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PREFACE

This book is the Proceedings of the 8th International Workshop on
Complex Structures and Vector Fields held at Bulgarian Academy of Sci-
ences, Institute of Mathematics and Informatics (Sofia) from August 21 to
August 2, 2006. The first Workshop was held at the same place on 1992.
We are aiming at the higher achievement of the studies of current top-
ics in Complex Analysis, Differential Geometry, Mathematical Physics and
also of the intermediate ones among them including their applications. It
is notable that many new specialists in Mathematical Physics attended the
present Workshop besides regular participants in the previous Workshops
and also that a new tendency to expand our subject matters is adopted in
the present Workshop, and places especially emphases on the further devel-
opment of the studies in Differential Geometry, Complex Analysis, Partial
Differential Equations and Integrable System, and also on the expansion
of the research areas including new ones in Mathematical Physics in the
forthcoming Workshops.

This book is dedicated to the memory of three distinguished scientists,
Professor Shigeru Ishihara who is regarded as a teacher of many Japanese
participants, Professor Shozo Koshi who was an active participant of the
Workshop, and Professor Sawa Manoff who was an active participant of
the Workshop and also made much effort for the development of the same
Workshop.

The editors express their deepest gratitude to Professor T. Oguro for his
outstanding co-operation and efforts in the arrangements of this volume.

Editors
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MODULI SPACE OF KILLING HELICES OF LOW ORDERS
ON A COMPLEX SPACE FORM

T. ADACHI*

Department of Mathematics, Nagoya Institute of Technology
Gokiso, Nagoya, 466-8555, Japan
E-mail: adachi@nitech.ac.jp

We give a report on the moduli space of helices of proper order less than 5
which are generated by some Killing vector fields on a complex space form
from the viewpoint of the length spectrum.

1. Introduction

In this note we give a summary of my work concerning essential Killing
helices of low orders on a non-flat complex space form, which is either a
complex projective space or a complex hyperbolic space. A smooth curve
~ parameterized by its arclength on a Riemannian manifold M is said to
be a heliz of proper order d if it satisfies the following system of ordinary
differential equations

ViYj = —kjaYja + R0, 15j=d, (1.1)

with positive constants ki,...,kq—1 and an orthonormal system {Y; =
4, Ya, ..., Yy} of vector fields along v. Here kg = kg = 0, and Yy, Yaqq
are null vector fields along . These constants k1,...,kq—1 are called the
geodesic curvatures of v and the system {K} the Frenet frame of ~. We
call a helix Killing if it is generated by some Killing vector field on M.
On real space forms, which are standard spheres, Euclidean spaces and
real hyperbolic spaces, all helices are Killing and lengths of closed helices
are given by their geodesic curvatures. But on a complex space form the
situation is different. We study the difference on laminations on the moduli
spaces of Killing helices which are induced by the length spectrum.

*The author is partially supported by Grant-in-Aid for Scientific Research (C) (No.
17540072) JSPS, and Scientist Exchange Program between JSPS and MES.
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2. Moduli space of Killing helices and length spectrum

We say two helices 71,72 on a Riemannian manifold M are congruent
to each other if there exist an isometry ¢ of M and a constant ty sat-
isfying v2(t) = ¢ o y1(t + to) for all t. We denote by K4(M) the set of
all congruence classes of Killing helices of proper order d on M. We put
K(M) = Ka(M) and call it the moduli space of Killing helices. On a
real space form RM™, as helices are classified by their geodesic curvatures,
we see Kq(RM™) is bijective to (0,00)4~!, the (d — 1) product of half lines,
when d < n. But on a non-flat complex space form, as isometries are either
holomorphic or anti-holomorphic, the moduli space of Killing helices is not
so simple. For a helix on a Kéhler manifold (M, J) with Frenet frame {Y;},
we define its complex torsions 1;; (1 < i < j <d) by 1; = (Y;, JY;). As
was pointed out in [8], on a non-flat complex space form CM™ a helix ~ is
Killing if and only if all its complex torsions are constant along ~.

We call a helix v closed if there is positive t. with y(t + t.) = y(t) for
all t. The minimum positive ¢, with this property is called the length of ~
and is denoted by length(y). When + is not closed we say it is open and
put length(y) = oo. The length spectrum L : K(M) — (0,00] is defined
by L£([y]) = length(y), where [y] denotes the congruence class containing a
helix ~. For the sake of simplicity we denote a restriction of £ onto a subset
of K(M) also by L.

3. Moduli space of helices on a real space form

For the sake of comparison, we here show some properties on length spec-
trum of helices on a real space form RM"(c) of constant sectional curvature
c. The length spectrum £ : Ko (RM"(c)) = (0,00) — (0,00] of circles of
positive geodesic curvature, which are helices of proper order 2, is given as
L(k) = 27 /K2 + ¢, where we read it infinity when x2 + ¢ < 0. Thus if we
induce the canonical Euclidean differential structure on Ko (RM™(c)), we
see the length spectrum is smooth on this moduli space.

