahead™.)

Let G = (Vy,Vr, P,S) be a context-free grammar with r productions, and number
the productions of G from 1 to r. Fork > 0, w € V;: {$}" with [w| =kand 1 <i<r,
let Ry (i, w) be the set of words ¥ for which there is a rightmost derivation

S$k, ... aBwwsy, afww;

where B—— 3 is the ith production and y = afSw.

Lemma 4.17. Let G = (Vy,Vr, P,S) be a context-free grammar. Then for any k > 0,
w € Vi {$} with |w| =k and 1 <i <r, the set Ri(i,w) is regular.

Proof. Define a grammar G’ = (Vy,,VyUVr U{$},P',S’) as follows. The elements
of Vj are the ordered pairs (A,v), where A € Vi, v € V; {$}" and |v| = k. The start
symbol S’ is (S, $%). The productions in P’ are as follows.

(1) Suppose A—Xj...X, isin P (here X; € Vy U V7). If 1 < j<nand X; € Vy,
then P’ contains the productions

(A,V) —>X1 .. .Xj,I(Xj,V/)

for every v,V in Vi {$}* of length k such that for some v, X1 ... X,v %v’v”.
(2) If B— B is the ith production, then the production (B,w)— Bw is in P

We show that Lg = Ry (i, w). (This will not finish the proof-G’ has to be modified to
obtain a regular grammar.) In a G’-derivation, all strings occurring are of the form
o(A,v), where o € (Vy UVr)*, except possibly the last one; the production in (2)
can be used only once, as the final step in the derivation. Thus, it suffices to show
that, for v € V; {$}" of length &,

(S, $k) — ot(A,v) if and only if, for some vy, there is a rightmost P-derivation
G/
S$K. ... oAvy.

Assume there is a rightmost P-derivation S$, ... aAvv;. We show by induction on
the number of steps in the derivation that (§,$%) —— a(A,v). If the number of steps
Gl

is 1, this is easy to see. If the number of steps is greater than 1, then it has the form

S$E. .. ¥CV'va, Y8V Vs = aAvy;
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where v € V;{$}* has length k and the final production used is C — &. Suppose
6 ¢ V;. Then & has the form 6’Avs, where y6' = a and v3V'v, = vv;. It follows
that v is a prefix of v3v/, so (C,v') — &8’(A,v) is a production of P’. By induction,
(S,$5) #y(c, V'). Hence (S, $¥) #yS’(A,v) =a(A,v).

Otherwise (6 € V;), v has the form aAy, where y € V. At some point in the
derivation, the letter A was introduced, by a production of the form D — 1A%, so
it has the form

S$k . mDyyY , riApYLY ..., oA,

where y; € V;{$}* and |y;| = k. Thus & = 37 since the derivation is rightmost,
and inductively (S, $k)j>y3(D,y1). It follows that 9’2?)’2 for some terminal

string y» such that y,y is a prefix of vv;. Hence (D,y;) — ¥ (A,v) is in P". Thus
(,8%) j’ 1371(A,v) = o (A,v) as required.

To prove the converse, it suffices by Lemma 4.2 to show that if (S, $%) — a/(A,v)
Gl

then for some vy, there is a P-derivation S$*. ..., aAvy;. The proof is by induction
on the number of steps in a derivation of a(A,v) from (S,$¥), and is left to the
reader.

Finally, we have to convert G’ to a regular grammar generating Ry (i, w). All pro-
ductions of G’ are of the form A—vB or A—v where v is a string of termi-
nals of G'. Applying the procedure of Lemmas 4.1 and 4.6 gives a grammar of
the same form generating Ry (i,w), where all strings v which occur have length
at least 1, except that S'— € may be present. If A — v is a production, where
V=ux]...x, (n>2), add new variables By, ...,B,_1 and replace this production by
the productions

A—x1B1,B] —x2By,...,By_2—Xx_1By—1,B—1 — Xy.

The variables By, ...B,_1 can be added one by one. First add B; and replace A — v
by A—x1B; and B] — x3 ... X,, then (if n > 2) add B; and replace B| —x3...x,
by B| —x2B> and B, — x3...x, and so on (the final step being to add B,,_; and
replace B,,_» — Xx,_1x, by B,_» —x,_1B,—1 and B,_| — x,,. It follows that the
new grammar generates Ry (i,w) (see Exercise 3 at the end of the chapter).

If a production has the form A—vB (v = x1...x,, n > 2) proceed similarly,
but the last production should be B,_; — x,,B. Again the variables can be added
one by one (changing the production By — x5 ...x, to B — x> ...x,B, etc) and by
Exercise 3, the new grammar generates Ry (i, w).

Doing this for every such production gives a regular grammar which generates
Ry (i,w). O

Remark 4.4. A grammar is called right linear if all productions are of the form
A—uB or A— u, where A, B are variables and u is a string of terminals. The last
part of the preceding proof shows that a right linear grammar generates a regular
language. Similarly, one can define left linear (all productions of the form A — Bu
or A—u), and show that a left linear grammar generates the same language as
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some left regular grammar (see Remark 1.1). In view of Remark 1.1, the following
are equivalent, for a language L.

(1) Lis regular.
(2) L is generated by a right linear grammar.
(3) L is generated by a left linear grammar.

Remark 4.5. Let k£ > 0. In the circumstances of Lemma 4.17, suppose G is LR(k)
and y € Ri(i,w) and yu € Ri(j,v). Then i = j, v=w and u = €. (Recall the notation
convention: u € (Vr U{$})*.) For there are derivations

S$k ... aAww,,afwwy and  S$¥,... 8Bvwy, 88wy,

where Y= affw and yu = 6{v, and A— f3, B— { are respectively the ith and jth
productions of G. By the LR(k) assumption, & = §, A = B and wuv, = vv;, hence
w=vas |w| = |v| =k. It follows thatu = € and B = {, s0 i = j.

Now suppose G is LR(k). By Theorem 1.4, there is a FSA M (i,w) with alphabet

Vw UVr U{$}, recognising Ri(i,w), for every possible value of i and w. We can

assume that for (i,w) # (j,v), My(i,w) and My (j,v) have no states in common. Let

Ri = U Rk (i,w). From the proof of Lemma 1.5(3), there is a FSA M, with alphabet
Lw

Vy UVr U{$} recognising Ry. Its transition diagram is constructed by taking the
union of the transition diagrams of My (i,w) for each value of i and w, then adding
a new state s as initial state, with extra edges from s labelled ¢ to the initial state of
My (i,w), for each i and w. The final states are those of every M (i,w).

Now apply the construction of Prop.1.3 to M, to obtain a deterministic FSA D;
recognising Rj. The states of Dy are subsets of the states of Mj, and a state is a
final state if and only if it contains a final state of M. Suppose there is a path in the
transition diagram of Dy from the initial state to a final state Q, with label 7. Assume
Q contains a final state g of My (i,w) and a final state ¢’ of My(j,v). It is easily seen
that there are paths in My (i,w) and My (j,v) starting at their initial states and ending
at g, g’ respectively, both with label y. Thus y € Ri(i,w) and y € R;(j,v), so by
Remark 4.5,i = j.

Next, modify Dy, to obtain D;C, by letting the final states of D;C be the final states
Q of Dy for which there is a path in the transition diagram of Dy from the initial
state to Q. Then D), is still deterministic and recognises Ry, and we have associated
to each final state of D; a unique production of G.

Theorem 4.18. If L = L for an LR(k) grammar G, then L$¥ is deterministic (where
$ is a letter not in the alphabet of L).

Proof. Number the productions. Let R be the set in the preceding discussion, and
let D be the deterministic FSA D) recognising Ry, with alphabet Viy U Vy U {$}.
Denote the initial state of D by d. By an edge of D, we mean an edge of its transition
diagram. Let A (e) denote the label on edge e of D. If u = ey,...e, is a sequence of
edges of D (not necessarily a path), define the label on u, A (u), tobe A(e1)...A(e,)
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and put #(u) = t(e,) (1(€) = d). To construct a deterministic PDA M recognising

L$¢

, we take as tape alphabet (V7 U {$}), and as stack alphabet we take the set of

edges of D together with a start symbol zg. Note that zyp will be used as a bottom
of stack marker. We define #(z9) to be d. There is an initial state go. The machine
carries out one of the following two steps as often as possible.

ey

(@)

In state go, if the top symbol x of the stack is such that 7(x) is a final state of
D, read symbols from the stack, storing them in the states as a word, with the
top symbol on the right. At most k+/ symbols are read, where [ is the length of
the longest right-hand side of a production. Suppose, during the computation,
the label on the word read is of the form Bw, where |w| = k and the production
associated to 7(e) is of the form A— f3. Let the symbol on top of the stack
after reading Bw be z. Add new edges fo, f1,- - ., fr on top of the stack (fj at the
bottom), where fj is the edge from #(z) with label A, and for i > 0, f; is the edge
from ¢(f;—;) with label a;, where w = a; ...a;. Then return to state gy without
further altering the stack or reading the tape. If this never happens, the machine
will halt after reading at most k + [ symbols.

To do this, take a new letter ¢;, and add new states (g1, u), where u is a word
of length at most k +/ in the edges of D. Add transitions (g, €,x, (g1, €),x) for
x in the stack alphabet and #(x) a final state of D, and ((q1,u),€,e,(q1,eu),€),
for u of length less than k + I, where e is an edge of D and one of the following
fails.

(a) A(u) is of the form Bw where |w| = k.
(b) t(u) is a final state of D.
(c) the production associated to 7(u) has the form A — 3.

For every u satisfying (a)—(c) of length at most k+ [, add a transition

((q1,u),€,2,90, fx - - - f1.fo2)

where z is in the stack alphabet, fj is the edge of D from 7(z) with label A and
fori> 0, f; is the edge from #(f;—) with label a;, where w = a; ... qj.

In state go, if the top symbol x of the stack is such that 7(x) is not a final state
of D, read the first £+ 1 symbols of the stack (or as many as possible if there
are fewer than k + 1 symbols on the stack), storing them in the states as a word
(with the top symbol on the right). If the word obtained is u, where A (1) = S$*,
and the top symbol of the stack is zp, move to a final state (only one final state is
needed). Otherwise, restore the stack. If possible, read a symbol from the tape,
say a, and add f to the top of the stack, where f is the edge from 7(x) with label
a. Then return to state g.

To do this, add a new symbol ¢, and states (g, u) where u is a word of length
at most k+ 1 whose letters are edges of D. Add transitions (qo, €,z, (¢2, €),z) for
zin the stack alphabet and 7(z) not a final state of D, and ((q2,u), €, e, (g2, eu), €),
for u of length less than k+ 1 and e an edge of D. Also, add a state p as the only
final state and transitions ((g2,u), €,20, p,20), whenever A (u) = S$*.
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Now add new states (g3,u) where u is a word of length at most k + 1 whose
letters are edges of D. Add transitions

((qzvu)vgvzv(QSvu)vz)

for z in the stack alphabet, and u of length k + 1, except when A () = S$* and
7 = z0. Also add transitions ((q2,u), €,z0, (g3, u),20) for u with |u| < k+ 1. Then
add transitions

((q3,eu),£,z, (613714)731)

where e is an edge of D, |u| < k and z in the stack alphabet. Finally add tran-
sitions ((g3,€),a,x,qo, fx), where a is in the tape alphabet, x is in the stack
alphabet and f is the edge from 7(x) with label a.

It is left to the reader to check that M is deterministic. Suppose M is started in state
qo with w on the tape and zp on the stack. Whenever M is in state gg, the stack
contains zpej .. .ey,, (with zg at the bottom), where ey, ..., e, are the edges in a path
starting at d. This follows by induction on the number of moves. Call A(e;)...A(e,)
the label on the stack. If, in state g, the label y on the stack is in Ry, then by Remark
4.5, vy € Ry(i,w) for unique i and w. By the discussion preceding the theorem, the
ith production is the production associated to 7(x), where x is the top symbol of the
stack. If this ith production is A— 3, then ¥ has the form afw. Step 1 is carried
out and the stack label becomes aAw. Otherwise, either M halts during Step 1, or
Step 2 is carried out. Then either M enters the final state, or an edge corresponding
to the tape symbol being read is added to the top of the stack (or if there is no symbol
on the tape, the machine halts in state (g3, €)).

If w € L$¥, there is a rightmost derivation of w from S$¥. During the computation,
when Step 1 is carried out for the ith time, let the stack label initially be ¢; (so
Q; € Ry) and let u; be the remaining word on the tape. Suppose Step 1 is carried out
r times. Then this derivation is S$* S Olly, Olp—1Up—1,...,00 U1, and the productions
used are those used in Step 1, in reverse order. This follows by induction on r, using
Remark 4.5, and is left to the reader. If the first production used is S — f3, then
oyu, = B$X, and B$* € Ry. Again by Remark 4.5, o, = B$* and u, = €. Thus after
the final use of Step 1, the stack label is S$ and all of w has been read. When the
stack label is S$F, Step 2 is carried out and M enters the final state. This is because
S$* ¢ Ry, as S does not occur on the right of any production. Thus M accepts w.
Conversely, if M accepts, then S$F followed by the words o;u; as defined above,
in reverse order, give a derivation of w from S$X. hence w € LS$F. Tt follows that M
recognises L$¥. O

Theorem 4.19. If L is strict deterministic, then L = L¢ for some LR(0) grammar G.

Proof. Let M be a deterministic PDA with L = N(M). Construct the grammar ob-
tained from M in Theorem 4.13, then use Lemma 4.3 to remove variables and pro-
ductions so that all variables are generating, obtaining a grammar G. We show that
G is LR(0). It is clear that S does not occur on the right-hand side of any production
of G. Suppose there are rightmost derivations
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S,...,cAws, ofws 4.1)
S, ..., YBw,y0w = o.fws 4.2)

as in the definition of LR(0). We have to show that y = &, A = B, and w = w3. By
symmetry we can assume that | 8| < ||, so we can write You = o and w = uws
for some u. Let wq, wg be terminal strings with ot ——wg, B ——wg. By Lemma
4.2, there are rightmost derivations of wq, wg from o, B respectively, hence the
derivation 4.1 can be extended to a rightmost derivation

S, QAW 0wy, .. AWEWa, ..., WeWEW) 4.3)

and this derivation comes from a parsing tree, which determines a corresponding
leftmost derivation, which has the form

S, sweAG we B, ... ,WaWBCQ,.. S WaWpW2 4.4)

where {, is a string with {, —>w». It is easy to see that there are terminal strings
wy, wg, such that y—=wy, 6 —>ws and wywsu = wewg. Again by Lemma 4.2,
derivation 4.2 can be extended to a rightmost derivation of the form:

S, ..., YBuws, YOuws, ... ,wywsuws 4.5)

and this derivation corresponds to a parsing tree which determines a leftmost deriva-
tion of the form:

S, wywsuls, ..., wywsuws (4.6)

where (3 is a string with {3 ——wj3. By Remark 4.3, the string wywsu(3 occurs in
the derivation 4.4 and so {3 ——wy. The first production in derivation 4.6 has the
form S — @y, where ¢ ——w,wsu and ¥ —— (3. The rightmost derivation 4.5 has
the form

S,QY,...,0ws,...,YBuws, Youws, ..., wywsuws

and so @ — yBu. By Lemma 4.2, there is a rightmost derivation of the form
S, oy, 083, ..., 0w, ..., YBuwa, YSuws, ..., wywsuws 4.7)
Truncating this derivation gives a rightmost derivation
S, ..., YBuwy, y0uw, = ofwy (4.8)

By Remark 4.3, G is unambiguous, so derivations 4.3 and 4.7 are equal, hence
derivations 4.1 and 4.8 are the same. (The string oSw, cannot occur twice in deriva-
tion 4.3, otherwise we could obtain a shorter rightmost derivation of WaWpW2 from
S, contradicting the fact that G is unambiguous.) In particular, xAw, = YBuw,, so
uwy =wp, A =Band o = ¥, hence u = € and w = ws. O
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Lemma 4.20. Let G = (Vy,Vr,P,S) be a context-free grammar.

(1) If G is LR(k) for some k then G is unambiguous.
(2) If G is LR(0) then L is prefix-free.

Proof. (1) Given a rightmost derivation S, ..., B, & (o € (VyUVr)*), let $ be a letter
not in V7. Adding $ to the right of every string in the derivation gives a rightmost
derivation. Taking wy = wj in the definition of LR (k) we find that B$¥ is uniquely de-
termined by a$¥, hence f is uniquely determined by «. Also, there is no derivation
S,...,S of length greater than 1, as S does not appear on the right of any production.
Hence a rightmost derivation of ¢ from S is uniquely determined by «, by induction
on its length.

(2) Suppose u, uv € Lg and v # €. There are rightmost derivations

S,...,0Aw, afw=u
S,...,yBW  afwv.

By the LR(0) condition, yBw' = atAwv. Removing the last words in the derivations
gives rightmost derivations and this argument can be repeated. Continuing, we find
that Sv eventually appears in the second derivation, so S —— Sv. But this is impossi-
ble as v # € and S does not appear on the right-hand side of any production. O

Theorem 4.21. For a language L, the following are equivalent.

(1) L = Lg for some LR(0) grammar G.
(2) L is deterministic and prefix-free.
(3) L is strict deterministic.

Proof. Assume (1). By Theorem 4.18, L is deterministic and by Lemma 4.20, it is
prefix-free, so (2) holds. It follows from Theorem 4.12 that (2) implies (3), and from
Theorem 4.19 that (3) implies (1). O

To deal with LR(k) languages in general, some digressions are required. First, we
introduce a new operation on languages.

Definition. If L;, L, are languages, the quotient L; /L, is defined by
Li/Ly = {u | there exists v € Ly such that uv € L; }.

It is true that, if L is deterministic and R is regular, then L/R is deterministic. This is
not easy and involves the construction of a “predicting machine”. See [20, Theorem
12.4] or [21, Theorem 10.2]. However, we shall only need a special case, which is
much easier.

In the special case that L, = {a}, where a is a letter, we write L;/a, that is,
Li/a={u|ua € L,}. Note that, if L has alphabet A and a ¢ A, then L; /a is empty.

Lemma 4.22. If L is deterministic and ay is any letter, then L/ay is deterministic.
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Proof. LetM = (Q,F,A,I',T,q0,z0) be a deterministic PDA recognising L by final
state. Let B be the set of all pairs (¢,z) € Q X I" such that there is a transition in T of
the form (g, a0,z p, &), where p € F. Then for w € A*, w € L/q if and only if

(quWaZO) 7(61,&0,27’)

for some (g,z) € B and y € I'*. Define a new PDA M’ = (Q',F',A,I",7',q0,70) as
follows. For every g € Q, take two new states ¢', ¢” and let Q' = {q q.9" g€ 0}
Then put ' = {q" | g € O}. The set 7’ is obtained from 7 as follows. First, replace
every (q,a,z,p,a) € T by (q,a,z,p’, &). Then add new transitions as follows:

(4'.€,2,9,2) for (q,2) € 0% Z, (q,2) €B
' €,2,q4" .z
EZ// e qu Z)) for (¢,z) € B

Clearly w € L(M') if and only if (go, w, z()) ~(q",€,0) forsome g€ Qand o €I,
if and only if (go,w, Zo) ~(q',€,27) for some (g,z) € B and y € ['*. Finally, it is
easily seen that this is true 1f and only if (go,w,z0) — m (q,€,zy) for some (¢,z) € B
and y € I'*. Thus L(M") = L/ao, and M’ is obviously deterministic. ]

Note that, in the proof, if ag is not in A, B is empty, so M’ recognises the empty
language, as it never reaches a final state. This accords with the remark above that
L/ag is empty.

Theorem 4.23. Let $ be a letter not in the alphabet of a language L. If L$ = L¢ for
some LR(0) grammar G, then L = L for some LR(1) grammar G'.

Proof. Let G = (Vy,Vr,P,S). Using Lemma 4.3, we can assume that all variables of
G are generating. (The construction removes some of the variables and productions,
which still leaves an LR(0) grammar.) Construct a grammar G’ = (V,Vy,P',S) by
making $ a variable rather than a terminal, and adding the production $ — € to P.
Thus Vy = Vy U{$}, V/ = V7 \ {$} and P = PU{$—€}. We shall show G’ is
LR(1) and L = L. Since S does not occur on the right of any production of G, it
does not occur on the right of any production of G'.