For about the moduli space of helices of proper order 3 on RM™(¢) (n >
3), the feature depends on sectional curvature c. All helices of proper order
3 on a Euclidean space R™ are unbounded. For a standard sphere S™(c) of
constant sectional curvature ¢, we have a canonical foliation {ga}a €(L.00)
on K3(S™(c)) which is related with the length spectrum and is given as

Ga = { [’Ym,nz] ‘ ’i% + (k2 — 04\/5/2)2 = c(a2 —1)/4 }’

where [Vx, «,] denotes the congruence class of helices of proper order 3 on
S™(¢) with geodesic curvatures k1, k2 (see Figure 1).
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Theorem 3.1. The length spectrum L : K3(S™(c)) — (0, 00] is constant on
each leaf. Each leaf is set theoretically maximal with respect to this property.
A leaf G, consists of congruence classes of closed helices if and only if o

and Va2 — 1 are rational.

For a real hyperbolic space H"(c) of constant sectional curvature ¢, we

have a canonical foliation {ga}ae(_m_m) on K3(H"(c)) which is given as

Go = { [rrma] | 6T + (82 — a/]c]/2)? = —c(a® +1)/4 }.
We should note that the moduli space BKs3(H"(c)) of bounded helices of
proper order 3 on H"(c) is given as { [vi, xo] | K3+ (k2 —/]c]/2)? > —c/2 }.
On this space the foliation {Ga} . (1.00) Satisfies the same property as of
the foliation on Kj (S") In both cases of a standard sphere and of a real

hyperbolic space, these foliations can be naturally extend to a foliation or
a lamination on Kz (RM™(c)) U K3(RM™(c)).

P

[unbounded] [bounded]

VC/2
fci/2

Fig. 1. Foliation on K3(S™(c)) Fig. 2. Foliation on K3(H"(c))

4. Moduli space of circles on a complex space form

We now study the moduli space of helices on a non-flat complex space form.
On a Kahler manifold, the complex torsion 115 of each circle v is always
constant along v, because

To = (V33, JY2) + (3, JV5Y2) = k1 ((Ya, JY2) — (3, J5)) = 0.

Therefore we see the moduli space Ko (CM™) of circles of positive geodesic
curvature on a non-flat complex space form is set theoretically bijective to
the product (0,00) x [0,1] when n > 2. In this section we suppose n > 2
and we shall denote by [y« -] the congruence class of circles with geodesic
curvature x and complex torsion 712 = 7 on a complex space form CM"(c)
of constant holomorphic sectional curvature c.
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For a complex projective space CP"(c), we have a lamination structure

{}—“}ue[o,l)u{*} on K3(CP™(c)) defined by

{[vw,0] | &> 0}, if =0,
Fu= {[’YK,T] | 3V3crT(4K% + ¢) 732 = ,u}, fo<pu<l,
{[%e,l] |K>0}7 if =~

Theorem 4.1. The length spectrum L : Ko(CP"(c)) — (0, 00] is smooth
on each leaf with respect to the canonical induced Fuclidean differential
structure. Each leaf is maximal with respect to this property.

1) The leaf F, consists of congruence classes of closed circles satisfying
L([ye1]) =27 /VE? +c.

2) The leaf Fy also consists of congruence classes of closed circles satisfying
L([vx,0]) = 47 /V4K2 + c.

3) The leaf F,, (0 < p < 1) consists of congruence classes of closed cir-
cles if and only if p = q(9p> — ¢®)(3p* + ¢*)~3/? with some relatively
prime positive integers p,q satisfying p > q. On this leaf L([Yx,r]) =
20(p, q)m+/ (3p% + q2)/{3(4k2 + ¢)}, where §(p,q) = 1 when the product
pq is odd and §(p, q) = 2 when pq is even.

For a complex hyperbolic space CH"(c), we also have a lamination
structure {F, } on K3(CH"(c)) defined by

HE[0,00]U{*}
{0l | & >0}, if p =0,
Yer] | 3V3|c|wT|dr? + |73/ = pu}, if 0 < p < oo,
el
" {[Vm/lr} }O<T<1}’ lflj’:oov
{[¥ea] | &> 0}, if = .

This lamination has the same properties as of the lamination on Ko (CP")
if we restrict ourselves on the moduli space

BI2(CH™(¢)) = { ] [ 0 < 7 < w(8) }U { Py | 5> Vel }
of bounded circles on CH"(c) (see [2]). Here v : (0,00) — [0, 1] is given by

0, it0 < x <+/|c|/2,
v(k) =< (462 +¢)*/2/(3V3|c|k), if \/]c]/2 <k < /],
1, if K > /||
In view of the features of these laminations on the moduli spaces of
circles, we find the set { [y,,1] | K >0} of congruence classes of trajectories
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for Kdhler magnetic fields is quite different from other part of Ko (CM"(C)) .
Since each trajectory lies on some totally geodesic CM! and other circles
do not lie on CM*, we shall classify helices by this property. We call a helix
on CM™ of proper order 2k — 1 or 2k essential if it lies on some totally
geodesic CM*. We denote by K4 ((CM”(C)) the set of all congruence classes
of essential Killing helices of proper order d on CM™(c).

[unbounded] [bounded]

— =

=7\ o e

Fig. 3. Lamination on K2(CP™(c)) Fig. 4. Lamination on K2(CH™(c))

5. Moduli spaces of Killing helices of orders less than 5 on
a complex space form

Though all circles on a non-flat complex space form are Killing, helices of
proper order greater than 2 are not necessarily Killing. Computing T{j by
using (1.1) we see a helix of proper order d on CM™ is Killing if and only if

—Ri_1Ti—1j + KiTit1j — Kj—1Tij—1 + K;Tijp1 =0, 1 <i<j<d, (5.1)

where we set 7o, = Tkr = Tka+1 = 0 ([7]). Applying these relations to a
helix of proper order 3 on CM™ (n > 2), we find it is Killing if and only if its
geodesic curvatures and complex torsions satisty 73 = 0 and k1723 = KoT12.
If we consider the initial frame we find the following.

1) A helix is essential Killing if and only if 712 = +r1/\/k3 + K3, 113 = 0,

To3 = :I:FLQ/\/FL% + /1'/%, where the double signs take the same signature.
2) When n > 3, a helix is Killing if and only if its complex torsions satisfy

T2 = k1T, T13 = 0, To3 = Ko7 with some 7 satisfying |7| < 1/y/k% + k3.
Thus we see the moduli space EX3(CM™) of essential Killing helices of
proper order 3 is bijective to a quater of a plane (0,00)? and the moduli
space K3(CM™) is bijective to the set (0,00)% x [0,1].

When we consider Killing helices of proper order 4, the relations (5.1)
turn to K1T23 + K3T14 = K2T12, K3T23 + K1T14 = K2T34 and T13 — T24 — 0.
Considering the initial frame we find a helix of proper order 4 on CM™
(n > 2) is essential Killing if and only if its complex torsions satisfy one of
the following conditions:
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1) 719 =T34 = £(k1 + 53)/\/m, T13 = T24 = 0,
To3 = T14 = i/iz/\/m,

i) T2 =—m34 = £(k1 — Hs)/\/m, Ti3 = To4 = 0,
To3 = —Ti4 = :I:/ig/ K3 + (k1 — K3)2.

Here the double signs take the same signatures in each case. Thus the mod-
uli space EIC4(CM™) of essential Killing helices of proper order 4 is bijective
to the set (0,00)? x (R\ {0}). When k3 > 0, a point (k1, k2, k3) corresponds
to the congruence class of Killing helices with geodesic curvatures k1, k2, K3
and complex torsions in the condition i), and when k3 < 0, it corresponds
to the congruence class of Killing helices with geodesic curvatures ki, Ko,
—k3 and complex torsions in the condition ii). Thus we find moduli spaces
of essential Killing helices of proper order less than 5 on CM", which are

EK(CM™) = {0}, ELL(CM™) = (0, 00),
EK3(CM™) = (0,00)?, ER4(CM™) = (0,00)* x (R\ {0}),
set theoretically form a “building structure” like L(RM™). Since the moduli

spaces Ko(CM™), K3(CM™) do not form such structure in canonical sense,
we restrict ourselves on moduli spaces of essential Killing helices.

6. Lamination on moduli space of essential Killing helices

We here consider laminations on the moduli spaces of essential Killing he-
lices of proper orders 3 and 4. For CP"(c) we have a foliation {Qu}ue(i1 N
corresponding to the length spectrum on EK3(CM™(c)): It is given as
8(k? + K32)? + c(9Kx? — 18k3
G = | [y(k1, k2)] 2( - 2 122) 2( 12 2:3 2 = ’
(KT + K3)1/2(4K7 + 4K3 + 3¢)®/

where [y(k1, k2)] denotes the congruence class containing essential Killing
helices of proper order 3 with geodesic curvatures k1, k2 (see Figure 5).

Theorem 6.1. The length spectrum L : EK3(CP™(c)) — (0,00] is smooth
on each leaf G, with respect to the canonical induced Euclidean differential
structure. Each leaf is maximal with respect to this property.

1) The leaf Go consists of congruence classes of closed helices of proper
order 3 satisfying L([y(k1, k2)]) = 2v3cm [\/4K3 + 4K3 + 3c.

2) The leaf G, (1 # 0) consists of closed helices of proper order 3 if and
only if p = :I:q(9p2—q2)(3pz—|—q2)73/2 with some relatively prime positive
integers p, q satisfying p > q.
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By this theorem we find there are embeddings of Ko (CP™) \ EK2 (CP™)
into £C3(CP™) with respect to the induced Euclidean differential structures
which preserve the foliation structure. In other words, there is a two-to-one
continuous map EK3 ((CP”) — Ky ((CP”) \ EK, ((CP”) which preserves the
foliation structure. The reader should compare Figures 1 and 5. He can find
difference between their features near the half line {(x, 0) | k> 0}.

ddll
INAN

2 B
Fig. 5. Folation on £K3 ((CP") Fig. 6. Foliation on MK4 ((CP")

On EK4 ((CP") we also have a foliation {H“},ue(—l 1 corresponding to
the length spectrum. It is an extension of the foliation on £X3 ((CP") and

we have a projection
ERs ((CP”) UEK, ((CP”) >~ (0,00)2 x R — Ky ((CP") \ EK, ((CP”)

which preserves the foliation structure. In order to see this foliation visu-
ally we take a plane MK4(CP"(c)) = { [v(k1,K2,—K1)] | k1,62 > 0} C
EK4(CP"(c)) which consists of congruence classes of Killing helices of
proper order 4 with complex torsions 7o = —734 = 0, 703 = T4 = *1.
We note that except on this plane absolute values of complex torsions of
essential Killing helices of proper order 4 are less than 1. Leaves of the
foliation {H}u are transversal to this plane (see Figure 6).