Given a G’ derivation of o from S, if there are n uses of $ — €, then omitting
them gives a G-derivation of a word with at least n occurrences of $. Since every
variable of G is generating, the derivation can be continued to obtain a G-derivation
of a word w in V;, still with at least n occurrences of $, since $ € Vy. Butw € Lg =
L$,son<1.

By Lemma 4.2 and its proof, the G’ derivation of & from S defines an S-tree, and
the tree defines a rightmost derivation of & from S, using the same productions as
the original derivation, but in a possibly different order. (Further, every rightmost
derivation is obtained in this way.) This rightmost derivation therefore uses $ — €
at most once. Since the derivation is rightmost, if $—— € is used it must remove
an occurrence of $ at the right-hand end of the word. Otherwise, the procedure of
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the preceding paragraph would give a G-derivation of a word u$v € V; with v # &,
which is impossible as Lg = L$.

If o € (V})*, then there must be a use of $ — ¢ in the derivation. Otherwise, the
derivation is a G-derivation with & € (V7)*, but o & L$ since $ ¢ V., a contradiction.
Thus if the G'-derivation is S = o, o1, .., 0, = o, then for some i, @; = ¥$ and
a1 = ¥. Further, none of g, ..., a;_; end with $, since the derivation is rightmost.
Omitting the use of $ — € gives a G-derivation

S,ap,...,0 = qi113$,0428, ..., 0% = .

Consequently, a$ € L$ (as V; C Vr), so a € L, hence Ly C L. Also, this G'-
derivation is rightmost. The only place at which a production $ — € can be inserted
into this derivation to get a rightmost G’-derivation is after o, giving the original
G’-derivation (¢; is the first word in the derivation to end with $). Thus different
rightmost G'-derivations of a word & € (V;)* give different rightmost G-derivations
of a$. Since G is unambiguous (Lemma 4.20), so is G'.

If we L, then S %w$ by some G-derivation. Using the G’-production $ — &

then gives a G'-derivation of w, so § ;/wv, hence w € L. Thus L = L.
G
If A € Vi, A is generating in G, and by use of $— €, we see that A——w for
G/

some w € (V7)*, so A is generating in G'. Clearly $ is generating in G’ (€ € (V})*),
so all variables of G’ are generating.

Since $ has become a variable, to show G’ is LR(1), we need to choose a new
letter not in V3, UVy. = Viy U Vr, which we denote by €. Thus, we have to show that,
given rightmost G’-derivations

S€, ..., aAwiwy, affwiwy
S€, ..., YBw,afwiws

where |w;| =1, then Y = a, A = B, and w = w;wj3. There are two possible cases.

(a) w; =%€,in which case wy, = w3 = €.
(b)  wy, wz both end in €, say wy = W)€, w3 = wi€.

In both cases, w ends in €, say w = w'€.
Case (a). Omitting the occurrences of € gives G’'-derivations

S,...,0A, o
S,...,yBw, op3

Since every variable of G’ is generating, there is a G'-derivation from o8 of some
u € (V7)*, and we can take the derivation to be rightmost (by Lemma 4.2). Adding
this derivation to the right of the two derivations of aff gives two rightmost G'-
derivations of u from S. Since G’ is unambiguous, these two derivations are the same,
hence the two derivations of of3 are the same. Consequently, ®A = yBw'. Since B is
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the rightmost variable in yBw', w' = €, B=A and y = a. Hence w = W€ = wyws,
as required.

Case (b). In this case, omitting the occurrences of € gives derivations

S, ..., AW W, o fwwh
/ /
S,...,YBw o Bwiws.

Since wy # &, the final productions used in these derivations are not $ — €. There-
fore omitting the single use of this production, if it occurs, from the derivations gives
rightmost G-derivations

S,...,aAwWs, afw)
/! 1!
S,...,'}/BW ,aBW:;.

where wj is either wiw) or wiw5$, and either w” = w/, w4 = wiwj, or w’ = w'$,
wj =wiw}$. Since G is LR(0), A = B, y= o and w} = w” . It follows that wiw/ = w/,
hence wiws = w, as claimed. O

The next theorem needs a lemma whose proof is quite subtle, and which depends
on another non-trivial lemma. The proofs of these two lemmas (A.3 and A.4) have
been placed in Appendix A.

Theorem 4.24. For a language L, the following are equivalent.

(1) L = Lg for some k and LR(k) grammar G.
(2) L is deterministic.
(3) L = L¢ for some LR(1) grammar G.

Proof. Again let $ be a letter not in the alphabet of L.

Assume (1). By Theorem 4.18, L$* is deterministic. For k > 0, L$*~! = L$k/$,
and by an easy induction on &, using Lemma 4.22, L is deterministic, so (2) holds.

Assume (2). Then L$ is deterministic. For L = L(M) for some deterministic PDA
M = (Q,F,A,I",1,q0,20) and by Lemma A.4, we can assume M has no transitions
starting with (g,€,...), where ¢ € F. Let M’ = (QU{f},{f},AU{S$},T",7",q0,20)
where the transitions in 7’ are those in 7, together with (¢, $,z, f,z) for all ¢ € F and
z€I'. Then M’ is deterministic and it is easy to see that L$ = L(M’).

Clearly L$ is prefix-free, hence L$ is L for some LR(0) grammar G by Theorem
4.21. Now (3) follows by Theorem 4.23. Obviously (3) implies (1). O

The deterministic and strict deterministic languages can also be characterised by
what are called deterministic and strict deterministic grammars. See [12], §11.4 and
§11.8, Problem 4. Note however, that a different definition of LR(k) is used in [12].
This gives a different class of languages generated by LR(0) grammars (see [12,
Theorem 13.3.1]). For further discussion, see the problems at the end of [12, §13.2].

We now give some examples to clarify the inclusion relations between the classes
of languages we have studied.
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Examples.

(1) (Example 10.1in[21].) L= {0'1/2% | i = j or j =k} is context-free, being gen-
erated by the grammar with Vy = {A,B,C,D,S}, Vr = {0, 1,2} and productions

S—AB|CD, A—0Al|e, B—2B|e, C—0C|e, D— 1D2 €.

But L is not deterministic. Otherwise L would be deterministic (see the note af-
ter Lemma A.4 in Appendix A), so context-free. The language 0*1*2* (meaning
{0} {1}"{2}") is regular by Lemma 1.5, so L; := LN 0*1*2* is context-free
by Lemma 4.16. But L; = {071/2% | i # j and j # k}, which is not context-free,
by a generalisation of the Pumping Lemma due to Ogden ([21, Lemma 6.2]).
Other examples of context-free, non-deterministic languages, given in §6.4 of
[22], are
{0"1" [n > 1}U{0"1*" | n > 1}

and the set of even-length palindromes on the alphabet {0, 1}.

(2) The language L = {w € {a,b}" | w has an equal number of a’s and b’s} is de-
terministic. It is left as an exercise to construct a deterministic PDA recognising
L by final state. However, it is not prefix-free, so is not strict deterministic. Also,
L is not regular. For suppose it is. Choose p as in the Pumping Lemma (Lemma
1.8). Let x = a”bP, and decompose x as uvw as in this lemma. Since |uv| < p,
uv consists entirely of a’s. Taking i = 0 in the Pumping Lemma, uw € L. But
all b’s in x occur in w, and the number of @’s in uw is less than p, since v # €.
Hence uw has more b’s than a’s, so uw ¢ L, a contradiction.

(3) The language {0"1" | n > 1} is strict deterministic (this is left as an exercise),
but is not regular (see the example after Theorem 1.7, or use the Pumping
Lemma as in Example 2).

(4) The language {0" | n > 1} is regular (see Example 1 near the beginning of
Chapter 1) but is not prefix-free, so is not strict deterministic.

Using these and examples from previous chapters, together with some of the results
which have been proved, there is thus a hierarchy of language classes as illustrated
below, where a class is strictly contained in a class above joined to it by a line.

recursively enumerable

recursive

context sensitive

context-free

deterministic

T

strict deterministic regular

Figure 4.5
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We remark that the diagram can be considerably elaborated, in particular by some of
the classes mentioned at the end of Chapter 3, for suitable choices of f(n). (These
classes are known as complexity classes). Although there is no inclusion relation
between the bottom two classes, they do intersect. A regular, prefix-free language L
is deterministic, so L is strict deterministic, by Theorem 4.21. A simple example is
L = {w}, where w is a non-empty word. More elaborate examples can be found in
the exercises for §2.2 in [21].

Exercises on Chapter 4

1. Find a grammar in Chomsky Normal Form generating the same language as the
grammar
G = ({A,B,S},{a,b},P,S)

where P consists of the productions

S—AA|B
A—aA|B|BBB
B—b

2. Find a grammar in Greibach Normal Form generating the same language as the
grammar
G =({A,B,5}.{a,b},P.S)

where P consists of the productions

S—SAla
A—Bla
B— Ab

3. Let G = (Vy,Vr,P,S) be a context-free grammar, and suppose P contains a
production A — uv, where u, v € (Vy UVr)*. Let G’ be obtained by adding
a new variable C and replacing A — uv by the two productions A — uC and
C—v. Show that Lg = L. If, instead, we replace A—uv by A — Cv and
C — u, show that the language generated is not changed.

4. A grammar is said to be linear if all productions are of the form A — uBv or A —
u, where A, B are variables and u, v are strings of terminals (possibly empty).
(Thus a linear grammar is context-free, and regular grammars are linear.) A
language is linear if it is generated by a linear grammar.
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(a) If L is a linear language, show that L is generated by a grammar with all
productions of the form A — uB, A— Bu or A— u, where A, B are vari-
ables and u is a string of terminals.

(b) If L is linear, show that L\ {e} is generated by a grammar with all produc-
tions of the form A — aB, A—— Ba or A——a, where A, B are variables
and « is a terminal. (Hint: see Remark 4.4.)

(c) Give a grammar in the form of part (b) generating {0"1" | n > 0}. (It is
linear but not regular-see the example after Theorem 1.7. It may help to
start with the grammar in Example (3), p.3.)

5. Prove the Pumping Lemma for linear languages. Let L be a linear language.
Then there is an integer p > 0, depending only on L, such that, if z € L and
|z| > p, then z can be written as z = uvwxy, where |uvxy| < p, v and x are
not both € and for every i > 0, uv'wx'y € L. [Hint: consider parsing trees for a
grammar generating L\ {€} in the form of Exercise 4(b). Argue as in the proof
of the Pumping Lemma for context-free languages; p, and the vertices v,, v
need to be chosen differently.]

6. Show that {0™170"1" | m, n > 0} is context-free but not linear.



Chapter 5
Connections with Group Theory

There have been connections between formal language theory and group theory
for a long time. The original connections involved certain decision problems, and
we shall study one of these, the word problem. Given a group G and a finite set
of generators, this asks if there is a procedure with a finite set of instructions to
determine whether or not a word in the generators and their inverses represents 1
in G. The set W of words representing 1 in G is a language, so the question is
whether or not W is decidable. The formal version of the word problem therefore
asks whether or not W is recursive. (The answer is no, in general.) We prove the
result of Anisimov, that W is regular if and only if G is finite. We also prove that W
is context-free if and only if G has a free subgroup of finite index. The proof is not
self-contained as it uses results of Dunwoody on accessible groups, and results of
Gregorac and of Karrass, Pietrowski and Solitar are quoted. The part of the proof we
give is due to Muller and Schupp and is the heart of the proof. We finish with a brief
look at automatic groups; these form an interesting class of groups which has been
well studied recently. We prove the characterisation of automatic groups by means
of the “fellow traveller” property in the Cayley graph, a graph associated with a set
of generators of the group. We begin with some discussion of group presentations
and free groups.

Presentations of Groups

Let X be a set of generators of a group G. If f, g : G— H are two homomorphisms
which agree on X, then f = g. (The equaliser {a € G| f(a) = h(a)} is a subgroup
of G, and contains X, so equals G). However, given a mapping f : X — H, there is
no guarantee that f extends to a homomorphism from G to H. As a simple example,
let G be cyclic of order 2 generated by x and let H be cyclic of order 3, generated by
y. Then there is no homomorphism f : G— H such that f(x) =y, because x> = 1,
but y> # 1. We begin by investigating when an extension to a homomorphism exists.

Since X generates G, every element of G can be expressed as x{'...x%", where
x; € X, e; ==£1,n > 0. There are many different ways of expressing a given element
of G in this form. When we say “different ways”, we are viewing x]'...x% as a

n
string, rather than a product of elements of G. Also, it may happen that x = x~! for
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some x € X, and to express that the strings x, x ! represent the same element of G,
we cannot view x~ ! as the inverse of x in G.

In view of this, we proceed as follows. Let X be a set, and let X 1 pe a set, in
one-to-one correspondence with X via a mapping x — x~!, and with X N X! =
0. Let X*' = X UX~!. We can extend the mapping to an involution X*! — X*!
without fixed points, by defining (x~!)~! = x, for x € X. This involution can then
be extended to (X*!)* by defining (yi...y,) "' = (v;'...y;") for y; € X*!, and
e~ = &. Now every element of (X*!)* represents an element of G in an obvious
way, and different words in (X*!)* may represent the same element of G. If u, v
represent the same element of G, then we say the relation u = v holds in G.

We can start with a set X and write down certain relations, then consider a group
G generated by X in which these relations hold. However, such a group G might not
exist, because the relations may imply the relation x = y holds in G, where x, y € X
and x # y. For example, Let X = {x,y} and let the relations be xyx~! = yxy~! and
xy = yx. (There are less obvious examples.)

To cater for this, we instead consider a set X and a mapping (of sets) ¢ : X — G,
where G is a group. Then (X*!)* is a monoid under concatenation, and ¢ extends
to a monoid homomorphism @ : (X*!')* — G by

P = (1) . 9 (x)

(xi €X,e; = £1),and ¢(&) = 1 (the identity element of G). Also, P(u~') =@(u) !
for u € (X*!)*. Note that @ is surjective if and only if @(X) generates G.

Let u, v € (X*!)*. We say that the relation u = v holds in G (via @) if u, v
represent the same element of G, that is, @(«) = @(v). Formally, a relation on X
is an ordered pair of words over the alphabet (X*!)*, but we always speak of the
relation u = v rather than (u,v). Note that, if v = €, the relation is written u = 1,
and similarly if u = €. (We shall show in Lemma 5.3 below that this works; given
a set X and certain relations, there is a group G and mapping ¢ : X — G such that
¢(X) generates G and these relations hold in G via ¢.) We can give a criterion for
extension of homomorphisms, now complicated by the presence of the mapping ¢.

Lemma 5.1. Let ¢ : X — G, o : X — H be maps of sets, where G, H are groups.
Suppose @(X) generates G. Then there is a homomorphism & : G— H such that
o = o if and only if, for all relations u = v,

X
(*) wu=v holds in G (via @) implies u=v holds in H (via o) y \\ql
H o

~--Z-—- G

Proof. Statement (x) is equivalent to: @(u) = @(v) implies o (u) = o (v), for all u,
v € (X*1*. Also, ¢(X) generates G if and only if G = @((X*!)*).

Thus, if () is satisfied, we can define & by &t (@(u)) = @(u). It is easily checked
that & is a homomorphism, and clearly ¢ = .

Conversely, if o exists, and @(u) = @(v), then & (P(u)) = a(P(v)). But since o
is a homomorphism and 0@ = @, @@ = @, hence o (u) = @(v). O
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If R is a set of relations, we say that R holds in G (via ¢) if every element of
R holds in G via ¢. We have already used the idea that certain relations can imply
others, and this can be formalised as follows.

Definition. A relation u = v is a consequence of R if, for all groups H and maps
o:X—H,

if R holds in H via « then u = v holds in H via «.

To see that the formal definition of “consequence” captures the idea of relations in a
group implying another relation, consider an example: xy = yx is a consequence of
{x* =1, =1,(xy)* = 1}. For a mapping & : {x,y} — H corresponds to a choice
of two elements @ = o/(x) and b = o/(y), so the assertion is that, if a and b are any
elements of a group H satisfying a> = b> = (ab)? = 1, then ab = ba, which is easy
to see. (In practice, one usually suppresses the mapping o and just observes that if
x, y are group elements satisfying x*> = 1, y> = 1, (xy)? = I then xy = yx.)

Definition. A group presentation consists of a set X and a set R of relations on X,
denoted by (X | R).

Let ¢ : X — G be a mapping, where G is a group. The presentation (X | R) is
called a presentation of G (via @) if ¢(X) generates G, and a relation holds in G via
¢ if and only if it is a consequence of R. In these circumstances, R is called a set of
defining relations for G.

Concerning notation, if R = {u; =vy,...,u, = v, }, the presentation is written
<X |u1 = V1. . Up = Vn>'

If R={u;=v;| i€} is an indexed set, we write (X | u; = v; (i € I)). Similar
conventions apply to X.

We write G = (X | R)? to mean G has presentation (X | R) via ¢. Clearly, u =v
holds in G if and only if uv~! = 1 holds in G. It follows that if R’ is obtained by
replacing some or all of the relations u = v in R by uv~! =1, then G = (X | R')?.
Thus we can assume, if necessary, that all elements of R have the form u = 1.

As a simple example, let X = {x} and let ¢ map x to a generator of a cyclic group
of order n, where n is a positive integer. If u € (X*!)*, then by deleting pairs xx !
or x~'x, we obtain a word v = x*, where k € Z, such that u = 1 is a consequence of
v =1 and vice-versa. Then v = 1 holds via ¢ if and only if n divides k, in which case
v =11is a consequence of x* = 1. Hence the relations which hold via ¢ are precisely
the consequences of x" = 1. Therefore, (x | X" = 1) is a presentation of the cyclic
group of order n.

Lemma 5.2. Let G = (X | R)? and let o : X — H be a mapping, where H is a
group. Then the following are equivalent:

(1) R holds in H via «.
(2) there is a unique homomorphism & : G— H such that 6@ = o;
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Proof. Assume (1). If u = v holds in G, it is a consequence of R, so holds in H, and

o as in (2) exists by Lemma 5.1. Uniqueness follows because ¢(X) generates G.
Assume (2). Then R holds in G via ¢ and a@ = @ (all the maps are monoid

homomorphisms preserving inverses). Hence R holds in H (via o). a

The observation in the proof, that if (2) holds then @@ = @, should be borne in
mind. If, in Lemma 5.2, H = (X | R)%, then (1) is satisfied, and the mapping o given
by (2) is an isomorphism. For if ¢(u) € Ker(a), ot(@(u)) = 1 = 0(u). Hence the
relation u = 1 holds in H, so is a consequence of R, so holds in G, that is, @(u) = 1.
Thus « is injective. It is surjective as ®@(X) generates H. Thus if two groups have
the same presentation, via possibly different maps, they are isomorphic.

On the other hand, if G = (X | R)? and f: G— H is an isomorphism, then
H = (X | R)/?. (It is easy to see that a relation holds in H via f¢ if and only if it
holds in G via ¢.)

Lemma 5.3. If (X | R) is a group presentation, then there exist a group G and a
mapping @ : X — G such that G = (X | R)®.

Proof. Foru,v € (X*1)*, define u =g v to mean u ? v, where P is the set contain-

ing the following productions.

(1) r—>s, r! —>s’1, s—rand s~ — ! for all relations r = s in R.

(2) yy''—eand e—yy !, forally e X+

It is easily checked that = is an equivalence relation on (X*1)*. Let [u] (or [u]g if
necessary) denote the equivalence class of u € (X=1)* If uy, ..., 1y is a P-derivation,
SO is ugw, ..., upw, for any w € (Xil)*, so u =g v implies uw = vw, and similarly
u =g v implies wu = wv. Hence, if u =¢ v’ and v = v/, then uv =g w’ =g u'v', so
uv =g u'v'. We can therefore define a binary operation on (X*!')*/ =g by [u][v] =
[uv]. This makes (X*!)*/ =g into a group, which we denote by G. The identity
element is [¢], and [u] ! is [u~!].