For CH™ we have a lamination {QM}ME(_OOM) on £K3 ((CH") corre-
sponding to the length spectrum which is given by just the same manner as
on EK3 (CP”). It has the same property as of the foliation on EX3 (CP")
if we restrict ourselves on the moduli space BEK3(CH"(c)) of bounded
essential Killing helices of proper order 3 which is given by

463 4+ 4K3 4 3¢ > 0,

(Y(k1,52)] | |8(k2 + K2)? + ¢(9k2 — 18K3)|
(k2 + K3)1/2(4K2 + 4K2 + 3¢)3/2
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This moduli space has a cusp at a point
(v/6¢/3,4/3¢/6) and the lamination on ez
EK3(CH™(c)) has a singularity at this
point. We can extend this lamination
3cl
onto the moduli space EK4(CH"(c)). 3/
We should note that some essential
e . lcia~
Killing helices of proper order 4 are

T. Adachi

[unbounded]

obtained as trajectories for canonical el [bounded]
magnetic fields on real hypersurfaces of

type Ay in CM™ (see [3]). Fig. 7. K3(CH"(c))
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We study some geometric properties of helices of proper order 4 on a complex
projective space which are of type 2 in the sense of submanifolds in a Euclidean
space through the first standard embedding and which are generated by some
Killing vector fields.
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1. Introduction

In the preceding paper [5] Chen and the second author studied smooth
curves on a complex projective space through the first standard embedding
into a Euclidean space. They investigated smooth curves from the view
point of submanifolds of finite type in a Euclidean space. A submanifold
in a Euclidean space is said to be of k-type if the isometric immersion is
decomposed as a sum of (k 4 1)-eigenfunctions of the Laplace operator of
the submanifold including constant functions (cf. [4]).

Following their result, we see a smooth curve parameterized by its ar-
clength on a complex projective space is of type 1 if and only if it is a
geodesic or a circle of positive geodesic curvature with complex torsion +1,
which lies on some totally geodesic complex line and is interpreted as a

*The first author is partially supported by Grant-in-Aid for Scientific Research (C)
(No. 17540072), Japan Society for the Promotion of Science.
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trajectory for a Kéhler magnetic field. For about smooth curves of type 2,
if we pose an additional condition that their tangent vectors and principal
normal vectors are C-linearly independent, we find they are either circles
lying on some totally geodesic real projective space or special kind of he-
lices of proper order 4. In this paper we focus our mind on these helices of
proper order 4 and show that they are always closed.

2. Killing helices of proper order 4

A smooth curve v parameterized by its arclength on a Riemannian manifold
M is said to be a heliz of proper order 4 if it satisfies the following system
of ordinary differential equations:

Viy = k1Va,

ViVa = —k17y +r2V3,
Vi5Vs = —kaVa +r3Va,
ViV = —k3V3

with positive constants k1, k2, x3 and an orthonormal system {V; =
4, Va, Vs, Va} of vector fields along ~. Here V5 denotes the covariant dif-
ferentiation along 7 with respect to the Riemannian connection V on M.
These constants k1, ko, k3 are called the geodesic curvatures of v, and the
vector field {V1, V4, V3, V4 } are called the Frenet frame of .

On a real space form it is well-known that all helices are generated by
some Killing vector fields. We are hence interested in helices with such a
condition. For a helix v of proper order 4 on a Kahler manifold M with
complex structure J it has important invariants. We define its complex
torsions by 7;; = (V;,JV;) (1 £ i < j £4). On a complex projective space,
it is known that a helix is generated by some Killing vector field if and only
if all its complex torsions are constant functions (see [9]).

3. Type 2 Killing helices

It is known that the parallel isometric embedding of a complex projec-
tive space CP™(c) of constant holomorphic sectional curvature ¢ into a
Euclidean space RY is decomposed as

) i+l 2
g=faof1:CP"(c) —— sn<n+2>1(("2n)c> P RN, (31

where f7 is the first standard minimal embedding and fs is a totally um-
bilic embedding (cf. [6,7]). This embedding g has nice geometric properties.
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A smooth curve v on a Riemannian manifold M parameterized by its ar-
clength is said to be a circle if it satisfies V;Vs49 = —k?y with some
non-negative constant . This constant is called the geodesic curvature of
~v. When M is a Kahler manifold with complex structure J, we set its com-
plex torsion by 7 = (¥, JVs%)/||V57¥|. As we mentioned in Introduction,
Chen and the second author [5] studied the shape g oy of a smooth curve
~v on CP"(c) through the parallel embedding g.

Proposition 3.1.

(1) For each geodesic v on CP™(c), the curve g o~y is a circle of geodesic
curvature \/c.

(2) For each circle of geodesic curvature k and complex torsion T = £1 on
CP™(c), the curve goy is a circle of geodesic curvature V'k* + c.

(3) If g o~y is a circle, then v is either a geodesic or a circle of positive
geodesic curvature with complex torsion T = +1.

Proposition 3.2. If a smooth curve v on CP™(¢) (with complex struc-

ture J) parameterized by its arclength satisfies the conditions that

(3, IV /IIV4| = 0 and g o v is a helix of proper order 4, then it is

one of the following:

1) a circle of null complex torsion, which lies on some totally real totally
geodesic RP?(c/4),

2) a helix of proper order 4 whose geodesic curvatures satisfy k; =
k3, 18k? + 4k3 = 9c and whose complex torsions satisfy 712 = 734 =
T13 = T24 = 0, T14 — —T23 = +1.

We here concentrate our attention on helices of proper order 4 in the
above Proposition. We shall call them type 2 Killing helices of proper order
4. It should be noted that their Frenet frames satisfy V3 = +JV, and
Vi = :FJ’)/

Theorem 3.1. On a complex projective space CP™(c) of constant holo-
morphic sectional curvature c, every two type Killing helix is simple and
closed. If its first geodesic curvature is k1 (0 < K1 < \/c/2), then its length

is 221 /\/2¢c — K3.

Proof. We consider the case that ¢ = 4. We denote by w : $?"*1(1) —
CP™(4) the Hopf fibration. We regard vector fields on CP™(4) as horizontal
vector fields on $2"*1(1) (C C"'). Connections V on C"*! and V on
CP"™(4) are related by the formula

VxY =VxY + (X, JY)JN — (X, V)N
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for vector fields X,Y on CP"(4), where N is the outward unit normal on
S§2n+1 in C"*1. Thus by the equation

Viy = k1Va,
ViVo = =K1 +ra(£JV5),

we find a horizontal lift 4 of + satisfies

VP;A = k1Va — N,
V V —Hl’;}/ —|—/§2(:|:.]V2),

which is equivalent to

35 dy
t3$\/ 1k QW‘F(K/l"_l)_:F\/ 1 koy =0,

where the double signs take the same signature. Since its characteristic
equation

N FVTrA + (K +DAFV =1k =0
should have pure imaginary solutions, by setting A = +/—1A we have
A3 +F KJQAQ — (FL% + 1)A + Ro = O,

which turns to

(A73) -6 +8+o(as ) 7 3

By the condition 9x%+42k3 = 18 we see this cubic equation has three distinct
real solutions

A:i\/2—/£%_\/8—/£% i\/2—/€% i\/2—/€%+\/8—/€%
2 2 7 2 7 2 2

Therefore we find 4 is of the form

A(t) = exp(i,/—(z - H%)/m) {Aexp(—,/—(s - @)/%)

+B—|—Cexp( 8- n%)/zt)}

(9/431 + 2/432 — 18) = 0

(3.2)

with some linearly independent A, B,C € C"*!. As # is a horizontal lift
of 7, we see v(tg) = v(0) if and only if 4(to) = eV~1*4(0) with some real
number p. One can easily see that such a case occurs only for the case that
to is an integer multiple of 2v/27/y/8 — k7. This guarantees that 7 is a
simple closed curve with length 2v/27/+/8 — k3. O
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Remark 3.1. Here we give an explicit formula of v on CP™(4). Under the
initial condition

(0) =w(2), §(0) =dw((z,u), V57(0) = rrdw((z,v)),

where z,u,v € C""! are linearly independent over C, as we have 4(0) =
z, 4'(0) = u, 4”(0) = K1v — z, we find those vectors in (3.2) are given as

A 2(8%@{(4_@1 (2 k38— D))
+ (\/8-%%:|:2\/2—/€%)\/—_2’U,—2l€1’u},

{42 F24/2—KkIV-2u+ 2n1v},

B:
8 — K2

C= ﬁ{(ll—/@%:F (2—/{%)(8—/{%))2’

- (\/S—K%:F2\/2—/{%)\/—_2u—2/ﬁv}~

4. Limit curves

In this section we study the phenomena of type 2 Killing helices when we
make their geodesic curvatures (x1, K2, £1) with 18x2 + 4k2 = 9c tend to
(v/¢/2,0,+/¢/2) and when make them tend to (0,3+/¢/2,0) on CP"(c).
Since they are closed with length 2\/§7r/«/2c— k%, we might be able to
consider their limit curves (c.f. [2]). On CP"(c) we denote by v for 0 <
k1 < y/¢/2 a type 2 Killing helix of proper order 4 with geodesic curvatures
K1 = K3, ko = 3¢/C — 2/1%/2 and complex torsion 714 = +1 which satisfies
the initial condition 7 (0) = w@(z), 4= (0) = dw((z,u)), Vs L (0) =
k1dw((z,v)).

Theorem 4.1. On CP"(c) limit curves of type 2 Killing helices exist and
satisfy the following properties.

. . . + . —_ . .

(1) The limit curves hmmT\/C/—2 Yy s hmmT\/C/—2 Ve, are circles of geodesic

curvature v/c/2 and of null complex torsion.
(2) The limit curves lim, |07, , limy, |0y, are geodesics.

Proof. We consider the case ¢ = 4. First we study the case x; T V2. By
(3.2) and Remark 3.1, we see

lim 47 = lim 4_

r1TV2 ! r1TV2 !