Define ¢ : X — G by ¢(x) = [x]. To show G = (X | R)?, we have to show that,
for any words u, v, @(u) = @(v) if and only if u = v is a consequence of R.

Suppose @(u) = @(v) and o : X — H is a map, where H is a group and R holds
in H via a. It is easily seen that @(u) = [u] for all u € (X*1)*, so u =g v. Therefore
there is a P-derivation u = uy,...,u; = v, and it follows by induction on k that
a(u) =0o(v) =a(u;) for 1 <i<k, hence u= v is a consequence of R. One has to
check several (easy) cases, for example u;_| = wirwo, up = wiswy, where one of
r=s,r =51, s=r, s =rlisinR. Then &(r) = 0(s), hence (u;_1) = ().
The remaining cases are left to the reader.

Conversely, suppose u = v is a consequence of R. If » = s is a relation in R, then
r =g s via a derivation with one step, using the production r—s. Hence ¢(r) =
®(s), so R holds in G via ¢. By assumption, @(u) = @(v). O
Example. (x,y|x> = 1,y> = 1,xyx~! = y~!) is a presentation of S3, the symmetric
group of degree 3, via o, where a(x) = (1,2), a(y) = (1,2,3). For if G has this
presentation, via @, say, then by Lemma 5.2, there is a homomorphism @ : G — S3
with a(@(x)) = (1,2), a(@(y)) = (1,2,3), and it suffices to show that ¢ is an iso-
morphism. It is onto, as (1,2) and (1,2, 3) generate S3, so it suffices to show |G| < 6.
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Let H be the subgroup of G generated by y (suppressing ¢), so |H| < 3. The set
{H,Hx} is invariant under right translation by x and y (Hxy = Hy~'x = Hx), so by
all elements of G. Since the action of G on the right cosets of H by right translation
is transitive, this set is the set of all right cosets of H in G, so (G : H) < 2. Hence
|G| < 6, as required.

The example illustrates the point that the mapping ¢, although strictly necessary
for the theory, is very often omitted in practice, to keep the notation simple.

Given any group G and mapping ¢ : X — G such that ¢(X) generates G, let R
be the set of all relations holding in G via ¢. Then G = (X | R)?, so any group has a
presentation. One possibility is to take X = G and ¢ to be the inclusion map. In this
case we can find a smaller set of relations, as follows. Let G be a group, and take a set
X in 1-1 correspondence with G, via a mapping g + x,, for g € G. (This is to avoid
confusion between concatenation of words and product in G.) Let ¢ : X — G be the
inverse mapping x, — g, and let R be the set of relations {xgx; =xg | g, h € G}.
We claim that G = (X | R)?. Clearly ¢(X) = G and R holds in G via ¢. Suppose
u=v holds in G, and @ : X — H is a mapping such that R holds in H via «.
To finish the proof, we have to show that o(u) = @(v). Now, since R holds in H,
ox)a(x)) =0(x1x1)) = ot(x1) (as x;x; = xp isin R). Hence a(x;) = 1. Similarly,
as XgX,1 =x isin R, a(xg’1 ) = a(x,-1). For similar reasons, a(xg) &t(x) = 0t(xgn).
We can also replace o by ¢ in these formulas.

Write u = x,!'...x; ! by induction on 1, we obtain 0(u) = ®(xy 41 g +1). Sim-
ilarly,

o(u) =¢(xgli1wgni1) = glil ...g,,i].
Thus @(u) = &(xg(y)), and similarly @(v) = ot(xg(,)). Since @(u) = P(v) by as-
sumption, &(u) = ¢(v). This presentation of G is called the standard presentation
of G (or multiplication table presentation of G) and is denoted by (G | rel G).

An important special case in Lemma 5.3 is when R is empty. The corresponding
group (X*!)*/ =g in the proof is called the free group on X, denoted by F (X).

Definition. An element of (X*!)* is reduced if it has no subword yy~!

X+

, where y €

Lemma 5.4. (Normal Form Theorem) Every element of F(X) is [u]g for a unique
reduced word u. In particular, X embeds in F (X) via x — [x]p.

Proof. In this case, P in the proof of Lemma 5.3 only contains the productions (2).
Using the productions yy~! — €, it is easy to see that every element of F (X) is [u]
for some reduced word u.

Suppose [u] = [v], where u, v are reduced, so there is a P-derivation u =
uy,...,ur =v. To prove u = v, it suffices to show that, if kK > 2, this G-derivation
can be shortened. For then by repeated use of this fact, we can obtain a derivation
with k = 1, so u = v. Note that k # 2 as u, v are reduced.

Suppose k > 2, and let u; be a word of maximal length in the derivation. Then
1 <i < k since u, v are reduced. Further, ; is obtained from u; | by inserting yy~!
for some y € X!, and ;| is obtained from u; by deleting zz~! for some z € X*!.
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If the subwords yy~! and zz~! of u; coincide or overlap by a single letter, then

ui—1 = ujy1, and u;, u;1 can be omitted from the derivation.
Otherwise, we can replace u; by u!, where i} is obtained from u; by deleting zz ™!,

k
and u;y is obtained from u/ by inserting yy~!. This reduces ¥, |u;], so after finitely
i=1
many such replacements we shall be able to shorten the derivation. a
In view of this, we identify x with [x]g, for x € X. The next result is the “universal
mapping property” of a free group.

Lemma 5.5. If o : X — H is a map, where X is a set and H is any group, there is a
unique extension to a homomorphism o, : F(X) — H, given by [u]p — T(u).

Proof. This is immediate from Lemma 5.2 (remember that, in Lemma 5.2(2), 0@ =
o). O

Suppose R is a set of relations on X which are all of the form r = 1. We can just
write r instead of r = 1 for the elements of R, so R is viewed as a subset of (X =+l ),
and we say that a relation is a consequence of R, rather than of {r =1 | r € R}. The
elements of R are then called relators. We shall also (inaccurately) not distinguish
u and [u]p, so R is viewed as a subset of F(X). Thus in Lemma 5.5, we now write
o(u) = o(u). With this in mind, we can state the next lemma. First, recall that if
S is a subset of a group G, the normal subgroup of G generated by S (or normal
closure of S in G) is the intersection of all normal subgroups of G containing S, so
the smallest normal subgroup containing S. It is the subgroup (S¢) generated by S,
the set of all conjugates of elements of S in G.

Lemma 5.6. In the previous lemma, let R be a subset of (X*!)*. Then
u=vis a consequence of R if and only if uv~" € (RFX)),

Proof. Let N = (RF(X)). Assume u = v is a consequence of R. Let ot : X — F(X) /N
be the mapping x — xN, and & the homomorphism in Lemma 5.5. Then &(r) =
a(r)=rN =1forall r € R, as R C N. Thus the relations » = 1 hold in F(X)/N via
a, for r € R. Hence u = v holds in F(X)/N, so uv~! = 1 does, thatis, | = @(uv ") =
w N, sou! eN.

Conversely, assume uv~! € N. Let & : X — G be a mapping such that R holds
in G via a. Let @ : F(X) — G be the homomorphism given by Lemma 5.5. Then
a(r)=a(r) = 1for r € R, thatis, R C Ker(&), so N C Ker(&). Hence at(uv!) =1,
so a(u) = a(v), that is, @(u) = @(v). Hence u = v is a consequence of R. |

Corollary 5.7. In Lemma 5.5, let R be a subset of (X*1)*. The following are equiv-
alent.

(H)H=(X|R)*;

(2) R generates Ker(a) as a normal subgroup of F(X) and a(X) generates H.

If (1) and (2) hold, then u =1 holds in H via o if and only if we can write
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koo,
U =p(x) ]—[1 u;ir;' u; (%)
=

Sfor somek €N, u; € F(X), r; € R and e; = +1, where =F(x) Mmeans =.

Proof. Let N = (RFX)). Assume (1). Clearly R C Ker(&), so N C Ker(a). For the
reverse inclusion, suppose u € Ker(&). Then @(u) = &(u) = 1, so u = 1 is a relation
holding in H, hence is a consequence of R. By Lemma 5.6, u € N. Thus N = Ker(c)
and (2) follows.

Assume (2), so N = Ker(a). Then a relation u = v holds in H via « if and only if
@ (u) = a(v), if and only if @(uv~') = &(uv') = 1,i.e. uv~! € N. By Lemma 5.6,
this happens if and only if u = v is a consequence of R, hence (1) holds. In particular,
if u =1 holds in H via & then u € N, and the last part of the lemma follows. a

Consequently, if H = (X | R)*, H is isomorphic to F(X)/N, where N = (RF X)),
This is often used as an alternative way to define a group with presentation (X | R).

Note that, when X = 0, F(X) is the trivial group, and when X has one element,
F(X) is infinite cyclic, by Lemma 5.4. If X has more than one element, F(X) is
non-abelian. Any group isomorphic to F(X) for some X is called a free group. See
the exercises at the end of the chapter for more information. For further theory of
free groups, see [25, Chapter I]. One important fact that we shall not prove is the
Nielsen-Schreier Theorem, that a subgroup of a free group is a free group. Proofs
can be found in [5] and [25].

Free Products with Amalgamation. Suppose {G; | i € I} is a family of groups with
a common subgroup A, such that G;NG; = A for i # j. The family is then called an
amalgam of groups. If G is a group containing | J;c; Gi and each G; is a subgroup of
G, we say that G embeds the amalgam. We shall show that such a group G always
exists.

Instead of an amalgam, consider a family {G; | i € I} and a family of monomor-
phisms ¢; : A— G;, for some fixed group A. Does there exist a group G and
monomorphisms f; : G;— G such that {f;(G;) | i € I} is an amalgam with f;o;
independent of i and f;(G;) N f;(G;) = fii(A) for i # j? The answer is yes. (This
implies the result of the previous paragraph, taking the ¢; to be inclusion maps.)
In fact we shall show that a suitable group G is the “free product of the G; with A
amalgamated”, defined by the following universal mapping property.

Definition. Let {G; | i € I} be a family of groups and ¢; : A — G; a monomorphism,
foralli € I. A group G is the free product of the G; with A amalgamated (via the o)
if there exist homomorphisms f; : G; — G such that f;o; = f;o; forall i, j € I, and
if h; : G;— H are homomorphisms with h;o; = hja; for all i, j € I, then there is a
unique homomorphism 4 : G— H such that i f; = h; for all i € I.
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This is illustrated by a commutative diagram:

G;
Q@ h,
fi
h
A G————— =H
fi
aj hj
Gj

Figure 5.1

We refer to & as an extension of the maps ;.

To establish our claims, we shall show that G exists, that the f; are monomor-
phisms and {fi(G;) | i € I'} is an amalgam as above, which G embeds. The unique-
ness of G up to isomorphism follows on general category-theoretic grounds (it is a
special kind of colimit). Explicitly, let f/ : G;— G’ be homomorphisms such that
flai= f;ocj foralli, j € I, and if h; : G;— H are homomorphisms with ;0 = h;t;
for all i, j € I, then there is a unique homomorphism 4’ : G’ — H such that /' f] = h;
foralliel.

In the definition of G, take #; = f/, to obtain a homomorphism f : G— G’ such
that ff; = f/ for all i. Interchanging the roles of G and G’, we obtain f' : ' — G
such that f'f = f; for all i. Take H = G, h; = f; in the definition; both f’f and
idg : G— G are extensions of the maps f; : G; — G. Since the extension is unique,
f'f = idg. Interchanging the roles of G and G, ff’ =id¢/, so f and f’ are inverse
isomorphisms.

A similar argument shows that G is generated by ;¢ fi(G;). For let Gy be the
subgroup of G generated by this set. Take #; = f;, viewed as a mapping to Gy, in
the definition of G. There is an extension to a homomorphism f : G— Gg. Let
1 : Go — G be the inclusion map. Then 1 f and idg : G — G are both extensions of
the maps f; : G;— G. Since the extension is unique, 1t f = idg, so t is onto, hence
G = Gy.

To see existence, let (X; | R;) be a presentation of G; (via some mapping which
will be suppressed), with X; N X; = 0 for i # j. Let Y be a set of generators for A
and, foreachy € Y, i € I, let a; , be a word in (Xiil)* representing o (). Let

S={aiyaj; |yeY, i,jel, i#j}.

Let G be the group with presentation (;c; Xi | U;je; RiUS). Then G is the desired
free product with amalgamation. There is an obvious mapping X; — G, which by
Lemma 5.2 induces a homomorphism f; : G;— G. The existence and uniqueness
of the mapping % in the definition follows by another application of Lemma 5.2.
As an example, let G| be an infinite cyclic group generated by x and G an infinite
cyclic group generated by y. Let A be infinite cyclic, generated by a, and define ¢,
ap by o (a) = x>, ap(a) = y*. The presentation of the corresponding free product
with amalgamation is (x,y | x> = y*), after some obvious modification. This group
has various geometrical interpretations; see §1.5.2, Chap. I in [35].
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If G is the free product of {G; | i € I'} with A amalgamated, we write G = 3k (G; :
icl
A) (suppressing the ). If the family consists of two groups, say {G1, G}, we write
G =G %4 Gy.

To see G has the desired properties, we have to investigate its structure. First, it is
convenient to replace the maps ¢; by an amalgam. Take the disjoint union A IT HIGi
IS

and identify a and o (a), for all a € A and i € I. Call the quotient set B; for notational
convenience, we shall (inaccurately) identify A and each G; with their isomorphic
images in B, so that B = [J;c; G; is an amalgam with G;NG; = A for i # j. We
consider non-empty words over B, that is, elements of B™. We shall use commas
and parentheses when writing such words, to avoid confusion with the product in
the groups G;. The maps f; induce a mapping f : B— G, where f(g) = fi(g) for
g € G;, and there is an extension to a semigroup homomorphism f : B* — G given
by f(g1,.--,&1) = f(g1) ... f(gn). We call f(w) the element of G represented by w.
Since U;¢; fi(Gi) generates G and the f; are homomorphisms, every element of G is
represented by a word in BT,

Definition. Let w = (g,...,g,) be a word with g; € Gi;1<j<nn>1 Thenw
is reduced if

(D) ij#ijpfor1<j<n—1
(2) gj¢Aforl < j<n,unlessn=1.

If (1) fails, we can replace w by (g1,...,8j&j+1,---,&n), representing the same ele-
ment of G. Similarly, if (2) fails, we can replace w by a shorter word. Hence every
element of G is represented by a reduced word (take a word of shortest length rep-
resenting it).

We need to refine the idea of reduced word. In B, for each i € I choose a set T;
of representatives for the cosets {Ax | x € G;}, with 1 € T;. Let g € G be represented
by the reduced word (g1,...,8,) With g; € Gi;. We can write:

8n = Anly (an €A, €T
8n—1dn = dp—1n—1 (anfl €A, -1 € 7},,,1)
g1az2 = airy (Cl] €A e T,l)
Thus g; = alrlagl, o= agrzagl,...,g,, = ayry and (ay,r,72,...,1,) is a word

representing g.

Definition. A normal wordisaword (a,ry,...,r,) wherea €A, n>0,r; € R;;\ {1}
(I1<i<n),whereijclandij#ij;iforl1<j<n—1.

From the discussion above, any element of G is represented by a normal word. If
a € A, it is represented by the normal word (a), and words of this form are the only
normal words which are reduced. Of course, if (a,ry,...,r,) is a normal word with
n>1,then (ry,...,r,) is reduced.
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Theorem 5.8. (Normal Form Theorem) Any element of G is represented by a unique
normal word.

Proof. We have to show uniqueness. Let W be the set of normal words. We shall
define an action of G on W, equivalently, a homomorphism & : G— S(W), the
symmetric group on W. By the defining property of G, it suffices to define, fori € I,
a homomorphism #; : G;— S(W) such that h;; = hja; for all i, j € 1. We continue
to work in B, so we need homomorphisms /; which agree on A.

Foriel, let W;={(1,r,...,r,) €W | ri € T;}. We define a mapping 6; : G; x
W; — W as follows. If g € G;, write g = ar, where r € T;, a € A. Then

0i(g,(1,r1,...,m)) = {(a’r’rl""vrn) ifr#1 (e gd&A

N (a,r,.. ) ifr=1
It is easily seen that 6; is bijective. Now G; acts on G; x W; by left translation on the
first coordinate, giving a homomorphism 7n; : G; — S(G; x W;), where 1;(g) (x,w) =
(gx,w). Set h;(g) = 6;n:(g)6;,". Since 7; is a homomorphism, so is /;. If a € A, it is
an easy exercise to see that

hi(a)(alvrlv-“arn) :(aa/,r],...,rn)

and the right-hand side is independent of i. Thus the /; define a homomorphism

h:G—sS(W).
Let g € G be represented by the normal word w = (a,ry,...,r,). Then it is easy
to see that 1(g)(1) = w, so w is uniquely determined by g. O

The proof is taken from Serre’s tree notes [35], and is based on an argument of
van der Waerden [40].

Corollary 5.9. (1) The homomorphisms f; are injective.
(2) No reduced word of length greater than 1 represents the identity element of G.

(3) fi(Gi) N [i(Gj) = ficu(A) for i # j.

Proof. (1)If fi(g) = 1, write g = ar with a € A, r € T;. Then the normal word (a, r)
(or (a), if r = 1) represents 1, hence by Theorem 5.8, a=r=1,s0 g= 1.

(2) If a reduced word has length n > 1, the procedure above gives a normal word
of length n + 1 representing the same element of G, which cannot be 1 by Theorem
5.8, as the normal word representing 1 is (1).

(3) If i # j, clearly fi0;(A) C fi(Gi) N fi(G;). Suppose g € fi(Gi) N f;(G,) and
g & fia;(A). Then g is represented by reduced words (a,r) and (da’,r’), where r €
T;\ {1} and /" € T;\ {1}. By Theorem 5.8, r = r/, which is impossible as T;, T}
intersect only in 1. O

Conversely, (1) and (2) of the corollary imply the Normal Form Theorem. See
[5, §1.4]. In view of Cor. 5.9(1), the f; can be suppressed, to simplify the notation.

An important special case is when A is the trivial group. In this case, G is called
the free product of the family {G; | i € I'}, written G = *,c;Gi (or G= G Gy in
the case of two groups). A reduced word is a word (gi,...,g,) such that g; € G; i
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gj# lunlessn=1,and ij # iy for 1 < j <n—1. The Normal Form Theorem
simplifies to: every element of G is represented by a unique reduced word. Also, the
G; embed in G. The universal mapping property simplifies to: given any collection
of homomorphisms %; : G;— H, there is a unique extension to a homomorphism
h : G— H. Further, the presentation above used to show existence of free prod-
ucts with amalgamation simplifies. Let (X; | R;) be a presentation of G; (via some
mapping which will be suppressed), with X; N X; = 0 for i # j. Then >k, _, G; has pre-
sentation (U;c; Xi | Uies Ri). (This is obtained from the presentation above by taking
the empty presentation of the trivial group, with no generators and no relations.)

As an example, (x,y | x> = 1, y?> = 1) is a presentation of the free product of
two cyclic groups of order 2, and is called the infinite dihedral group. (It can be
shown that its only proper, non-trivial quotients are the dihedral groups.) The free
product of a cyclic group of order 2 and a cyclic group of order 3 has presentation
(x,y | x> =1, y* = 1). This group is called the modular group, and is isomorphic to
PSLy(Z); see [26, Theorem 3.1].

HNN:-extensions. Suppose B, C are subgroups of a group A and y: B—C is an
isomorphism. In general, y is not induced by an automorphism of A. However ([15]),
it is always possible to embed A in a group G such that vy is induced by an inner
automorphism of G. That is, there is an element # € G such that tht~' = y(b) for all
beB.

To prove this, we consider the group G with presentation (via some mapping
which is suppressed) ({t} UX | R UR,), where

X = {xg|g€A}, tZX
R = {xgxhx;hl | g,h GA}
R, = {[xbt_lx;(}’) |be B}.

By Lemma 5.2 applied to the standard presentation of A, there is a homomorphism
f:A— G given by a — x,, and we have to show that f is injective.

Definition. The group G is called an HNN-extension with base A, associated pair
of subgroups B, C and stable letter t.

This presentation is often abbreviated to (¢,A | rel(A),7Bt~' = y(A)). Sometimes y
is suppressed and we write (t,A | rel(A),tBt~! = C), or even more extremely, just
(t,A|tBt=' =C).

More generally, Let (Y | S) be a presentation of A, let {b; | j € J} be a set of
words in (Y*!)* representing a set of generators for B, and let ¢ ; be a word repre-
senting y(b;) (more accurately, y(the generator represented by b;)). Then

(tUY | SU{tbjt ' =c;|jeT})

is also a presentation of G. This is left as an exercise, using Lemma 5.2.
As an example, (x,y | xy>x~! =y?) is an HNN-extension, with base an infinite
cyclic group A generated by y, stable letter x and associated pair the subgroups of
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A generated by y?, y* respectively. (The isomorphism 7 is given by y(y*") = y*" for
n € Z.) This is a famous example of a non-Hopfian group, the Baumslag-Solitar
group; see Theorem 4.9, Chap. IV in [25].

Returning to the general situation, since G is generated by f(A)U{t}, every ele-
ment of G is represented in an obvious way by a word (go,2°!,81,1%%,82,- .-, , gn),
wheren > 0,e¢; ==+l and g; € A for 0 <i <n.

Definition. Such a word is reduced if it has no subword of the form ,b,r~! with
beBort ! c,twithceC.

Any element of G is represented by a reduced word (take a word of minimal length
representing it).

Choose a set Rp of representatives for the cosets {Bg | g € A} and a set R¢ of
representatives for the cosets {Cg | g € A}, with 1 € Tp, Tc.

Definition. A normal word is a reduced word (go, ¢!, r1,t2,ra,...,° ry), Where
g0 €A, ri€Rp ife;=1and r; € Reif e; = —1.

Suppose (0,7, 81,1°?,82,-..,t°,8,) is a reduced word with n > 1. If e, = 1, write
gn = br with b € B, r € Rg. Then (go,1°!,81,°,82,...,8,_1,1°,r), where g/,_| =
gn—17Y(b), represents the same element of G. If ¢, = —1, write g, = ¢r with ¢ €
C and r € Rc. Then (g0,1,81,12,82,...,8, 1,1, r), where g | = g,—17 ' (c),
represents the same element of G. Repetition of this procedure leads to a normal
word representing the same element of G.

Theorem 5.10. (Normal Form Theorem) Any element of G is represented by a
unique normal word.

Proof. This can again be proved using the van der Waerden method; we refer to [25,
Chap. IV, Theorem 2.1] for the details. O

Corollary 5.11. (1) The homomorphism f : A— G is injective.
(2) (Britton’s Lemma) no reduced word (go,t°',81,1°2,82,...,t,g,) with n > 0
represents the identity element of G.

Proof. This follows easily from the Normal Form Theorem and details are left to
the reader. O

As with free products with amalgamation, the Normal Form Theorem follows
from the corollary. See [5, §1.5]. We also note that it is unnecessary to directly
prove both Normal Form Theorems, for free products with amalgamation and for
HNN-extensions, as one implies the other. See [5, Chap. 1, Exercises 23 and 24]. In
view of Cor. 5.11(1), the mapping f can be suppressed.

More generally, given A and a family ¥ : B; — C; (i € I) of isomorphisms, where
B;, C; are subgroups of A, we can form the HNN-extension with presentation (in
abbreviated form):

(t i €1D), G|rel(G), t;Bit; " = y(B;) (i €1)).
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There are generalisations of the Normal Form Theorem and its corollary, but we
shall not need these. For further properties of free products with amalgamation and
HNN-extensions, and their uses, we refer to [5] and [25]. However, there is one
result we shall need later. The proof is from [23]; for a different viewpoint, see [3]
(just before Theorem 3.1).

Lemma 5.12. (1) If G = B4 C and G, A are finitely generated, then B and C are
finitely generated.

() if G = (t,A | tBt~' = C) is an HNN-extension, and G, B are finitely generated,
then A is finitely generated.

Proof. (1) Assume G, A are finitely generated. It suffices by symmetry to show B is
finitely generated. Suppose not. Since G is countable, so is B, so there are subgroups
A$ B $£By 5 ... of Bwith B=JZ, B;. Let G; be the subgroup of G generated by
B;UC. (Note that G; is isomorphic to B; *4 C. For the inclusion mapping B; — B and
identity mapping C — C have an extension to a homomorphism % : B; x4 C — B4
C. The image is G;, and / is injective by Cor. 5.9.) Then G =2, G; and G| £ G2 §
...as GiNB = B; by Cor. 5.9. This is a contradiction since G is finitely generated.

(2) Assume G and B are finitely generated (so C is, being isomorphic to B). Let
D be the subgroup of G generated by BUC, so D is finitely generated. Suppose A
is not finitely generated. Then there are subgroups D £ A; £ Ay & ... of A with
A =7z A;. Let G; be the subgroup of G generated by A; U {r}. (By Cor. 5.11,
G; is isomorphic to an HNN-extension (¢,A; | tBt~! = C).) Then G = |7, G; and
G1 £ Gy 5 ... as GiNA = A; by Cor. 5.11. This is a contradiction since G is finitely
generated. O

The Word Problem

Groups arising in geometry and topology are frequently given by presentations, and
so it is desirable to be able to deduce information on a group from a presentation.
One question is: given words u and v, do they represent the same element of the
group, that is, does the relation u = v hold? This holds if and only if uv~! = 1 does,
so it suffices to know whether or not a relation w = 1 holds. Informally, the word
problem, formulated by Dehn, is to find a procedure with a finite set of instruc-
tions to decide, given w € X +1 whether or not w represents 1 in G. He found such
a procedure which works for a certain class of presentations, including the usual
presentations of surface groups, now known as Dehn’s algorithm.

This can easily be made precise. Let G be a group, X asetand ¢ : X — G a
mapping such that ¢ (X) generates G. Put

Wo(G) = {w e (X*)* | B(w) = 16}

(In Lemma 5.5, this is the set of words representing elements of Ker(f), so by Cor.
5.7,if G= (X | R)?, it is determined by R.)

Definition. Assume X is finite. The word problem for G (relative to ¢) is solvable
if Wy (G) is a recursive language (the alphabet being X*1).
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Example. The word problem for F(X) = (X|0)!, where X is a finite set and i :
X — F(X) is the inclusion map, is solvable. In fact, W;(F (X)) is deterministic. For
define a PDA M = (Q,F,A,I',T,q0,70) recognising W; (F (X)) by: O = {q0,91,92}.
F={q},A=X*',I" =AU{z} and 7 consists of the transitions

(40, €,20,41,20)

(91,,2.92,52) (v, z€A, y#z ")
(q1,%.7 " ,q2,8) (y€A)
(92,€.2,91,2) (z€A)
(92,€,20,90,20)

Thus M stores the reduced form of the word read from the tape in its stack, with
z0 at the bottom. When zq is read at the top of the stack, the reduced form is € and
M enters the final state go. The extra state ¢, is needed to make M deterministic.
Note that M accepts &, since there is a computation with just a single configuration,

(90,€,20)-

We shall show that solvability of the word problem depends only on G, not on
the choice of ¢.

Definition. Let . be a class of languages, with possibly different finite alphabets.
Then .Z is closed under inverse homomorphism if, given a monoid homomorphism
¢ : A" — B* (where A, B are finite sets) and a language L € . with alphabet B, then
o (L) Z.

Lemma 5.13. Let £ be a class of languages closed under inverse homomorphism.
Let 9 : X — G, vy :Y — G be maps, where G is a group, X and Y are finite, and
0(X), y(Y) generate G. Then Wy (G) € .Z if and only if Wy (G) € Z.

Proof. It suffices by symmetry to show that if Wy, (G) € .Z, then Wy, (G) € £ Let
A=X*! B=Yy*! Extend @, y to A*, B* respectively (@(x~!) = ¢(x) ! forx € X,
and @(a;...ay) = @(a1)...@(a,) for a; € A, etc.). Note that @, Y are surjective
monoid homomorphisms.

We claim there is a monoid homomorphism f making the dia- A*

gram commutative. For x € X, choose w € B* such that y/(w) = ' [

®(x), then put f(x) =w, f(x~!) =w~!. Then extend to A* by flv

defining f(a; ...ay) = f(a1)...f(an), for a; € A. B* —=G
v

Now Wy (G) = f~1(Wy(G)), so Wy (G) € £ implies Wy (G) € .Z. O

Thus if . is closed under inverse homomorphism, it makes sense to say a group
G has word problem in .Z. The following classes are closed under inverse homo-
morphism (references are to [21]).
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@))] regular Theorem 3.5

2) deterministic Theorem 10.4

3) context-free Theorem 6.3

@ context-sensitive Exercise 9.10 and solution
5) recursive 811.1

(6) recursively enumerable 811.1.

Thus we can speak of a group G having regular or context-free word problem,
etc. Another useful fact is the following lemma.

Lemma 5.14. Let .Z be a class of languages such that:

(1) Z is closed under inverse homomorphism;
) If L € £ and R is a regular language, then LNR € Z.

If G is a finitely generated group with word problem in ., and H is a finitely gen-
erated subgroup of G, then H has word problem in £ .

Proof. Let ¢ : X — G be a mapping such that X is finite and ¢ (X) generates G, and
let y: Y — H be such that Y is finite and w(Y) generates H. We assume X NY = 0.
Define 6 : X UY — G by 8|x = ¢, 6]y = v, so (X UY) generates G. By Lemma
5.13, Wp(G) € £, and Wy (H) = Wp(G)N (Y*!)*. By Lemma 1.5, (Y*!)* is regular,
so by assumption (2), Wy (H) € .Z. O

All the language classes listed after Lemma 5.13 satisfy the hypotheses of
Lemma 5.14. With the exception of deterministic and context-free, these classes are
closed under intersection and contain the class of regular languages. (See Lemma
2.2, Lemma 3.3, Lemma 1.5 and [20, Theorem 9.6].) For deterministic and context-
free languages, see Lemma 4.16.

We shall need a generalisation of the idea of a class closed under inverse homo-
morphism. This involves the notion of generalised sequential machine, abbreviated
to gsm. This is an elaboration of a FSA which produces output. In fact, producing
output is their only function, and they are not intended for language recognition.

Definition. A generalised sequential machine is a sextuple S = (Q,F,A,B,T,qo),
where Q, A and B are finite sets (the set of states, the input alphabet and the output
alphabet respectively), F' C Q (the set of final states), gg € Q (the initial state) and T
is a finite subset of Q X A x B* x Q (the set of transitions).

A computation of S is a sequence qq, (a1,u1),q1,(az,u2), ..., (an,un),qn, where n >
0,¢;€0(0<i<n),u; €B* (1 <i<n)and (g—1,a;,u;,q;) € Tfor | <i<n.The
computation is successful if g, € F. The input of the computation is a; ...a, € A*
and the output is uy ...u, € B*.

As with a FSA, we can form the transition diagram of S. This is a directed graph
with vertex set Q and an edge from ¢ to ¢ for each transition (q,a,u,q’), with label
(a,u)'. Then paths in the transition diagram starting at g are in 1-1 correspondence
with computations of S. Both the input and output can be read off from the labels on
the edges of the path. For w € A*, we define

! The label is often denoted by «|u in the literature.
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fs(w) ={u € B* | there is a successful computation with input w, output u}
and for u € B*,
fs '(u) = {w € A* | there is a successful computation with input w, output u} .

Thus fs is a mapping from A* to the set of subsets of B*. Note that fg ! is not
necessarily the inverse of fg, in the usual sense.

If L is a language with alphabet A, we define fs(L) = U1 fs(w), and if L’ is a
language with alphabet B, put f5 '(L') = U,y f5 ' (1). We call fg a gsm mapping
and f§ ! an inverse gsm mapping.

The gsm S is called deterministic if, for g € Q and a € A, there is at most one
transition starting with ¢, a. Then fs(w) is either empty or contains a single element,
so fs may be viewed as a partial function from A* to B*, and f¢ !is then the inverse
of f_g.

Definition. A class .Z of languages is closed under inverse gsm mappings if when-
ever L € . has alphabet B and S is a gsm with output alphabet B, then f¢ L) ez

We can also define what is meant by a class closed under inverse deterministic gsm

mappings (restrict S in the definition to be deterministic). The class of deterministic

languages is closed under inverse deterministic gsm mappings. This will be used

later, so a proof is given at the end of Appendix A. The other classes listed after

Lemma 5.13 are closed under inverse gsm mappings. See [21, Theorem 11.2].
Suppose f: A* — B* is a monoid homomorphism. Construct a gsm

S= ({QO} ) {QO} A, B, T’qo)

where T consists of the transitions (g, a, f(a),qo) for a € A. Then S is deterministic,
fsistotal and fg = f. It follows that, if .Z is closed under inverse deterministic gsm
mappings, it is closed under inverse homomorphism, so Lemma 5.13 applies to .Z.
The argument of the next lemma is part of the proof of Lemma 5 in [17].

Lemma 5.15. Let £ be a class of languages closed under inverse deterministic
gsm mappings. Let G be a finitely generated group, and let H be a subgroup of finite
index. If H has word problem in £, then so does G.

Proof. Let T be a transversal for {Hg | g € G} and let ¢ : X — H be a mapping
with X finite such that @(X) generates H. We can assume 1 € 7 and XNT = 0.
LetY =X UT and define v : Y — G by: Y|y = ¢, y(¢r) =t forr € T. Then y(Y)
generates G. There is a gsm S = (T,{1},A,B,7,1), where A=Y*!, B=X*!and 7
is defined as follows.

Foreachy € Aandt € T, choose h;, € B* such that ty = h,7yt' holds in G, where
i € T. Then T contains the transition (z,y, % y,t"). Clearly S is deterministic. If a
computation has input w, output « and ends in state 7, then w = uz holds in G via y.
It follows that Wy, (G) = f; ' (W (H)). O
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Definition. A group is finitely presented if it has a presentation (X |R) with X, R
finite. It is recursively presented if it has a presentation (X | R) with X finite and R
recursively enumerable.

Lemma 5.16. Suppose G = (X |R)? with X finite, R recursively enumerable. Then

(1) Wy (G) is recursively enumerable
(2) G has a presentation G = (Y | S)¥ with Y finite, S recursive.

Proof. (1) If X = {x1,...,x,}, number the elements of X*! as

{x17"'7xn7x17]7"'7x;l}:{yla"'ayZ}'l}

and let O be the Godel numbering @, : (X*!)* — N defined after Lemma 3.8. We
leave as exercises the following facts.

(i) There is a primitive recursive function pr : N> — N such that pr(8 (), 8(v)) =
0 (uv).

(ii) There is a primitive recursive function inv : N— N such that inv(6(u)) =
O(ul).

(iii) R isre.

Now let C = {uru™" | u € (X*')*, r € R*'}. Then C is r.e. For there are recursive
functions g : N— N with g(N) = 6((X*!)*) and  : N— N with #(N) = 6(R*").
Define f: N> — N by f(x,y) = pr(pr(g(x),A(y)),inv(g(x))), then let f = foJ!,
where J is the function in Chapter 2, Exercise 3. Then f is recursive and f(N) =
0(C).

It follows from Lemma 3.14 that C* is r.e. Let f* be a recursive function with
0(C*) = f*(N). Now if w is a word, then w € W, (G) if and only if w represents the
same element of F(X) as some element u € C*, by Cor. 5.7. Equivalently, wluew,
where W = W;(F (X)), for some u € C*. Also, W is recursive (indeed deterministic),
so the characteristic function y of (W) is recursive. Thus

wE Wo(G) = x(8(w 'u)) =1

for some u € C*. If we define k : N> — N by

3

Kmm) = {m if m € (X)) A (prlinv(m). £ () = 1
1 otherwise

then k is recursive, hence so is k = koJ ™!, and k(N) = 6(W,(G)). (Note that 1 =
0(¢g).)

(2) The proof is known as “Craig’s trick”. Take a letter y ¢ X*! and as alphabet
take A = X1 U {y} (we can assume R # (). Number elements of A so that y has the
highest number, say z (so z = 2|X| + 1). Take as Gédel numbering 6 : A* — N the
numbering @, defined after Lemma 3.8. Then there is a recursive function f: N — N
such that f(N) = 6(R). Let w; = 0~ (f(i)), so R = {w; | i e N}. Put Y = X U {y}
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and S = {y} U {wyy' | i € N}. We claim that § is recursive and G = (Y | $)¥, where
Vix=9.y(y) =1 .

To see S is recursive, we first note that U = {wy' | w € (X*')*, i € N} is recur-
sive. Explicitly, n € 0(U) < 31 < log,(n)(P(I,n) AQ(l,n)) An € 6(A*), where

P(l,n) < Vi <I(i > 0= log, (n) <z) and
O(l,n) < Vi <logy(n)(i > I = log, (n) = z).

Further, if n = 6 (wy'), where wy’ € U, then putting ¢(n) = ui < log,(n)(log,, (n) =
z) =1 and h(n) = log,(n) = c(n), it follows that i = h(n). Also, 8(w) = g(n), where

e(n) n
g(n)= 2¢€0) 7 piog”"( ). Thus

=1
ned(S)=necU)Af(h(n)) =g(n).

Since h and g are primitive recursive, this shows S is recursive. The proof that
G = (Y|S)Y is left to the reader. (Let H = (Y| S)¥. Use Lemma 5.2 to define ho-
momorphisms G— H and H — G; then use Lemma 5.2 again to show these are
inverse isomorphisms.) O

We now mention, without proof, the two major results concerning solvability of
the word problem.

Boone-Novikov Theorem. There is a finitely presented group with unsolvable word
problem.

Higman Embedding Theorem. A finitely generated group is recursively presented
if and only if it can be embedded in a finitely presented group.

For proofs, see [5, Chap. 9], [25, Chap. 4] or [32, Chap. 12]. Although these
give different proofs of the Boone-Novikov Theorem, in all cases the proof of the
Higman Embedding Theorem depends on a construction used in the Boone-Novikov
Theorem. On the other hand, it is easy to deduce the Boone-Novikov Theorem from
Higman’s Embedding Theorem, as we now show.

First, it is not difficult to exhibit a recursively presented group with unsolvable
word problem. Let S be a r.e., non-recursive subset of N (see Prop. 3.6). Let F' be a
free group with basis {a,b}; then {a’ba~" | i € N} is a basis for a free subgroup of
F (see the exercises at the end of the chapter). Hence {a'ba™" | i € S} is a basis for
the subgroup G of F it generates, and a'ba™"' € G if and only if i € S (for example,
using the criterion in Exercise 3(c)).

Let G have presentation

(a,b,c,d | d'ba™" = c'dc™ (i € S))

via @, say. It follows that G is the free product of two free groups of rank 2, amal-
gamating two free subgroups of countably infinite rank (see Exercise 4 for the de-
finition of rank). Then a’ba'c'd~'c¢™" € W, (G) if and only if i € S, by Cor. 5.9.
Let 0 : ({a,b,c,d}*')* — N be the Gédel numbering ¢, defined after Lemma 3.8.
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It is left to the reader to show there is a recursive function f : N— N such that
f(i) = 6(a'baic'd~'c™") for all i. Then f(S) is r.e. by Lemma 3.3, hence G is re-
cursively presented. Also, i € S if and only if f(i) € 6(Wy(G)), hence Wy (G) is not
recursive, otherwise S would be recursive.

Now to deduce the Boone-Novikov Theorem from the Higman Embedding The-
orem, let G be a recursively presented group with unsolvable word problem. By
Higman’s Theorem, G embeds in a finitely presented group. This group has unsolv-
able word problem by Lemma 5.14.

The word problem is solvable if W, (G) is recursive. One can also ask what hap-
pens if Wy(G) belongs to one of the other classes in the hierarchy at the end of
Chapter 4. This has a nice answer in the case of regular and context-free languages.

Theorem 5.17 (Anisimov). A finitely generated group has regular word problem if
and only if it is finite.