= %{(2+cosx/§t)z+\/§sin\/§tu+\/§(1 —cosx/gt)v}
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— g(\/iz—kv) + %cosx/gt(z_ V20) + %Sin\/ﬁtu'

As we see in [3], a horizontal lift 6 of a circle o of geodesic curvature
and of null complex torsion on CP™(4) with initial condition ¢(0) = w(z2),
(0) = dw((z,u)), Vs (0) = kdw((z,v)) is represented as

R K cosvVrZ2+ 1t sinvkZ+1t
t) = —— —_— (2 — —_—u,
a(t) 52+1(nz—|—v)+ 21 (z — kv) + = u

and its length is 27 /+v/k% + 1. Since the limit of lengths of type 2 Killing
helices is lim, . 52v2r/\/8 =k} = 27/V/3, we find the limit curves

lim, ;5 Vi lim, | /37, are circles of geodesic curvature v/2 and of null
complex torsion.
Next we study the case k1 | 0. By (3.2) and Remark 3.1, we have

lim 47 = lim 4. = costz +sintu
KllO’}/Kl /{1107'{1 + B

which is a horizontal lift of a geodesic o with initial condition ¢(0) = w(2),
6(0) = dw((z,u)) (see for example [1,3]). As every geodesic on CP"(4)
is closed of length 7 and the limit of lengths of type 2 Killing helices is
lim,, |0 2v/27/1/8 — k2 = m, we get the second assertion. 0
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Using technique developped in [6] it is proved that a smooth manifold equipped
with two symplectic-homotopic symplectic structures wg and wi admits a real
analytique structure such that wo and w; are real analytique ones. Then the
result is used to prove that each hyperkahler almost Kahler manifolds obtain a
real analytic hyperkahler almost K&hler structure C°° equivalent to the given
one.

Keywords: Real analytic manifold; Hyperkahler manifold; almost Kahler man-
ifold.

1. Preliminaries

Let M be a C'°°-smooth paracompact 4n-dimensional manifold and J, K be
antiinvolutive automorphisms of the tangent bundle on M which anticom-
mute, i.e. J2 = K2 = —F and JK = —KJ. Let h be a riemannian metric on
M satisfying the equalities h(JX,Y) = h(X,JY), h(KX,Y) = h(X,KY)
for each two vector fields X, Y defined on an open set in M. Then h is called
an almost hermitian metric with respect to the almost complex structures
Jand K and (M, J, h), (M, K, h) are called almost hermitian manifolds and
(M; J, K, h) is called a hyperkahler manifold. The two-form Q on an almost
hermitian manifold (M, J, h) defined by the equality Q(X,Y) = h(X,JY)
where X, Y are vector fields defined on an open set in M is called a funda-
mental form of the almost hermitian manifold. An almost hermitian man-
ifold is called an almost Kdahler manifold, if the fundamental form € is a
closed two-form, i.e. if dQ2 = 0.

MS Classification: 53C28, 53D35, 32C05.
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Let (M;J, K, h) be an hyperkahler manifold, such that (M, J, h) and
(M, K, h) are almost K&hler ones. Then the manifold (M, J, K, h) is called
hyperkahler almost Kéhler manifold.

Let w be a closed nondegenerate differential two-form on M. Then the
couple (M, w) is called a symplectic manifold and the two-form w is called
a symplectic form on the manifold M.

When (M, J, h) is an almost Kéhler manifold, the fundamental two-form
Q will be a symplectic form on M and (M, ) will be a symplectic manifold
too. So each almost Kéhler manifold is a symplectic one.

Definition 1.1. We say that an almost complex manifold (M, J) is C*°-
equivalent (or real analytically equivalent) to an almost complex manifold
(M, J) if there exists a diffeomorphism (or real analytical bijection) ¢ :
M — M which differential de commute with the authomorphisms J* on
T*M and J* on T*M respectively, i.e. j*dgp =dpJ*.

Here the automorphim J* is defined on T*M as conjugate automor-
phism of the automorphism J of the tangent bundle T'M of the manifold
M. We say that the almost hermitian manifold (M, J, h) is C*°-equivalent
(or real analytically equivalent) to the almost hermitian manifold (M, .J, h)
if the almost complex manifolds (M, J) and (M, .J) are C*°- equivalent (or
real analytically equivalent) and in addition if the jacobian ¢, maps the
almost hermitian metric h on the almost hermitian metric h, where @ is
the diffeomorphism (or the real analytical bijection) in Definition 1.1.

2. Real analyticity of a smooth manifold with two
symplectic-homotopic symplectic forms wg and wq

Let M be a smooth paracompact manifold with two symplectic-homotopic
symplectic forms wy and w;. This means that there exists a homotopy
operator H(p,t) : M x I — A2T*M, I being the unit interval in R',
such that H(p,t) is a continuous mapping, H(p,t) = wi(p) where w; are
symplectic forms and H (p,0) = wo(p), H(p,1) = wi(p). With the technique
in [6], using systematically the parameter ¢ we shall prove that there exists
a C™ equivalent to M real analytic manifold M such that the image of the
forms wo and wy under the equivalence mapping f : M — M, namely f*wq
and f*w; are real analytic symplectic forms on M.

Theorem 2.1. Let M be a smooth paracompact manifold with two
symplectic-homotopic symplectic forms wg and wy. Then there exists a real
analytic manifold M and two real analytic symplectic structures Oy and &1
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on M, such that (J\Z/, o, w1) is C™-equivalent to (M, wg,w1). Moreover, the
symplectic manifold (M, &g, 1) is unique up to a real analytic isomorphism.

Proof of Theorem 2.1.

Existence: Let us recall first the notion of the Whitney topology for smooth
functions and differential forms on a smooth manifold M (c.f. [4]). Let
E(M) denotes the ring of the smooth functions on M and g € E(M). A
neighbourhood in the Whitney topology for ¢ is given by the data K =
(Kj)jENv m = (mj)jeN and (Ej)je]v, where M = UKj, KJ‘ C intKjH,
(Kj)jen is a compact exhausting of M, m; € N and ¢; > 0. Then a
neighbourhood corresponding to these data are the set of functions h €
E(M) such that

Z i' sup |D¥(h — g)| < &;.
la|<m; @ ek, \int K;
Using the neighbourhoods of the smooth functions on M, it is easy to define
a Whitney topology and neighbourhoods for differential forms on M too.