Proof. Assume G is finite. Then the standard presentation of G
(xg | xgxn = X1 (8, h € G))?

where @(xg) = g, is finite.
Construct a FSA M = (Q,F,A, T,qo) by putting

0= {x 1§}, A= {x | g€ G} qo =1, F = o}

and letting T consist of the transitions

(XgsXn,Xen) (g, h€G)
(xg7x}717xgh*1) (g? hGG)
Then M recognises Wy (G).

Conversely, assume G is infinite, and ¢ : X — G is a mapping such that ¢(X)
generates G, where X is finite. Given a natural number 7, there is an element g € G
such that @(u) # g for any word u with |u| < n. (There are only finitely many words
in X*! of length at most n.) Let w € X*! be of minimal length such that §(w) = g.
Then |w| > n and for all subwords u # € of w, @(u) # 1 (otherwise w could be
shortened by deleting a subword, without changing @(w)).

Let M be a deterministic FSA with tape alphabet X*!. Let n be the number of
states of M, and choose a word w with |w| > n and such that, for all subwords u # €
of w, @(u) # 1. Starting M with w on the tape, there are prefixes w; and wjw, of
w, with wy # €, such that M, after reading w; and wiw», is in the same state. Then
either M accepts both wlwl_1 and wlwzwl_l, or it rejects them both. (It will be in the
same state after reading both.) Since @(wiw; ') = 1, but @(wiwaw; ') # 1 (because
@(w2) # 1 by choice of w), M cannot recognise Wy (G). O

The corresponding result for context-free languages is that a group has context-

free word problem if and only if it has a free subgroup of finite index. We begin
by showing this under an additional assumption, following Muller and Schupp [27].
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This depends on a characterisation of context-free groups in terms of what are called
Cayley graphs, so we begin by describing these.

Cayley Graphs. Again let ¢ : X — G be a mapping such that ¢(X) generates the
group G. Put A = X*!. We form a directed graph as follows. The set of vertices is
G and the set of edges is G x X. The edge e¢ = (g, x) starts at g and ends at g@(x),
and is given label x. For every such edge we add an opposite edge e, from g@(x) to
g, with label x~!. We also define ¢ to be e, giving an involution without fixed points
on the set of edges. The resulting graph is the Cayley graph of G with respect to @,
denoted by I'(G, ). The labelling of edges extends to a labelling of paths, where
labels are in A*. If p is a path, viewed as a sequence of edges ey, ..., e,, the opposite
path p is the path é,,...,é1, and the length of p is n. If w is the label on p, the label
on jis w™ . If g is a vertex and y € X*!, there is a unique edge starting at g with
label y, and a unique edge ending at g with label y. Consequently, given w € A*, and
g € G, there is a unique path starting at g with label w, and it ends at g@(w). Hence,
if w is the label on a path, then @(w) = 1 if and only if the path is closed. (Note
that, at each vertex v, there is a trivial path, of length 0, from v to v. See [5, §5.1] for
further discussion. We give trivial paths label €.) Since ¢(X) generates G, it follows
that I'(G, @) is connected (i.e. there is a path joining any two vertices).

Suppose a, b € G, and we take paths in I'(G, @) from 1 to a, from a to b, and
from b to 1, with labels u, v, w, respectively. Also, take a second path from a to b
with label z, giving the situation illustrated in the left-hand picture below.

Figure 5.2

(The paths have been drawn in the plane for clarity-in the Cayley graph, they can
have more intersections than illustrated, and need not be simple closed curves.)
There are closed paths p; at 1 with label uvw and p, with label uzw, and a closed
path p3 at b with label z~'v. We obtain a closed path p at 1 by traversing the path
from b to 1 in the opposite direction, then ps3, then the path from b to 1, so p4 has
label w™'z~'vw. Note that uvw =px) (uzw)w ™' (z~'v)w. This can be visualised by
“unstitching” the paths p, and p’, so they meet at a single point, as in the right-
hand diagram. The left-hand side uvw is the label reading anticlockwise around the
boundary of the left-hand figure (i.e. p;), and the right-hand side is the label reading
anticlockwise around the boundary of the right-hand figure. We can continue to
unstitch the two closed paths p, and p3 in a similar manner, choosing paths joining
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two vertices they pass through to play the role of the path from a to b with label z in
the first unstitching. This can be iterated, and always gives a product of conjugates
of relators which hold in G (the labels on py, p3 etc), equal in F(X) to uvw. In
some circumstances, by suitable choice of paths to unstitch, this can lead to a finite
presentation of G. Examples are given in Lemma 5.24 and Theorem 5.29.

The group G acts on the vertices by left translation, and similarly on edges by
h(g,x) = (hg,x), h(g,x) = (hg,x), so G acts on I' (G, @) as graph automorphisms,
transitively on the vertices, and preserving opposite edges: ge = ge for g € G and
edges e.

For g, h € G, define

d(g,h) = the length of a shortest path from g to h.

Then d : G x G — N is a metric, called the path metric on I'(G, @). Since G acts as
graph automorphisms, d is G-invariant, that is, d(ag,ah) = d(g,h) fora € G.

There is one final observation about Cayley graphs. As with presentations, the
mapping ¢ is often suppressed in practice, and I' (G, @) is written I' (G, X).

Now to characterise context-free groups by means of Cayley graphs, some dis-
cussion of plane polygons, and their triangulations, is needed. By a plane polygon
P we mean a finite succession of arcs in the plane, joined together at their endpoints
(the vertices), which form a simple closed curve, together with the interior of the
curve. The interior is not required to be convex. The arcs are called boundary edges
of P.

A triangulation of a plane polygon P is a decomposition of P into triangles, so
that if two different triangles meet, they meet in an edge or a vertex. The edges of
the triangles may be arcs rather than straight line segments. The original edges and
vertices in the boundary of P must be edges and vertices of the triangles. A diagonal
triangulation of P is a triangulation of P which has no vertices except the original
vertices on the boundary of P. However, we allow “1-gons” (loops, i.e. simple closed
curves with a point nominated as the vertex) and “bigons” (two arcs with the same
endpoints) as polygons, and view these as triangulated.

We call a triangle in a diagonal triangulation of P critical if it has two edges
which are boundary edges of P. Also, dP denotes the sequence of boundary edges
of P reading anticlockwise around P. It is defined only up to cyclic permutation, as
a starting vertex has not been specified.

Lemma 5.18. Let T be a diagonal triangulation of a plane polygon P with at least
two triangles. Then there are at least two critical triangles.

Proof. The proof is by induction on the number of triangles. If there are two trian-
gles, or all triangles having an edge on P are critical, the result is clear. Otherwise,
choose a triangle 7" with exactly one edge e in the boundary of P. Starting at the
vertex of T not incident with e, we can write 0P = wiew, and dT = eyee;. The tri-
angulation of P induces diagonal triangulations of the polygon P; bounded by wjee;
and the polygon P, bounded by wseje, both having at least two triangles.
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This is illustrated by the pictures below, using curved lines to represent w; and
wy.

Figure 5.3

Thus the triangulations of P; and P> have at least two critical triangles by induc-
tion, so have at least one critical triangle other than 7. Hence the triangulation of P
has at least two critical triangles. a

Lemma 5.19. Let P be a plane polygon with at least three boundary edges, having a
diagonal triangulation. If the boundary edges of P are divided into three consecutive
arcs, each with at least one edge, then some triangle has vertices on all three arcs.

Proof. Let P be a polygon with a diagonal triangulation, and colour the vertices of
P with three colours: red, white and blue. View red and white, white and blue, and
blue and red as consecutive pairs of colours. We claim that, if consecutive vertices
(reading round the boundary) have the same or consecutive colours and all three
colours are used, then there is a triangle having vertices of all three colours. The
proof is by induction on the number of triangles, and the result clearly holds when
this is 1. Otherwise, there is a critical triangle 7', say, by Lemma 5.18. If T has
vertices of all three colours then T is the desired triangle. Otherwise, let P’ be the
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polygon obtained by removing the two edges of T in the boundary of P. It is easily
seen that P’ has vertices of all three colours and consecutive vertices have the same
or consecutive colours and the result follows by induction.

To prove the lemma, suppose dP = o3y, where a etc. are the sequences of edges
of the three consecutive arcs, reading anticlockwise around P. Colour all vertices of
o except the last red, all vertices of B except the last white and all vertices of ¥y
except the last blue. Then a triangle with vertices of different colours is the desired
triangle. O

The characterisation of context-free groups in terms of Cayley graphs uses the
following idea. Let ¢ : X — G be a mapping such that ¢ (X) generates G. Let o be
a non-trivial closed path in I'(G, @), with label w = y; ...y, so @(w) = 1. Let P be
a plane polygon with n boundary edges. Write w anticlockwise around the boundary
of P (with each edge labelled by a letter of w).

Definition. Let K be a positive real number. A K-triangulation of ¢ is a diagonal
triangulation of such a polygon P with a label in (X*1)* assigned to each new edge
such that

(1) reading around the boundary of each triangle gives a word u with @(u) = 1
(2) if u is the label on an edge of the triangulation then |u| < K.

Before stating the characterisation of context-free groups, a lemma is needed. We
call a context-free grammar reduced if it has no useless symbols (see the definition
before Lemma 4.5).

Lemma 5.20. Let ¢ : X — G be a mapping such that ¢(X) generates G and X is
finite. Let E be a reduced context-free grammar with Wy (G) = Lg. If A is a variable
of E and A —-u, A—v, where u, v are terminal strings, then @(u) = @(v).

Proof. Since E is reduced, there exist «, B such that S—— aAf, and terminal
strings wy, wy such that o —~wy and § —w», hence S —= wiuw, and S —— wivw»,
so wiuwa, wivwy € Wy(G). Thus @(wiuws) = @(wivw) = 1, and since @ is a
monoid homomorphism, @(u) = @(v). O

Theorem 5.21. Let ¢ : X — G be a mapping such that ¢(X) generates G and with
X finite. Then G has context-free word problem if and only if there is a constant K
such that every non-trivial closed path in I' (G, @) can be K-triangulated.

Proof. Suppose G is context-free, so by Cor. 1.2, Wy (G) \ {1} is context-free. (Dur-
ing this proof 1 will denote the empty string €.) By Theorem 4.7 there is a grammar
E in Chomsky normal form such that Ly = W (G) \ {1}. We have to find a con-
stant K with the property claimed in the theorem. If Lg = 0, then X = 0 (otherwise
xx~! € Lg for any x € X). Thus I'(G, @) has a single vertex and no edges, so has no
non-trivial paths. We can therefore assume Lg # 0. Using the procedure of Lemma
4.5 gives a grammar still in Chomsky normal form, so we can assume E is reduced.
If A is a variable of E, it is generating (as noted before Lemma 4.5), so we can
choose a string of terminals u, such that A —-u4. (To minimise the value of K, we
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take uy of shortest possible length. Note that uy # 1 as E is in Chomsky normal
form, so application of a production to a word does not decrease its length.) Let &
be a non-trivial closed path in I'(G, @), so its label w = y; ...y, € Wy (G), and write
w round the boundary of an n-gon P in the plane. If n < 2 then by convention P is
triangulated, and if n = 3, P is a triangle. In these cases, the labels on edges have
length 1.

Assume that n > 4. Take a derivation of w from S (the start symbol). It must
have the form S,AB,...,w;w, = w, where A ——w; and B—— w,. This divides the
boundary of P into two arcs with labels wy and w». Suppose w; and w, both have
length at least two. Construct an edge with label up from the vertex at which the arc
with label w; ends to the vertex at which it begins, with label up.

w1 up w2

Figure 5.4

By Lemma 5.20, ¢(ug) = @®(w2), and since @(wiwy) = @(w) = 1, ®(ug) =
¢(w1_1). We now have two polygons, with boundary labels wjup and wzugl, with
fewer sides. These labels represent 1 in G, so are labels on closed paths in I'(G, @).
If one of wy, wo has length 1, say w; = a where a is a terminal, then S —aw»
where |wy| > 3. The derivation of w from S, assuming it is leftmost, will then have
the form S,AB,aB,aCD, ... ,awswy, where wo = w3wy and C — w3, D —>+wy, and
at least one of w3, wy has length at least 2, say w4. This divides the boundary of
P into an edge with label a@ and two arcs with labels w3 and wy4. Draw an edge
with label up from the vertex at which the arc with label w4 begins to the vertex
at which it ends. Once again this gives two polygons with fewer sides and with
boundary labels awsup and waup'. Since @(up) = @(w4) by Lemma 5.20 and
@(awswy) = @(w) = 1, these are labels on closed paths in I'(G, ¢). (It is left to
the reader to draw a picture for this case, and to deal with the cases not considered.)

Iteration of this procedure on the smaller polygons, treating labels of the form ux
just like terminals, eventually gives a diagonal triangulation of P with all labels on
new edges of the form u,, where A is a variable of E. Let K = maxacy,, |ua|, where
Vi is the set of variables of E, Then K > 1, so we have constructed a K-triangulation
of &, hence every non-trivial closed path can be K-triangulated.

Conversely, suppose there exists K such that every non-trivial closed path in
I'(G, @) can be K-triangulated. We construct a context-free grammar E with Lg =
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Wy (G) \ {1}. The set of terminals is X*!. For u € (X*!)* with |u| < K, there is a
corresponding variable A,. For each relation # = vw which holds in G via ¢, with
|u], [v], [w| < K, there is a production A, — A,A,,. (Note that u, v, w may be 1 here).
If A, is a variable and v = y is a relation holding in G, where y € X*!, there is also
a production A, — y. We take A; as the start symbol.

Given a word « in a derivation from A, replace every variable A, occurring in
o by u, to obtain a terminal string o’. By induction on the length of the derivation,
o/ =1 is a relation holding in G. Thus if A; — 5w, where w is a terminal string,
then w = 1 is a relation holding in G, since w' = w. We have to prove the converse.
First, we consider a diagonal triangulation of a polygon P, with a label in (X*1)*
assigned to each edge, such that:

(1) reading around the boundary of each triangle gives a word u with @(u) = 1
(2) if u is the label on any edge (including the boundary edges in P) then |u| < K.

(This need not be a K-triangulation as labels on boundary edges can have length
greater than 1.) Let yq,...,y, be the labels on the edges of P reading anticlockwise
round the boundary, starting at some vertex p, and let w = y;...y,. We show, by
induction on the number of triangles, that A, — v, where w = Ay Ay,

If P is a 1-gon with label y{, then 1 = y; is a relation, so A — A,, is a produc-
tion. If P is a bigon, Ay — Ay A,, is also a production. If P is a triangle, there is a
derivation Ay, Ay A1, Ay Ay Ay,

Thus we can assume the number of triangles is at least two. By Lemma 5.18,
there are two critical triangles. We can choose one whose two boundary edges do
not meet at p, so w = wjuvw, where u, v are the labels on these boundary edges.
The boundary of the triangle is labelled uvz~! for some z, so z = uv is a relation
holding in G. This is illustrated in the following picture.

—~—

w2

Figure 5.5

Removing the two edges on the boundary of the triangle gives a polygon with
one less triangle and boundary label wizw,. By induction, Aj —W AW, and
A,—A,A, is a production, so A| ——WA,A, W, =W, completing the induction.

Now suppose w = yj...y,, with y; € X!, n > 1 and @(w) = 1. There is a
closed path o (starting at any chosen vertex) in I'(G, @) with label w. There is a
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K-triangulation of o with polygon P, say. Applying what has been proved to P,
it follows that A} ——A,, ...A,,. Using the productions A, —y, we conclude that
A1 —y1...yp =w.Thus Lg = Wy (G) \ {1}, and E is context-free, indeed in Chom-
sky normal form. By Cor. 1.2, W,,(G) is context-free. O

Remark 5.1. Given a polygon P satisfying (1) and (2) in the second part of the
proof, let e be an edge, given an orientation so it starts at a vertex a and ends at a
vertex b. Let o be a sequence of boundary edges joining b to a, such that e is a
simple closed curve. Then reading around eo gives a word w with @(w) = 1. This
can be proved by induction on the number of triangles of P, removing a critical
triangle when the number of triangles is at least two. Details are left to the reader.

The next step is to show that an infinite context-free group has more than one end.
For this purpose we do not need to define an end of a group, but only to give a
suitable definition of the number of ends. A graph is called locally finite if there are
only finitely many edges incident with every vertex. If I is a connected locally finite
graph and F is a finite subgraph, let I" \ F be the graph obtained by removing all
edges of F from I'. Then I" \ F has only finitely many components, so only finitely
many infinite components. (The components of a graph are the maximal connected
subgraphs, and the graph is the disjoint union of its components; two vertices are in
the same component if and only if there is a path from one to the other.) We define
the number of ends of I to be

e(I") = sup (the number of infinite components of F).
F

Thus e(I') is either an integer or . If F; C F> C F3... is a sequence of finite sub-
graphs of I" such that J;=; F; = I', and ¢, is the number of infinite components of
'\ F,, itis easy to see that e(I") = ,}Lnl,c”‘

If  : X — G is a map, where X is finite and @ (X) generates G, we define the
number of ends ¢(G) of G to be e(I' (G, @)). It is true, though not obvious, that this
is independent of the choice of ¢. It is also true but not obvious that ¢(G) is either
0, 1, 2 or ce. (See [3, Section 2].) However, it is clear that ¢(G) = 0 if and only if G
is finite.

Theorem 5.22. If G is an infinite group with context-free word problem, then e(G) >
1.

Proof. Let ¢ : X — G be a mapping such that ¢(X) generates G and with X finite,
and let I’ = I'(G, ). For n > 1, let V,, be the set of all vertices v of I" such that
d(1,v) < n, where d is the path metric. Let F, be the subgraph of I" with vertex set
V., whose edges are all edges of I" whose endpoints are in V,,. Since I" is locally
finite, F, is finite.

Given a natural number 7, as in Anisimov’s Theorem there exists g € G such that
if w=yj...yn is a shortest word such that ¢(w) = g, thenm = |w| >n. Theny; ...y,
is a shortest word representing @(y; ...y,), otherwise we could find a shorter word
than w representing g. Thus the path starting at 1 with label y; ...y, is a shortest
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path in I from 1 to @(y;...y,). Take n = 2i, where i > 1 and let p; = @ (y1...yi),
qi = @(Vi+1...y2). Then d(1, p;) =i = d(pi, piqi) and d(1, pig;) = 2i. Translating
by p; L d(p;', 1) =i=d(1,q;) and d(p; ', q;) = 2i. We put u; = p; ', vi = q.

By Theorem 5.21, there is a constant K such that every closed path in I" can be
K-triangulated. Choose N > 3K /2. We claim that, if u;, v; are as above, then u; and v;
are in different components of I\ Fjy, for i > 1. This implies I" \ Fyy has at least two
infinite components for all such N, because it has only finitely many components. It
then follows that e(I") > 1, as required.

Suppose u; and v; are in the same component of I\ Fy. Let o be a path in I" of
minimal length from 1 to ;, let y be a path in I" of minimal length from v; to 1, and
let B be a path in I' \ Fy from u; to v;. Then § = af vy is a closed path in I". There
is a K-triangulation of § with polygon P. Reading around the boundary of P from
a suitable point, the sequence of vertices encountered corresponds to the sequence
of vertices of I passed through by 6. Thus every boundary vertex of P corresponds
to a vertex of I'. Also, dP is divided into three consecutive arcs, corresponding to
o, B and y. By Lemma 5.19, there is a triangle T having vertices on all three arcs,
which define corresponding vertices of I', say a on &, b on  and ¢ on 7.

Further, the label on an edge of T defines a path in I" joining the two corre-
sponding vertices of I', with length at most K. This follows easily from Remark
5.1. Thus the distance between any two of a, b, c¢ is at most K. It follows that
d(1,a) > N — K, otherwise d(1,b) < d(1,a)+d(a,b) < (N—K)+K = N, contra-
dicting b € I' \ Fy. Also, i =d(1,u;) = d(1,a)+d(a,u;), hence d(a,u;) <i—N+K.
Similarly, d(c,v;) <i— N + K. But then

d(ui,vi) <d(ui,a)+d(a,c)+d(c,v;) <2(i—N+K)+K=2i+(3K—2N) <2i

as N > 3K /2. This contradicts d(u;,v;) = 2i. ]

The extra hypothesis needed by Muller and Schupp to prove a context-free group
has a free subgroup of finite index is accessibility.