Now let M be a smooth manifold and wy and wi be two smooth two-
forms on M, symplectic-homotopic by the homotopy H(p,t), p € M, t €
[0,1] and H(p,0) = wo, H(p,1) = wy. By Whithney’s theorem we may
assume that M is real analytic manifold and by theorem of Kutzschebauch
and Loose that wy is a real analytic symplectic form on M symplectic-
homotopic to wi. We must find a diffeomorphism f of M such that f*w; =
w§ is real analytic. Then f*w; will be symplectic form since d(f*w;) =
f*(dwy) =0 and (f*w1)™ = f*(w}) # 0 everywhere on M.

By Grauert’s theorem we may assume that M is embedded properly
into some euclidean space RY and using Whithney’s extension theorem we
may assume that w; is defined on a fixed neighbourhood Q@ € RY of M,
and there are defined all two-forms from the symplectic homotopy operator
H(t,p), t € [0,1].

Let us give first two lemmas analogous to Lemmas from [6].

Lemma 2.1. Let M be a real analytic manifold. For every € > 0 for
a giwen homotopy operator H(p,t) : I x M — E®) (M) such that w, =
H(p,t) are nondegenerate closed differential k-forms wi(p) € EF)(M)
(k > 0), there exists a homotopy operator H(p,t) = &y(p) such that
D(H(p,t) — H(p,t)) < e, H(p,0) = H(p,0), H(p,1) = H(p,1) and a real
analytic family of closed differential k-forms &@f on M, depending continu-
ously on parameter t € I and representing the same de Rham cohomology
class (0] = (@] € HEL(M;R).
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Sketch of the proof of Lemma 2.1. Applying the Lemma 1 from §2
in [6] for every closed nondegenerate k-form w; we can find an analytic
closed nondegenerate k-form wy® with the same de Rham cohomology class
in Hir(M;R). Let ¢ > 0 and tp = 0 < t; < ... < t be points in [
such that D(wy — wyr) < €/3 for each ¢/, t"” € (t;,t;+1) where D denote
the distance in the Whitney topology. Then the homotopy H (p,t) can be
choosen as follows: ﬁ(p, t;) =wy, for i =0,1,...,k — 1 and in the interval
(tistiy1) Dt = ht; + (1 = Rh).ti, 0 < h <1, H(p,t) = h.H(p,t;) + (1 —
h)ﬁ (p,tiy1). Then the choosen in this way homotopy operator give the
desired homotopic operator in our Lemma 1. We put also @y, := wy, and

Of == haof + (1 - h).@p .

Lemma 2.2. Let M be real analytic manifold, € > 0 and H(p,t) = w(p)
homotopy operator for wg and wi consisting of closed differential 2-forms
on M. Let B C EY(M) be an arbitrary small convex Whitney neighbourhood
of the zero one-form on M. Then there exist a homotopy operator H(p, t) =

@i(p) of the two-forms wo and w1, D(H (p,t) — H(p,t)) < e and a family of

one-forms By = B(p,t) € B, for each t € I, continuous on the parameter t,
such that @} := & + dB; is real analytic for each t € 1.

Sketch of the proof of Lemma 2.2. Let us consider the points
to,t1,...,tx and the homotopy operator H(p,t) considered in the proof
of Lemma 1. Using Lemma 2 from §2 in [6] we construct one-forms g;
satisfying the condition of Lemma 2 for each ¢ = 1,2,...,k. Then we
consider the one-forms 8; = h.G; + (1 — h).Biy1 for ¢ = 0,1,...,k — 1
where in the interval (tl',tl'_;_l) S5t=ht + (1 — h).tH_l, 0< h<1 As
H(p,t) = h.H(p,t;) + (1 — h).H(p, t;4+1) by the construction, the property
w§ = wy + df; to be real analytic holds. The Lemma is proved.

Finish of the existing part of proof of Theorem 2.1: Now we have a homo-
topy operator H(p,t) = &(p) which is e-closed to H(p,t) and

(a) a family of real-analytic closed two-forms ¢ (p) with the same de Rham
cohomology class with @; according to Lemma 1,

(b) we can choose two-forms &f so closed to @; that O := h.@y+ (1 —h).0¢
to be non-degenerate for all 0 < h < 1, and

(c) we have a family of one-forms f3; such that &¢ = &, + df; are real-
analytic according to Lemma 2 then df; = @; — @ € £V (M) is such
that the induced vector field &; is integrable up to time one.

Now we shall apply the fundamental Moser deformation trick in sym-
plectic geometry to finish the proof of Theorem 2.1.
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Suppose that @, and @y are symplectic forms on M representing the
same de Rhem cohomoly class on M, (@] = [@¢] € H25(M;R), which are
closed enough so that the strlght line curve h — wl := (1 — h)&; + h&¢ has
non-degenerate values in £ (M) for all h € [0,1].