Definition. Let G be a finitely generated group. An accessible series for G is a
series of subgroups
G=Gy>G1>...Gy

where each G; is of the form G;, | *x H or an HNN-extension (t,G; | [tHt~! = K),
where in each case K is finite. The length of the series is n.

Definition. A finitely generated group is accessible if there is an upper bound for
the lengths of accessible series of G, and the least upper bound for these lengths is
called the accessibility length of G.

Theorem 5.23. If G has context-free word problem and is accessible, then G has a
free subgroup of finite index.

Proof. The proof is by induction on the accessibility length s of G. If s =0, then G
has no decomposition as a non-trivial free product with amalgamation or an HNN-
extension with finite amalgamated or associated subgroups. But Stallings Structure
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Theorem ([3, Theorem 3.1]) says that any group with more than one end does have
such a decomposition. By Theorem 5.22, G must be finite. If s > 0, we can write
G = G, 1 *x H or an HNN-extension (¢,G;, [tHt~' = K) with K finite, and G, 1,
and in the first case H, have accessibility length at most s — 1. By Lemma 5.12,
Gi+1 and, in the first case, H are finitely generated, and by Lemma 5.14, they are
context-free. By induction they have free subgroups of finite index. It follows from
[10] in the free product case, and from [24] in the HNN case, that G also has a free
subgroup of finite index. O

Before stating the final characterisation of context-free groups, the following ob-
servation is needed.

Lemma 5.24. If a finitely generated group G has context-free word problem, it is
finitely presented.

Proof. Let X be a finite set and ¢ : X — G be a mapping such that ¢(X) generates
G. Then Wy (G) is context-free, and there is an associated positive integer p given
by the Pumping Lemma (Lemma 1.9). Suppose z € Wy(G) and |z| > p. Then by
Lemma 1.9, we can write z = uvwxy, where |vwx| < p, vx # € and for all i > 0,
uv'wx'y € Wy (G). In particular, z = uwy € Wy (G), and || < |z|. Let w/ = w™lvwx,
SO

W[ = |w |+ [owx| = [w| + |[vwx| < 2|vwx| < 2p.

1 1

Also, 7y~ 'w'y represents the same element of F(X) as z, and @(Z'y'w'y) =9(z) =
1, hence w' € Wy (G). If |'| > p, we can repeat this procedure with z’ in place of z.
This leads to a product m =[Ti_; y;” Urivi, where rj € Wy (G) and |ri| < 2p, such that
m and z represent the same element of F(X). By Lemma 5.6, z = 1 is a consequence
of the finite set R = {r € Wo(G) | |r| <2p}, so (X|R) is a finite presentation of
G via ¢@. Note that the words w' and 7' can be obtained from the Cayley graph
by the “unstitching” process described above, using the diagram where the arrows

e

[ w w
\u\
v
Figure 5.6
represent paths with the indicated labels. a

Theorem 5.25. Let G be a finitely generated group. The following are equivalent.

(1) G has context-free word problem.
(2) G has a free subgroup of finite index.
(3) G has deterministic word problem.

Proof. Dunwoody [6] has shown that a finitely presented group is accessible, and it
follows by Theorem 5.23 and Lemma 5.24 that (1) implies (2). We have seen that a
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finitely generated free group has deterministic word problem. It follows by Lemma
5.15 and Theorem A.5 that (2) implies (3). Obviously (3) implies (1). a

There are other language classes we have not discussed, for which groups with
word problem in the class have been studied. A one-counter automaton is a PDA

M= (Q,F,A{z,20},7,40,%0)

where if (¢,a,z0,q’, ) € T then o € {z}" 20, and if (g,a,2,4', @) € T then @ € {z}".
Starting in a configuration (g, w,zo), the contents of the stack at any point (reading
downwards) is 7"zg, for some n € N. This is determined by n, so the stack is, in
effect, a counter, which explains the name. The automaton is deterministic if it is
deterministic as a PDA. A language L is one-counter if L = L(M) for some one
counter automaton M, and deterministic one-counter language is similarly defined.
It has been shown in [13] that the following are equivalent, for a finitely generated
group G.

(1) G has one-counter word problem.

(2) G has deterministic one-counter word problem.

(3) G has a cyclic subgroup of finite index (i.e. G is either finite or has an infinite
cyclic subgroup of finite index).

(Note that Lemma 5.13 applies to the class of one-counter languages.)

A real-time language is a language in the class DTIME(n) (see the end of Chap.
3). As noted at the end of Chap. 1, the context-sensitive languages are those recog-
nised by a linear bounded automaton, and these coincide with the languages in
NSPACE(n) (see Theorem 12.2 and the remark following it in [21]). By Theorem
12.10 in [21], DTIME(n) € DSPACE(n) C NSPACE(n), so a real-time language
is context-sensitive. A deterministic FSA may be viewed as a deterministic TM of
time complexity n with one tape, so a regular language is a real-time language.

There has been some progress in studying groups whose word problem is a real-
time language. It is proved in [16] that finitely generated nilpotent groups, word
hyperbolic groups and geometrically finite groups have real-time word problem. In
[18], the number of tapes needed by a TM of time complexity n to recognise the
word problem of certain groups is investigated.

Another class, introduced by Aho, is the class of indexed languages, which are
defined by “indexed grammars” and are recognised by “one-way nested stack au-
tomata”. Further details are contained in §14.3 and the bibliographic notes at the
end of Chap. 14 in [21]. (Indexed grammars are also defined in [2].) This class lies
between the context-free and context-sensitive language classes. Nevertheless, it is
an open problem whether or not the class of groups with indexed word problem
coincides with the class of groups having context-free word problem, that is, the
finitely generated groups with a free subgroup of finite index.

A simple grammar is one in Greibach normal form (see Theorem 4.10), such that
for every variable A and terminal a, there is at most one string ¢ such that A —aa
is a production. A language is simple if it can be generated by a simple grammar.
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Given a simple grammar, the corresponding PDA in the proof of Theorem 4.14 is
deterministic, so a simple language is strict deterministic, hence prefix-free (Remark
4.2). We also allow a grammar with the single production S — € as a simple gram-
mar, generating the language {e}, which is also strict deterministic (Remark 4.2).

Let ¢ : X — G be a mapping such that ¢(X) generates the group G, and X is
finite. Now Wy (G) is prefix-free only in the extreme case X = 0, when G is trivial.
For otherwise, W, (G) will contain a word xx~!, where x € X, and its prefix €. In-
stead, consider the reduced word problem, which is the set Ry (G) whose members
are those non-empty words w € Wy, (G) such that no prefix of w, other than € and w,
is in Wy (G). Also, let Iy (G) (the irreducible word problem) be the set of non-empty
words in Wy, (G) which have no subword, other than € and w, in Wy, (G), a subset of
Ry(G).

Haring-Smith [11] has shown that Ry (G) is simple for some ¢ if and only if G
is plain, that is, a free product of a finitely generated free group and finitely many
finite groups. There is again a characterisation involving the Cayley graph; Ry (G)
is simple if and only if I'(G, @) has the property that there are only finitely many
circuits passing through any vertex. This is equivalent to saying that I, (G) is finite.
Haring-Smith conjectured that Ry (G) is strict deterministic for some ¢ if and only
if G has a plain subgroup of finite index. This was proved in [30], in fact Ry(G) is
strict deterministic for some ¢ if and only if G has context-free word problem. (Note
that, by [10], a plain group has a free subgroup of finite index, so we see directly that
having a plain subgroup of finite index is equivalent to having a finitely generated
free subgroup of finite index.)

Another variant of Wy (G) is its complement, (X*!)*\ W, (G), which is called
the co-word problem. Groups with context-free co-word problem are considered in
[17], and groups with indexed co-word problem have been studied by D. Holt and
C. Rover [19].

Automatic Groups

Let X be a set of monoid generators for a group G. That is, there is a mapping
@ : X — G such that the extension @ : (X*!)* — G maps X* onto G. Assume X is
finite.

Definition. Let L be a language with alphabet X. Then (X,L) is called a rational
structure for G if L is regular and @(L) = G.

Choose a letter $ & X (the “padding symbol”). Define X’ = X U{$} and
X(2.8) = (X' xX)\{(5.5)}
Now define pt : X* x X* — X(2,$)" by:if u=x1...xn, v=y1...y, € X", then

(x1,y1)---(xn,yn)(xn+1,$)...(xm7$) 1fm>n
:LL(MVV): (xlvyl)---<xm7ym) ifm=n
(x1,31) -+ Cm, ym) (8, Yn41) -+ ($,0)  ifm<n
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Let (X, L) be a rational structure for G. For w € X*, define
L, ={u(wi,wa) |wi, wp € Land @(w;) = @(waw)}.

Definition. The rational structure (X, L) is an automatic structure for G if L and
L, (for all x € X) are regular languages. A group is automatic if it has an automatic
structure.

Examples of automatic groups are word hyperbolic groups (in particular, finite
groups and finitely generated free groups), finitely generated abelian groups, braid
groups and many 3-manifold groups. (See [7], Theorem 3.4.5, Theorem 4.3.1, Chap-
ter 9 and Chapter 12.) Also, many small cancellation groups are automatic (see [8]).

Our intention is to give a characterisation of automatic groups in terms of the
Cayley graph. First, given the automatic structure (X,L) on G (via @ : X — G), we
shall construct finite state automata M,, for x € X U {€}, which under certain cir-
cumstances will recognise L. To do this, we let B be a finite subset of G containing
1.

The language L {$}" is regular by Lemma 1.5, so is recognised by a deterministic
FSA, say M (with tape alphabet X U{$}). Let & be the transition function of M. The
FSA M, has set of states Q x Q x B, where Q is the set of states of M. The tape
alphabet is X(2,$), and the initial state is (go,qo, 1), where g is the initial state of
M. We modify M, by identifying all states of the form (g1,¢2,g), where either g; or
q> 1s a dead state of M, to a single state f. (A state g of a FSA is called dead if it is
not a final state and there is no path in the transition diagram from ¢ to a final state.
For an example, see Example (2) of a transition diagram in Chapter 1.) Now given a
state p = (q1,¢2,8) and a = (y1,y2) € X(2,$), there is a transition (p,a, p’), where

I (5(4]17)’1)75(6127)’2),h) ifheB
f otherwise

where i = @(y2) "'g@(y1) and @($) is defined to be 1.y =$, y, ! is replaced by
1, and if y; = $, y» is replaced by 1. The final states of M, are those of the form
(q1,92,9(x)), where g1, ¢» are final states of M. The FSA M, is called a standard
automaton based on M and B. The reason for this strange definition of M, will
become apparent when it is used.

Before giving our characterisation of automatic structures, a definition is needed.
Again we assume (X, L) is an automatic structure on G (via ¢ : X — G), and let d
be the path metric in the Cayley graph I'(G, ). Let w =a;...a, € X*; fort € N,

put
ai...q; ifr<n
w(t) = 1 t hes
ay...a, ift>n

Definition. Let K be a positive real number. Two words u, v € X* are called K-
fellow travellers if, for all t € N,

d(@(u(r)),@(v(1))) < K.
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Informally, the paths with labels u(¢), v(¢) starting at 1 are uniformly close in the
metric d.

Theorem 5.26. A rational structure for a group G (via ¢ : X — G) is an automatic
structure for G if and only if there exists K > 0 such that, for all u, v € L and
xeXU{e}, if o(u) = @(vx) then u and v are K-fellow travellers.

Proof. Assume (X, L) is an automatic structure for G. Let M, be a FSA recognising
Ly, for x € X U{e}. Let N be the maximum number of states in any of the automata
M. If u, v € L and @(u) = @(vx) then M, accepts i (u,v). Let € N. After reading
the prefix p(u(z),v(t)) of u(u,v), suppose M, is in state q. Then there is a path
(in the transition diagram of M,) from ¢ to a final state of M,, with label u(w,z),
where u = u(t)w, v = v(r)z. Take a shortest path from ¢ to this final state, with
label p(w',7') say. This path never visits the same vertex twice (otherwise we could
shorten it) so has length |i(w',2")| < N — 1. Then M, accepts u(u(r)w',v(1)7'), so
@(u(r)w') = @(v(r)z'x). Hence, there are paths in the Cayley diagram as illustrated:

u(t) u(t)w'

label w'

label u(t)

label x

label 7/

label v(¢) v(t)
Figure 5.7

(where u(1) =9(u(r)), etc). Thus d(u(r),v(r)) < length of the path p = |w'|+[2/|+1
0

and |w'], |Z] < |u(w,Z)| < N—1, so d(u(t),v(t)) < 2N — 1. We can take K =
2N —1.

Conversely, assume K exists as in the theorem. Let B={g€ G |d(1,g) <K}
and let M, (x € X U{¢e}) be the standard automaton corresponding to B and a deter-
ministic FSA M recognising L{$}" constructed above. We claim that M, recognises
Ly, hence (X, L) is an automatic structure for G.

Letx € XU{¢e} and suppose (w,wz) € X* X X*, where wy, wy € L and Wi = Wyx.
Then

d(1,w2(t) ~'wi (1) = d(wa(t),m (1)) <K

forallt € N.If wy(t+1) =wi(¢)y; and wa(t +1) = wa(¢)y2, and g = wa(t) ~'wy (1),
h=wy(t+1) 'wi(t+1), then h=9(y2) "'g@(y1), and g, h € B. This is illustrated
by a picture representing part of the Cayley graph.
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™0 label y; wi(t+1)

label g label h

wa(r) label y» wa(r+1)

Figure 5.8

(Note that w; () may be equal to w; (¢ + 1), when the edge with label y; is absent
and @(y;) means 1. Similarly the bottom edge may be missing.) It follows from the
construction of M, that M, accepts i (wy,w). Conversely, suppose there is a com-
putation of M, with label u(w,w,) ending at a state (¢1,¢2,8). An easy induction
on the length of the computation shows that g = @(w,)~'@(w ), and there are com-
putations of M with labels w$¥, wp$' for some k, [ > 0, ending respectively at ¢,
¢>. Therefore if (¢1,¢2,g) is a final state, w $¥, wo$' € L{$}*, so wy, wr € L, and
g =0(x), hence @(w1) = @(wax), so (wy,w2) € Ly. This completes the proof. O

More can be gleaned from the first paragraph of the proof. Suppose |u| > |[v|+N.
Take ¢ = |v|. The path from ¢ to a final state visits some vertex twice, so can be
shortened. Then @(u(r)w') = @(vx) = @(u), u(t)w' € L and |u(t)w'| < |u|. Similarly
if |v] > |u| + N, there is a shorter element of L representing the same element of G
as v. This leads to the following lemma.

Lemma 5.27. Let (X,L) be an automatic structure for a group G via @. There is a
positive integer N such that if w € L and g is a vertex of I' (G, @) at distance at most
1 from @(w), then g = @(u) for some u € L of length at most |w|+ N.

Proof. Let w' be a representative of g in L. Either w = w'x or w' = wx for some

x € XU{e}. Take N as in the proof of Theorem 5.26. By the observations preceding

the lemma, if |w'| > |w|+ N, it can be replaced by a shorter word, and the lemma

follows. O
k

Suppose G = (X | R)?. Recall that, if §(w) = 1, then w =px) [] wiri ug ! for
i=1

some u; € F(X), r; €RR, k € N (see Cor. 5.7). We put
a(w) = the least possible value of .

Definition. The isoperimetric function f of the presentation is the mapping f: N —
N given by
f(n) =max{a(w) [ |w] <n, @(w) =1}.
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Lemma 5.28. Let (X | R) be a finite presentation of a group G, via @. The following
are equivalent.

(1) The isoperimetric function is bounded above by a recursive function N — N.
(2) G has solvable word problem.
(3) The isoperimetric function is recursive.

Proof. We shall not prove this, but refer to [7, Theorem 2.2.5]. This depends on
the previous result [7, Theorem 2.2.4], which gives a bound on the lengths of the
u;, when a word w € Wy, (G) is written as in Equation () in Cor. 5.7. The proof
of this is geometric, and it would be too great a digression to prove it. It uses van
Kampen diagrams, which are discussed in Chapter V of [25]. (They are based on
the idea, used several times in this chapter, of representing part of the Cayley graph
by a diagram in the plane.) Also, to convert the argument of [7, Theorem 2.2.5] into
a precise form, showing that (1) and (3) are equivalent to the statement that W, (G)
is recursive, is a tedious, and possibly futile, exercise. O

Theorem 5.29. Suppose G is automatic. Then

(1) G has a finite presentation whose isoperimetric function is bounded above by a
quadratic function
(2) G has solvable word problem.

Proof. Let (X,L) be an automatic structure for G via ¢, and let K be as in Theorem
5.26.Letw € (X*')*, say w=y; ...y, put g = @(y1 ...y:) (0 <i<n)and let w; be
an element of L, of shortest possible length, such that ¢(w;) = g;. There is a path p;
inI'(G, @) from 1 to g; with label w;, and an edge ¢; from g; to g;1; with label y; 1,
for 0 <i < n— 1. The situation is illustrated in the planar diagram on the next page.
The top curve represents p; and the bottom curve p;; . The straight lines represent
paths of length at most K. These exist because by Theorem 5.26, w; and w;; | are

K-fellow travellers. Again denoting @ (w;(¢)) by w;(t), etc., the closed path starting

at w;(r) and passing through w;.1(¢), wit1(#i+1) and w;(r + 1) has length at most

2K + 2. (Note that, for sufficiently large 7, w;(¢) and w;(r + 1) may coincide; this

happens when |w;.1| > |w;|. Similarly w;y(¢) and w1 (7 + 1) may coincide.) Thus
the closed path p;e;p;y1 has been decomposed into max {|w;|, |wit1|} closed paths
of length at most 2K + 2. Let h; be the label on p;e;p;i+1.

Unstitching the picture as previously described, A; is equal in F(X) to a product
of max {|w;|, |wis1|} conjugates of the form uru~"', where @(r) = 1 and |r| < 2K +2.
Now if (w) =1, @(w,) = g» = 1, so we can take w, = wy, and then w itself is
conjugate in F(X) to hg...h,—1, so is equal in F(X) to a product of conjugates of
elements of the finite set R = {r € (X*')* | @(r) = 1 and |r| <2K +2}. Thus w is
a consequence of R, so G = (X | R)?.
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Figure 5.9

Let np = |wop|. Inductively, using Lemma 5.27, we can find a positive integer N
and u; € L such that @(u;) = @(w;) and |u;| < np+iN for 0 < i <n. Since the w; were
chosen of minimal length, |w;| < ng + nN for all i. Hence, h; is a product of at most
nop + nN conjugates of elements of R, and so w is a product of at most n(ng + nN)
conjugates of elements of R. This proves (1). Now (2) follows from Lemma 5.28
and (1). a

In fact, it is known that a finitely generated subgroup of an automatic group has
deterministic context-sensitive word problem ([36]). For further reading on the ba-
sics of automatic groups, see [7] and [37]. There is a useful generalisation to the
notion of a group having an asynchronous .o#-combing ([2]). Here «/ is a “full
abstract family of languages”, which is a class of languages closed under certain
operations, most of which we have encountered. A group has an asynchronous reg-
ular combing if and only it is asynchronously automatic ([7, Chap. 7]). The idea of
asynchronously automatic group generalises that of automatic group.

Exercises on Chapter 5

In the first three questions, suppress the mapping ¢ in the definition of “presentation
via ¢”, as in the example on p. 96.

1. Show that the following are presentations of the trivial group.

(@) (x,y|x* =y xyx = yxy).
(b) (x,y | xx~! =y oy~ =x2).

© (nyzlxx ! =yt yy ' =2 o =22).
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Show that
(1t [ 2F = 1< n=1), (ixien)* = 1 (i <n=2), (x;)* =1 (j <i—1))

is a presentation of the symmetric group S,. (Hint: consider H, the subgroup
generated by x1,...,x,_2, and the set of cosets

{H,Hxp—1,Hxp—1Xp—2,... ., Hxp_1X—2...20x1 }

and use the method in the example of a presentation of S3 given in the text. An
induction on # is needed.)
Show that (xj,...,x,—2 | R), where R is the set of relations

{x?:xiz: 1(2<i<n—2),(xxi1)’ =10 <n—3), (xx;)* =1 (j<i-=1}

is a presentation of the alternating group A, for n > 3. (Hint: this is similar to
the previous exercise: consider H, the subgroup generated by xp,...,x,_3, and
the set of cosets

2
{H,Hx,—2,Hxp X33, ,Hxy_2xp—3...x0x1 } ,HXp—2X—3 ... X2X7.)

Let X be a subset of a group G. Prove that the following are equivalent.

(a) The extension of the inclusion mapping X — G to a group homomorphism
F(X)— G given by Lemma 5.5 is an isomorphism.

(b) Given any mapping o : X — H, where H is a group, there is a unique
extension of o to a homomorphism G— H.

(c) X generates G, and no non-empty reduced word in (X*')* represents the
identity element of G.

(When these conditions are satisfied, G is said to be free with basis X.)
Suppose Fj is free with basis X| and F; is free with basis X>. Show that Fj is
isomorphic to F; if and only if |X;| = |Xz|, where |X;| is the cardinality of X;.
(Hint: if F is the subgroup generated by {u” | u € F;}, then F? is a normal
subgroup of F; and the quotient is a vector space over the field of two elements,
with basis the image of X;. If you are unfamiliar with infinite cardinals and
infinite dimensional vector spaces, assume X; is finite, so |X;| is the number of
elements in X;, for i = 1, 2.) Thus, if F is free with basis X, we define the rank
of F to be [X|.

If F is a finitely generated free group, show that F' has a finite basis.

Let F be free with basis {x,y}. Show that the set ¥ = {x'yx " | i € N} is a ba-
sis for the subgroup of F it generates. (Hint: take a reduced word in (Y*!),
say u ...u,, where u; = x'iy%ix~'i (i; € N, e; = £1), which represents an el-
ement g of F. Show that the reduced word in {)@y}il representing g has the
form x'1y“1v1y©2vy ... v,_1yx ", where each v; is a power of x or x~! (possi-
bly empty), by induction on n. Now use Exercise 4.) Thus a free group of rank
2 contains a free group of countably infinite rank.
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8. Show that a group is a free group if and only if it is isomorphic to a free product
of infinite cyclic groups.

9. Using a suitable set of generators, describe the Cayley graph of the following
groups, and hence determine the number of ends of the group.

(a) The free group of rank 2.
(b) The free abelian group of rank 2.
(c) The symmetric group of degree 3.

(“‘Suitable” means a basis, in the appropriate sense, in (a) and (b), and in (c),
a 3-cycle and a transposition. A good way to describe the graphs is to draw
enough of them to indicate the general structure of the graph. Detailed proofs
for the number of ends are not required.)



Appendix A
Results and Proofs Omitted in the Text

We begin with the assertion at the beginning of Chapter 1, that a type 1 language
can be generated by a grammar whose productions are context-sensitive.

Note that, at this point in Chapter 1, §— € is not allowed as a production in a
type 1 grammar. However Lemma A.2 below is true if modified to allow it, adding
“except possibly S — €”. This is because the arguments in Lemma 1.1 and Cor. 1.2

apply.

Lemma A.1. If G = (Vy,Vr,P,S) is a grammar of type 0 or 1, then Lg = Lg for
some grammar G' of the same type, such that all productions of G' are either of
the form a— B, where @, B are strings of non-terminal symbols, or of the form
A — a, where A is a non-terminal symbol and a is a terminal symbol.

Proof. For every a € Vr, take a new letter X,,. Let G’ = (V{,,Vr,P',S), where V}, =
VyU{X, | @ € Vr} and P’ consists of:

X,—a fora e Vr

and o — B’  for a— B in P, where o and ' are obtained from «, 8 by
replacing every occurrence of a letter a € Vr by X,,.

Then G’ is of the same type as G, and is the required grammar. For if y € Lg,
modify a G-derivation of y from S, by replacing every production @ — f3 used by
o/ — ', to obtain a G'-derivation of . Then by use of the productions X, —a,
we obtain a G'-derivation of v. Hence Lg C L.

Conversely, given a G'-derivation of ¥ € L, when a production X, — a is used,
the resulting occurrence of a is never changed. Move this production to the end of
the derivation, replacing the occurrence of a by X, until the production X, —a is
used. Repeating this procedure, we obtain a G’-derivation of y in which all uses of
productions o' — 8’ occur first. This produces a word in the new letters X, which is
then converted to ¥, so this word must be 7. Now replace every use of a production
o/ — B’ by the production oo — 8 and delete all uses of productions X, — a at
the end. This gives a G-derivation of y from S. Hence Lg = L. O

131
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Lemma A.2. Let G be a type 1 grammar. Then Lg = L for some grammar G' in
which all productions are context-sensitive.

Proof. We can assume the productions of G are as in Lemma A.1. Given a produc-
tion ay...a,—by...b, (m > n, a;, b; non-terminal letters) which is not context-
sensitive (so n > 1), modify G as follows. Add new non-terminal letters Aj,...A,
and By,...B,, (distinct, even if the a;, b; aren’t), then replace this production by the
productions:

ay...a,—ajy...a,_ 1A, (D)
aj .. .anflAn —daj .. .ClnsznflAn (2)
a1A2...A,, —>A1...An (n)
Ay...A,—A...A,_1B,...B, (n+1)
A...A,1B,...B,—A|...A,_2B,_1B,...By, (n+2)
Ale...Bm—>BlBQ...Bm (211)
BiBy...B,,—b{B>...B,, (2n+1)
b\By...B,—bib2B3...B,, (2n+2)
by...by_ 1By —by...by (2n+m)

(The reader should check that these are context-sensitive.)

Call the new grammar G;. Any use of the old production can be replaced by using
these 2n+m productions in succession, hence Lg C Lg, . Suppose o € Lg, and there
is a G-derivation of ¢ from S (the start symbol) using the new productions. The first
time such a production is used, it must be (1), since up to that point none of the new
non-terminal letters have appeared. This introduces A, and this occurrence of A,
must eventually be changed by use of a production (« is a string of terminal letters).
This can only be done by use of (2).

The reason is that the letter to the left of A,, is either from the original alphabet,
or the right-hand letter of the right-hand side of a new production, which can only
be A, or B,,. Similarly, the letter to the right of A, (if any) is either from the original
alphabet, or A; or B;. But no word on the left-hand side of the new productions
contains any of the words A,A,,, B,A,, A,A1 or A,By. Thus (2) is the only production
that can be used, so part of the derivation has the form:

/ / / /
oL ULAY - AV ULAY - AV, . uar AV A - A 1Ay,
which can be replaced by
/ / / / / /
coULAL ARV, .. U AT . GV WA ARV U ar A 1Ay,
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(The use of (1) is moved until just before the use of (2).) Similarly, the next time
A,_14A, is changed by a production, it must be by use of (3), and we can change
the derivation so (1), (2) and (3) are used in succession. Eventually we obtain a
G1-derivation in which (1) through (2n+m) are used in succession, to change an
occurrence of the string a; ...ay to by ...by,,. These can be replaced by a single use
of the original production.

Continuing, we eventually remove all use of the new productions, giving a G-
derivation of « (the fact that the original productions are now used does not affect
the argument). Hence L, = Lg. Finally, repetition of the procedure replacing G by
G will remove all productions which are not context-sensitive, giving the required
grammar G’ O

The next result to be proved is Lemma 2.18. It is necessary to read the relevant
part of Chapter 2 to understand the statement and proof.

Lemma 2.18. There is a primitive recursive function Next : N — N such that
Next(Code(c)) = Code(S(c))

forallc e C'.

Proof. Letc=(g,a,a,B), so Code(c) = 293¢59(@)79(B) put x = Code(c), and use
Lemma 1.10. To simplify notation, we omit subscripts and write R, N, D instead of
RT/, NT/, DT/.

(1) If D(gq,a) = 0, Code(8(c)) = 2N@®)38(0)50(a)70(6") 4pq

N(q,a) = N(logz x),logy(x))
B(0) = rem(2,log;(x))
o(a) :R( a)+2a(0 )+22 (1) + ... = R(logy (x), log; (x)) + 21ogs (x)
o(B") = B(1)+2B(2)+...=quo ( (ﬁ))= quo(2,log;(x))
(2) If D(g,a) = 1, Code(8(c)) = 2V(@9)32(0)50(¢')70(B") and similarly
N(g,a) =N (logz( );1og;(x))
(0) = rem(2,logs(x))
o(a) = quo(2,logs(x))
o(p) = (logz( );1og; (x)) +2log; (x)

Hence, we define Next(x) = 2f1(0)3R(0)5F®)75() (for any x € N) where, putting
E(x) = D(logy (x),logs (x)):

Fi(x) = N(logy(x), logs (x))

Fy(x) = (1= E(x))rem(2,log; (x)) + E(x)rem(2, logs (x))

F3(x) = (1 E(x)) (R(logy(x), logs (x)) +2logs (x)) + E (x)quo(2, logs ()
Fy(x) = (1+E(x)))quo(2,log; (x)) + E(x) (R(log, (x),logs (x)) +21og; (x))

Since Fi,. .., Fy are primitive recursive, so is Next. a
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Now we prove two lemmas on deterministic pushdown automata which are
needed at the end of Chapter 4, where these and related ideas are defined. We shall
need another definition concerning them.

Definition. A deterministic PDA M = (Q,F,A,I',T,qo,20) is said to always scan
its entire input if, for all w € A*, (go,w,z0) 7(q,8, y) for some g € Q and y € I'*.

Also, we shall describe a transition of a PDA starting (g, €, . ..) as an g-transition.

The ways in which M can fail to always scan its entire input are firstly, that it
halts without reading the entire word on the tape. This can happen if M empties its
stack, or if there is no transition beginning (g,a,z) or (g, €,z), where M is in state g,
a is the next letter on the tape and z is on top of the stack. Secondly, it can happen
that M continues indefinitely to use €-transitions without reading another letter from
the tape. This observation is the basis for the construction in the next lemma. This
makes use of a state d (the “dead state”) to continue to read from the tape when any
of the situations above is encountered. There is also an extra final state f to accept
any words that M accepts in the second situation, when it continues indefinitely to
use e-transitions. Such a word will be a proper prefix of the word on the tape. (The
proper prefixes of a word w are the prefixes of w other than w itself.)

Lemma A.3. If L is a deterministic language, then L = L(M") for some deterministic
PDA M’ which always scans its entire input.

Proof. There is a deterministic PDA M = (Q,F,A,I",7,qo,z0) such that L = L(M).
There is a new PDA M’ = ((QU {q.d, f} ,F U{f} A, U{xo},7’,q(,x0), where
7' is defined as follows.

(1) (40,&,%0,90,20%0) € T'.

(2) Forallge€ Q,a€ Aandz<T,if no transition in 7 starts with (¢, a,z) or (¢, €,z2),
then (q,a,z,d,z) € 7.

(3) Forallg€ Q,a €A, (g,a,xy,d,xp) €T

4) Foralla€ A, ze ' U{xy}, (d,a,z,d,7) € T'.

(5) If there is an infinite sequence of configurations of M:

(q,S,Z),(th,}’l),(Q2,6,}’2),...

where z € I' and each configuration (g;,€, %) is obtained from its predecessor
by an &-transition in 7, then

(¢q,€,2,d,2) €t ifnogq €F
(g,€,2,f,z) €T ifsomegq; € F

(6) Forallze 'U{xy}, (f,€,2,d,2) € T'.

(7) Forall g € O, a € AU{e} and z € T, if no transition of 7’ starting (g,a,z)
has been defined by (2) or (5), and there is a transition (¢,a,z,4’,7) € T, then
(¢,a,2,4',7) € T'.
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It is easy to see that M’ is deterministic. Note that M’, in its initial state, always
begins a computation by putting xo on the bottom of the stack (using (1)), and this
is never erased.

Suppose M’ does not always scan its entire input. Then for some w € A*,

(6]67W,Zo) 7(%6”4,11 .. ~ka0)

where a € A and au is a suffix of w, z; € I', k > 0, and a is never read. That is, the
computation can only be continued by use of e-transitions. In fact, the computation
of M’ can be continued using an e-transition. For if M has no transition beginning
(q,€,21), then either by (2) or (7) M’ has a transition starting (g,a,z), so a can be
read from the tape, a contradiction. Thus M has a transition beginning (g, €,z1), so
either by (5) or (7), M’ has a transition starting (g, €,z1), as claimed. Repeating this
argument, the computation of M can be continued indefinitely using &-transitions,
giving a sequence

(6176”‘711 "'ka0)7 (C]ha’/l,VIZz---kaO)a (6127a’/¢a7’2Z2~--ka0)a~~-

Note that ¢ and all g; are in Q, because no € transition begins with d, and in state f,
the next configuration will be in state d, using (6). Consequently, the e-transitions
used are all transitions of M. Now eventually z; must be erased from the stack, that
is, some ¥; = €. Otherwise (5) applies to the sequence

(g.€,21), (q1,€,0), (q2,€,%),-.-

(obtained by using the same transitions used in the sequence above). The first tran-
sition used is then given by (5), so ¢ is either d or f, a contradiction.

Similarly, z5, ...,z are eventually erased, leading to a configuration (g;,au,xo).
Then for the next move, only a transition in (3) can be used, so ¢;+1 = d, a contra-
diction. Thus M’ always scans its entire input.

Finally, we need to show L(M) = L(M’). Suppose M accepts w € A*. There is
thus a computation of M beginning with (go,w,z9) which scans all of w and ends
in a final state. While a non-empty suffix of w remains on the tape, the transitions
used are transitions of M, by (7). This gives a computation of M’, using these tran-
sitions together with an initial use of the transition in (1), starting in configuration
(qp,w:x0). If, M is in a final state just after reading all of w, then M’ will be in the
same state just after reading w, so M accepts w.

Otherwise, M then uses a sequence of €-moves until a final state is reached.
Either these are transitions of M’, so again M’ accepts w, or (5) applies and M’, just
after reading w, enters state f, so accepts w. Thus L(M) C L(M’).

Suppose M does not accept w, and consider a computation of M starting with
(g0, w,20). If M halts, then (whether or not all of w has been read), we obtain, us-
ing (2) and (3), a corresponding computation of M’, starting with (g, w,xo), which
enters state d. Since M’ is deterministic, it does not accept w. (In state d, only tran-
sitions in (4) can be used, and d is not a final state.)
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Otherwise, the computation of M can be continued indefinitely, giving a sequence
as in (5), where, if all of w has been read, no ¢g; € F. Up to the point where M stops
reading from the tape, there is a corresponding computation of M’. Then by (5),
either M’ enters state d, or enters state f having read a proper prefix of w. In the
latter case, M’ then enters state d using an e-transition from (6). In any case, M’
does not accept w. Hence L(M) = L(M’). O

We shall need the lemma just proved for the next result, which is used in Chapter
4.

Lemma A.4. If L is a deterministic language, then L= L(M') for some deterministic
PDA M’ which has no e-transitions beginning with a final state.

Proof. There is a deterministic PDA M = (Q,F,A,I",7,qo,z0) such that L = L(M).
By Lemma A.3, we can assume M always scans its entire input. Define a new PDA
M = (Q,F',A,T",7,q},z0) as follows:

Ql = Q>< {13233}
F'={(¢,3) g€ 0}

q, _ (q071) iqu eF
0 (q0,2) ifqoéF

and 7’ is defined as follows.

(1) If (q,€,z,p,y) € 7, then T’ contains

((g,k).&,2,(p,1),y)  fork=1,2

where [ =1 if k=1or p € F, otherwise [ = 2.
(2) If (g,a,z,p,y) € T, where a € A, then 7’ contains

((q7k)aaaza(p7l)aY) fOI'kZZ, 3

where [ =1if pe F,l=2if p & F, and 7’ also contains

((¢,1),€,2,(¢,3),7)

Obviously M’ is deterministic and has no e-transitions beginning with a final state.
Given a computation of M starting with (go,w,z9), we claim that there is a corre-
sponding computation of M’ starting with (g, w, z0), such that if the computation of
M ends in state g, then the computation of M’ ends in state (g,k), where k =1 or
2. Further, in the computations of M and M’, exactly the same word has been read
from the tape.

The computation of M’ is constructed by induction on the length of the computa-
tion of M. Suppose the next step of this computation uses the transition (g, €,z, p, y).
Then the computation of M’ is continued by using the corresponding transition in
(1). If the next step in the computation of M uses (g, a,z, p,7), there are two cases. If
M’ is in a state (g,2), then the computation of M’ is continued by using the transition
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((g,2),a,z,(p,1),7) in (2). If M" is in state (g,1), the computation is continued by
using ((¢,1),€,z,(¢,3),7), followed by ((¢,3),a,z,(p.1),7).

The computation of M’ so constructed will be in a state (g,1) if M has entered
a final state since last reading a letter from the tape, and in a state (g,2) otherwise.
Note that M’ enters a final state when k = 1 and M reads a letter from the tape.

Suppose w € A* and take a letter a € A (we can assume A # 0, just by adding a
letter to the alphabet of M). Consider the computation of M starting with (g, wa, zo).
Since M is deterministic and always scans its entire input, if M accepts w then it must
enter a final state after reading the last letter of w and before reading the final a. Then
in the corresponding computation of M’, M’ will enter a final state (g, 3) just before
reading a, so accepts w. If M does not accept w, then in between reading the last
letter of w and reading a, M’ remains in states of the form (g,2), so does not enter a
final state, hence (being deterministic) does not accept w. Thus L(M) = L(M'). O

Note. With minor modification, the argument of the previous lemma can be used
to show the complement of a deterministic language is also deterministic. See [20,
Theorem 12.1] or [21, Theorem 10.1].

Finally we prove a result on gsm mappings needed in Chapter 5, where the termi-
nology is explained. The proof comes from [20, Theorem 12.3].

Theorem A.5. The class of deterministic languages is closed under inverse deter-
ministic gsm mappings.

Proof. Let S = (Qs, Fs,A,B, Ts, po) be a deterministic gsm and let L be a determin-
istic language with alphabet B, so L = L(M) for some deterministic PDA M. If there
is a letter in the alphabet of M not in B, we can omit it and any transitions in which
it appears. If there is a letter of B, not in the alphabet of M, we can add it to the
alphabet. Thus we can assume M has alphabet B, say

M = (QM)FMvBaZa TMJIOJO)-

By Lemma A.4, we can assume M has no &-transitions beginning with a final state.
Let r be the maximum length of a word w € B* such that some edge in the transition
diagram of $ has label (a,w), for some a € A. We construct a PDA M’ recognising
fs 1(L) as follows: M’ = (Q',F' A, Z, 7, g}, z0), where:

Q' ={(q,p.w) | g€ Qu, p€Qs, we B and |w| <r}
F/ = {(q,p’s) | C]EFM, PGFS}

!
90 = (90, Po; €)

The transitions in 7’ are those specified in (1)—(3) below.

(1) If 7y contains no transition beginning ¢,€,z (where ¢ € Quy, z € Z), but
(PaaaW,Pl) € Ts, then T/ contains ((qvpvg)vavzv (qvplaw)az)'

(2) If (q,€,2,91,Q) € Ty, then 7’ contains ((¢, p,w), €,z,(q1, p,w), &), for all p and
w with (g, p,w) € Q'.
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(3) If (¢,b,2,q1, @) € Ty, where b € B, then T’ contains

((q,p,bw),e,z,(ql,p,w),ot)

for all p and w with (g, p,bw) € Q'.

It is easily seen that M’ is deterministic. Suppose M’ accepts u = aj ...a,. Then
the transitions of type (1) which it uses correspond to transitions of S having the
form (p;,a;,w;, pi+1) (because transitions of types (2) and (3) do not change the
second coordinate of the state of M’). These transitions give a computation of S
with input a; ... a, and output wy ...w,. The transitions of types (2) and (3) M’ uses
correspond to transitions of M and give a computation of M in which wy...w, is
read from its tape, ending, say, in a state g. These transitions do not change the first
coordinate of the state of M’. (The third coordinate of the states of M’ represents a
buffer to receive output from S, using transitions (1); after a letter is read from the
buffer, using transitions (3), it is erased.) At the end of the computation M’ is in state
(pn+1,9,€). Hence p,41 € Fs, so the computation of S is successful, and @ ...a, €
fgl(wl ...wy). Similarly, ¢ € Fy, so M accepts wy ...wy, that is, wy...w, € L. It
follows that L(M') C fg '(L).

Conversely, if a;...a, € fg ! (L), there is a successful computation of S, with
input a; ...a, and output w = wy...w, € L, where (a;,w;) are the labels on the
edges of the corresponding path in the transition diagram. There is a computation
of M accepting w. It is left to the reader to construct a computation of M’, accepting
ai ...ay, from those of S and M. The condition on M, that no &-transition begins with
a final state, is needed because of the possibility that wy = ...w, = € for some k. It
ensures that, if this happens, M’ reads ay . . . a, from its tape. Thus a; ...a, € L(M'),
as required. g



Appendix B

The Halting Problem and
Universal Turing Machines

Let X be the set of numerical Turing machines, where states are renamed so that the
set of states of each machine is {2,...,r — 1} for some r, and where L =0, R = 1.
We can define a mapping gn : X — N as we did after Theorem 2.19 (but without first
modifying the machines). Then gn is a Godel numbering, that is, it is 1 — 1 and its
image is recursive (exercise). There is therefore a strictly increasing recursive bijec-
tion f : N — gn(X). Putting T;, = gn—' f(m), we obtain an enumeration T, T}, ... of
numerical TM’s which is effective, in that given m, f(m) = gn(T,,) is computable,
and from gn(T,,) one can recover the states, transitions etc. of 7,,,.

The general halting problem is to give a procedure to decide whether 7;,, on input
x (i.e. started on tape description 01%) halts or not. We shall show this is unsolvable;
formally, this means that B = {(m,x) | T,, halts on input x} is not recursive. As in
Prop. 3.7, it suffices to show that A = {m | T,, halts on input m} is not recursive.

Suppose A is recursive. Then N\ A is r.e., s0 x,(v\) is recursive, hence is com-
puted by a numerical TM T which halts on input m if and only if xp(N\A)(m) is
defined, i.e. m € A, by Cor. 2.22. By renaming, we can assume the set of states of 7'
is {2,...,r— 1} for some r and L =0, R = 1. Then T = T}, for some p.

Then by definition of A, 7}, halts on input p if and only if p € A, but T, halts on
input p if and only if p ¢ A, a contradiction. Hence A is not recursive.

Of course this is related to Prop. 3.7, but is not easy to derive directly from
Prop. 3.7 because of the modifications made to the Turing machines and the use of
Kleene’s Normal Form Theorem.

To make further progress, we shall assume the mapping g : N — N defined by
g(m) = gn(T)) is recursive (to prove this is a rather complicated exercise). Here, T,
is the modified TM defined before Lemma 2.18. Taking n = 1 in Theorem 2.20, the
proof shows that @7, | (x) = H(m,x), where H(m,x) = F(g(m),x, ut(G(g(m),x,t) =
0)), where F, G are the functions in Theorem 2.20. Now H is partial recursive, so is
computed by a numerical TM, say U, by Cor. 2.22. Then U, started on Tape(m,x)

(i.e. 01"01"), gives exactly the same output as 7, on input x. (They either halt with
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tape description 01, where y = ¢r,, 1 (x) if this is defined, otherwise they do not
halt.) For this reason, U is called a universal Turing machine. It is not clear how to
construct U from what was done in Chapter 2, but there is a considerable amount of
literature on universal Turing machines and their construction, and their relevance
to the development of the (stored program) computer. The existence of a universal
machine goes back to Turing’s original papers ([38], [39].

For a discussion of the halting problem for Turing machines designed to recog-
nise languages, see [20, §7.3].



Appendix C
Cantor’s Diagonal Argument

We assume familiarity with the idea of a countable set. Recall that a set is countable
if it can be put into one-to-one correspondence with a subset of N. Equivalently, a
set C is countable if either C = 0 or there is a surjective mapping f : N — C. In the
next theorem, 2% means the set of all subsets of N.

Theorem C.1. There is no surjective mapping N — 2N, consequently 2N is uncount-
able.

Proof. Suppose f: N — 2N is surjective; put Y = {x € N | x & f(x)}. Then Y = f(z)

forsomez€N,andz €Y < z€ f(z) < z ¢ Y, by definition of ¥, a contradiction.
(The argument works for any set X in place of N). a

To interpret this in terms of characteristic functions, we can write

Y ={xeN|xmyk) =0}

Then xy (x) = 1if and only if x5, (x) =0, thatis, xy (x) = 1 = x5 (x).
Now put F (m,n) = X f((n), for m, n € N. Then for all x € N,

F(z,x) =1=-F(x,x)

where Y = f(z), and putting x = z gives a contradiction. The proof is similar to some
arguments used in the course (see Props. 3.5 and 3.6) and to the proof of the Godel
Incompleteness Theorem in logic. Writing the values of F' as an infinite matrix:

F(0,0) F(0,1) F(0,2) F(0,3) F(0,4)

N
F(1,0) F(1,1) F(1,2) F(1,3)
N\
F(2,0) F(2,1) F(2,2)
F(3,0) F(3,1)

F(4,0)
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row m represents the values of X (), so if f is surjective, each subset of N is rep-
resented by a row; however, xy (x) = 1 = F(x,x), so xy is obtained by changing the
values of F' on the main diagonal, indicated by the arrows. Then Y is not repre-
sented by any row, a contradiction, since a row representing it differs from the first
row in the first entry, the second row in the second entry, etc. This explains the name
“diagonal argument”.

It follows easily that R is uncountable. Let B be the set of all real numbers a
whose decimal expansion has the form a = 0.apa; ..., where every g; is either O or
1. (In the case of a terminating decimal expansion, add an infinite string of zeros, so
ai,az ... 1is always an infinite sequence, which is uniquely determined by a). Every
such number a = 0.apa; ... defines an element of 2V, say X,, by Ax, (i) = a;. The

mapping a — X,, is a bijection from B to 2, hence B is uncountable, and so is R, as
a subset of a countable set is countable.
The Russell-Zermelo Paradox

The first proof can be easily adapted to show Cantor’s version of set theory is
inconsistent; in this set theory, given any predicate P, there is a set {x | P(x)}, such
that any object x belongs to the set if and only if P(x) is true. Now let y = {x | x & x}.
It is easy to see that y € y if and only if y € y, a contradiction.

Exercises on Appendix C

1. By explicit use of the diagonal argument, without using 2, show that the subset
B of R is uncountable.

2. Recall from Chapter 2 that Ackermann’s function is the function A : N> — N
defined by

A0,y) =y+1
A(x+1,0) = A(x, 1)
A(x+1y+1) =A(x,A(x+1,y))
It can be shown that, for any primitive recursive function f : N” — N, there

exists k with f(xi,...,x,) < A(k,max{xi,...,x,}), for all xj,...,x,. Use this
and the diagonal argument to prove that A is not primitive recursive.



Appendix D
Solutions to Selected Exercises

Chapter 1

1. Yes, a derivation is S,aASb,abSbSb,abSbabb,ababbabb.
3. A transition diagram for a FSA recognising {(ab)" |n=0,1,2,...} is

b

O——a____®

a

5. (ii) No. Otherwise R; would be of finite index by Theorem 1.7, which implies
1010 Ry, 10170 for some n # p, where m,n,p > 0. Then

101”01 Ry, 101701

a contradiction since 1770101 ¢ L, but 101701 & L.

Chapter 2

1. (a) Let f,(x1,...,%,) = max{xj,...,x; }, x = (x1,...,x,). Then

Su(x) =max{f—1(x1,.. ., X0—1), %0} = o (fum1 (X1, X0—1),%n)
:fZ(fnfl(ﬂln(l)w“;nnfl,n(l))vnnn()ﬁ))

and it suffices by induction on n to show f> is primitive recursive. But f>
has a definition by cases:
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/4 if x >
f(x,y) = 12(%,) 1 =y , hence f> is primitive recursive.
Ta(x,y) ifx <y

4. Clearly J; ' = Jj is primitive recursive, and Jy !is primitive recursive by Exer-
cise 3(b). Forn >2,if y = J,11(x1,...,Xnt1), then y = J(x1,J,(x2, - -, Xnt1))s
so x; = K(y) and J,(x2, ..., %,41) = L(y), hence (x2,...,%,:1) = (J,; Lo L)(y).
Thus Jr:+11 = (K,KyoL,...,K,oL), where K1,...,K, are the coordinate func-
tions of J, 1. It follows by induction on 7 that J, ! is primitive recursive for all
n. Putting n = 2 gives J; ' = (K,KoL,LoL).

5. Suppose a,,...,q; are distinct elements of N, and f(g;) = b; (where b; € N)
for 1 <i <k, and f(x) is undefined for x & {a,,...,a;}.

b; ifx=ga;,ie|x—g;|=0,forsomeiwithl <i<k

Let g(x) = {

0  otherwise

Then g is primitive recursive, being obtained from constant functions using a
definition by cases. Now let

h(x) = uy(lx—a]...|x—a[ = 0)
a partial recursive function. Then h(a;) =0 for 1 <i < k and h(x) is undefined

forx & {a,,...,a;}. Therefore f(x) = g(x)+ h(x) is partial recursive.

7. Let H be the iterate of h, so H is primitive recursive by (the easy case of)
Question 6. Then ¢(x,7,r) = H(x,t —r), which is obtained from H and known
primitive recursive functions by composition.

9. T1 = PIR*LP,. The effect on the tape description is

u014001¢ — 101°011¢ — 0101710 — 401901¢1 — u1°01°0.
P R* L Py

13. Clearly 75 = T} ' Ty will work.

Chapter 3

1. We assume A = {ajy,...,a,} where n > 0 (the case n = 0 is easy, as noted in
the text). The variables x, y, z are used below to define certain functions, and
range over all elements of N. It is a supplementary exercise to verify in detail
the claims below that certain functions and predicates are primitive recursive.

(a) Let g be an integer greater than 1. If r € N, r can be written as

r:sl—i—szq—i—...—i—squ*l
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where 0 <5; < g for 1 < j <k (by using the division algorithm and induc-
tion on r). Putting s; = 0 for j > k, the s; are uniquely determined. To see
this, define Q : N* — N by primitive recursion:

Q(x,,0) =x
O(x,y,z+ 1) = quo(y, O((x,y,2))-

and put F (x,y,z) = rem(y, Q(x,y,z= 1)), so F is a primitive recursive func-
tion. Then the reader can check that s; = F(r,q, j) for j > 1. It follows that
@1 is one-to-one.

Now choosing k as small as possible, k is the least integer m such that such
that r < ¢™, and k < r (by induction on r). Define a primitive recursive
function M : N> — N by M (x,y) = uz < x(x < y°), so k = M(r,q). Now put

f(x,2)=F(x,n+1,z),m(x) =M (x,n+1). Thus r—zj(])f(r J)(n+1)771
From the definition of ¢

re@i(A") & f(r,j) >0for 1 < j<mr)

and the right-hand side is a primitive recursive predicate. Hence ¢; is a
Godel numbering.

Also, ¢, is one-to-one by unique factorisation into primes and
remAT) <

logy () 1og  (
(O<logpj(r) <nforl < j<log,(r))A (r—Zlog2 p; v
j=1

The right-hand side is a primitive recursive predicate, hence ¢, is a Godel
numbering.

Define g : N — N by g(r) *Zm(’)nj(l)p 0:9) Then go@ = ¢ and g is
primitive recursive. If X C A* and ¢@; (X) is r.e. then ¢ (X) = g(¢; (X)) is
r.e. by Lemma 3.3(2).

Now define g : N — N by g'(r) = ZlogZ( )logp (r)(n+1)/=!. Then g’ is
primitive recursive and g’ o @, = ¢, so similarly ¢, (X) r.e. implies @; (X)
is r.e. Thus @;(X) is r.e. if and only if @2 (X) is r.e. Applying this to A*\ X
and using Lemma 3.8, ¢; (X) is recursive if and only if ¢»(X) is recursive.

(b) As ahint, suppose r = sjn+... +sknk where 1 <s; <n. Then
r=n((si— 1)+ (sa—Dn+...+ (55— D)+ (n+...+nb).

(d) It is enough to show that @,(B*) is recursive, in view of (a) and (b), and
in view of (c), we can choose the bijection {1,...,n} — A such that B =
{ai,ay,...,a}, where 0 < s < n. Then
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re gmB*) < (re @A) A (log, (r) < sfor 1 < j<logy(r))
& (re @A) A (Vj<logy(r)((j=0)V (log, (r) <))
and the right-hand side is a primitive recursive predicate.

The construction of some of the TM’s is as follows (in all cases, g is the initial
state).

R: has set of states Q = {qo,¢} and transitions gpagaR (0 <a <r—1).
L: defined similarly, replacing R by L in the transitions.
R: Q = {6107q7q/,h}, transitions

qoaqoaR (a # 0), qo0gOR, gaqoaR (a # 0), q0q'OR, q'ahal

where 0 <a<r—1.

Chapter 4
1. First, we use Lemma 4.6 to convert the set of productions to
S—AA ‘b
A—aA|BBB|b
B—b

(The set % in the proof of Lemma 4.6 is {(S,S),(A,A),(B,B),(S,B),(A,B)}.)
Now, using the procedure in the first part of the proof of Theorem 4.7, we add a
new variable C and convert the set of productions to

S—>AA|b
A—>CA|BBB|b
B—b

C—a

Then, using the second part of the proof, we add a new variable D and convert
the productions to

S—>AA|b
A—CA|BD|b
B—b

C—a

D— BB

giving the required grammar in Chomsky normal form.
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4. (a) Hint: make use of Exercise 3
(c) If you have done parts (a) and (b), you can apply the procedure this gives
to the grammar in Example (3), p.3. One possible grammar in the required
form, generating {0"1" | n > 0}, obtained by this method is

G =({A,B,5},{0,1},P.5)
where P consists of the productions

S—0A|OB
A—S1
B—1

An alternative is to replace P by the set of productions consisting of

S—0A
A—Bl|1
B—0A

6. A context-free grammar generating L = {0™1"0"1" | m, n > 0} is
G =({A,8}.,{0,1},PS)
where P consists of the productions

S—AB
A—0A1|01
B—0B1|01

To show L is not deterministic, use the Pumping Lemma in the previous exer-
cise.

Chapter 5

1. (a) From xyx = yxy, we obtain the consequence x?yx> = xyxyx, hence using the
other relation, y’ = xyxyx = yxyx, so y° = xy*x. Since y® = x*, we conclude
that x* = xyx, hence x> = y?, so y* = y? which implies y = 1. Now from
xyx = yxy it follows that x> = x, so x = 1.

2. The proof, as indicated in the hint, is by induction on n. Let G, be the group
with the given presentation. It is true for n = 2 since G is cyclic of order 2,
as is 5. (Indeed, it is true for n = 1 as the empty presentation presents the
trivial group.) Assume n > 2 and G,_1 = S,,_;. By Lemma 5.2, there is a ho-
momorphism G, — S, sending x; to the transposition (i,i+ 1) for 1 <i<n—1,
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which is surjective as these transpositions generate S, (an easy exercise). Hence
it suffices to show |G,| < n!.

By Lemma 5.2, there is a surjective homomorphism G,_; — H sending x; to
x; for 1 <i<n—2,hence |[H| < (n—1)!. It is therefore enough to show (G, :
H) < n. This will follow if we can show that any coset of H is in the set

T ={H,Hxp—1,Hxp_1Xp-2,...,Hxp_1Xp—2...%2%1 }

and to do this it suffices to show that if Hy € T, then H y)ciil cTforl <i<
n—1. Since x; = xl-’l, we need to show that Hx,_;...x;x; € T for 1 <i <n,
1<j<n—1.(Here Hx,_; ...x; is to be interpreted as H when i = n.)

To do this, first note that x;x; = x;x; if [i — j| > 1 and x;_;x;x;_| = xjx;_1x; for
I1<j<n—1.

Ifi = j, then Hx,_ XX =Hxp—1...xis1 € T.1If i < j, then

Hxy y...xixj=Hxy 1. .XjXj 1XjXj 2...X
=H(x,—1.. .xj+1)x.,-,1(xjxj,1xj,2 co i)
:ij‘,l(xnfl ...x,-)
=Hx,_1..x,€T

since j—1<n-2,s0x; 1 €H.
Finally, if j < i, there are two cases. If j =i — 1, then

Hxyy...xixj=Hxy—1...xix;i 1 €T.

If j <i—1, then Hx,,_l...xixj = ijxn_l...xi =Hx,_1...x; € T since j <
n—2,s0x;€H.

. Let f: F(X) — G be the extension of the inclusion mapping X — G to a homo-

morphism.

Assume (a) and « : X — H is a mapping, where G is a group. Then ¢ has
a unique extension to a homomorphism & : F(X) — H by Lemma 5.5. Then
o f~! is the unique extension of ¢ to a homomorphism G — H, hence (a) im-
plies (b).

Assume (b). Let o : X — F(X) be the inclusion map, 8 : G — F(X) the exten-
sion of o to a homomorphism. Then if g € G is represented by the non-empty
reduced word u, B(g) = u # 1 by Lemma 5.4, so g # 1. Hence (b) implies (c).
Finally the condition on reduced words in (c) implies that f : F(X) — G has
trivial kernel, and if X generates G then f is onto. Hence (c) implies (a).

Let X be a basis for F and let Y be a finite set of generators for F. Fory € Y, let
uy be aword in (X +1)* representing y. Let X; be the finite subset of X consisting
of all elements x € X which occur in u, (either as x or as x~ 1) for some y € Y.
Then Y is a subset of the subgroup of F' generated by X; hence F' is generated
by X;. By Question 4, no non-empty reduced word in (X*!)* represents the
identity element of F, so no non-empty reduced word in (X lil )* represents the
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identity element. Again by Question 4, X; is a finite basis for F. (It follows
easily that X = X;.)

8. Suppose F is free with basis X . Let F; be the subgroup of F generated by x. Then
F, is infinite cyclic by Lemma 5.4, and the inclusion maps F, — F, for x € X,
extend uniquely to a homomorphism %, Fr — F. This is an isomorphism by
Lemma 5.4 and the normal form theorem for free products. (Alternatively, the
inclusion mapping X — 3k, F; extends uniquely to a homomorphism F —
K .y Fx; show that this is the inverse map.)

For the converse, show that if F' is a free product of infinite cyclic groups, then
choosing a generator for each of the infinite cyclic groups gives a basis for F.

9. (b) We can take the free abelian group to be Z x Z with basis {x,y}, where
x=(1,0) and y = (0, 1). The Cayley diagram is partly drawn below.

(1.2)

(=1,1) (0,1) (I, 1)

(—1,0) (0,0) (1,0)

The intersections of the lines represent the vertices (the set of vertices is the
set of points in the plane R? with integer coordinates). The horizontal ar-
rows have label x and the vertical ones have label y. (Usually one would use
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additive notation for this group, but in multiplicative notation, for example,
(1,2) = xyZ = yzx-)

Removing the edges of a finite subgraph always leaves a single infinite
component, so the free abelian group of rank 2 has one end.

Appendix C

1. Suppose B is countable. Then there is a surjective mapping f : N — B. Writing
by for f(n), we can write B in a list B = {b;,by,...}. By definition, we can
write

b] = 0.(11 1a12di3 ...
b2 = O.a21a22a23 e

b,' = O.a,-l aipdiz...

where q;; is either O or 1, for all integers i, j > 1. Define a; = 1 —a;; fori > 1,
then put b = 0.a1azas . . ., an element of B since ¢; is either O or 1 for all i. There-
fore b = b; for some i, which is impossible as the decimal expansions of b and
b; differ in the ith position (a; # a;;), a contradiction. Hence B is uncountable.
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