We choose a potential 3; € 1) (M) as in Lemma 2 (—df; = & — &F)
and find a unique (smooth) curve of vector fields h — &}, depending on
parameter ¢, such that g wl = B; as w) is nondegenerate. Here igt denote
the contraction of the form w} by the vector field ¢f. Taking derivatives
one find that dlézwt + o = 0, where o} := &y — @Of.

Finally, in (c) is supposed that non-autonomus vector field & on M is
integrable up to time one, i.e. there exists a family of curves h — f} in the
diffeomorphism group of M with f} = id and

d
It =0 fi.
h

Then since Lie derivative Lg satisfies Le¢e = digr + gt d and the forms wy
are closed, one concludes that

() = ()" (L + k) = () diggot + 1) = 0

for all h € [0,1]. This shows that f*:= f} fulfills the requirement (f*)*@; =
wf since

(F)@0 — 0F = (F1)° @) — (f4)af = / L ((ftyetydn =0,

Putting the parameter ¢ = 1 and € — 0 we obtain the existing part of the
theorem.

Uniqueness: Now let us suppose that on the real analytic manifolds M and
M with two couples of real-analytic symplectic forms wy and wy, and @
and @y, respectively, there exists a smooth diffeomorphism f s.t. f*wy = @y
and f*w; = wy. Then f* will act on the symplectic homotopy operator and
produce a symplectic homotopy operator H(p,t) for @y and w; on M. We
would find a real-analytic bijection f of M to M with properties f*wy = @
and f*w; = @; to prove the uniqueness of the real-analytic structure on M
s.t. wp and wq are real analytic symplectic forms.

The homotopy class {g € Diff (M, M) : g ~ f} is a Whitney open set
and by the Grauert embedding theorem the real analytic diffeomorphisms
Diff *(M, M) are dense in Diff (M, M). So there exists a real-analytic diffeo-
morphism f(M, M) arbitrary Whitney near to f and in the same homo-
topy class. Therefore @g := (f*)*(wp) and @1 := (f*)*(w1) are real-analytic,
[wo] = [@0] € H2p(M), [w1] = [@1] € H3z(M) and &g is Whitney near to
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wp, @1 is Whitney near to wi. Therefore if we find real-analytic poten-
tials Bp1 € EY(M), dBy = @o — wo, dB1 = @1 — w1 Whitney near to zero,
the Moser’s deformation tric would produce a real-analytic diffeomorphism
with g*wo = Wo, g*w1 = @1 and therefore £ o g € Diff (M, M) will be the
desired symplectomorphism between M and M.

To do this one need two more Whitney-Poincaré lemmas with parameter
— one smooth and one real-analytic. Following the shema in [6] the proof of
uniqueness would be finished making the needed changes as in the existence
part. |

3. Polarization of a symplectic form

Following §4 in [1], we consider how to obtain canonical hermitian metric
h and almost complex structure J on a manifold M, diffeomorphic to a
given symplectic manifold (M,w) in such a way that the symplectic form
w to correspond to the fundamental form € of the almost hermitian mani-
fold (M, J, /~1) Moreover, so obtained almost hermitian manifold will be an
almost Kahler one as its fundamental form will be closed two form.

We follow the construction of a polarization of a symplectic form, given
in [1], §4.2. The base of considerations is the procedure of polar decompo-
sition of a non-singular matrix A into product of orthogonal matrix J and
a positive definite symmetric matrix G. Let us denote as usual by O(n) the
group of orthogonal n X n matrix and by H(n) the group of positive definite
symmetric n X n matrix.

Let us consider the map ¢ : O(n)x H(n) — GL(n) defined by o(F,G) =
FG — the product of the matrices F' and G. If O(n), H(n) and GL(n)
are equipped with their natural real analytic structures, the map ¢ is a
real analytic morphism of O(n) x H(n) in GL(n). The so written polar
decomposition of a non-singular matrix is proved by C. Chevalley in [2;
1946, pp. 14-16] as a continuous mapping and by Y. Hatakayama [5; 1962]
as an analytic mapping.

We shall use Theorem 4.2 for real analytycity of the mapping ¢~ *
from [1] which say that the polar decomposition as a map from GL(n,R) —
O(n) x H(n) gives an analytic diffeomorphism between these manifolds with
respect to the usual analytic structures.

We need also the theorem for existence, Theorem 4.3 from [1] which say
that if (M?",w) is a symplectic manifold then there exists a Riemannian
metric g and an almost complex structure J such that g(X, JY) = w(X,Y).

In order to prove this theorem it would be choosen any Riemannian
metric k on M and a local k-orthonormal basis {X7,..., X2,}. Then to
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consider the matrix A, where A;; = w(X;, X;). The matrix A will be a
non-singular skew-symmetric 2n x 2n matrix for each point p of an open
set U where the vector fields {X1, ..., X2, } are defined. This is so because
the two-form w as a symplectic form is a nondegenerate differential two-
form. For the matrix A we construct a polar decomposition, A = F'G with
some orthogonal matrix F' and some positive definite symmetric matrix
G € H(n). Then the mertic g is defined locally on U by the equalities
9(X;, X;) = H;j and the almost complex structure J is defined locally by
the equalities JX; = Finj. The rest of the proof of the theorem is to
check the gluing of the so defined metric and almost complex structure
on the common definition set of any two k-orthogonal basis { X7, ..., Xa,}
and {Y7,...,Ya,} which is so because of the construction made above and
because of the uniqueness of the polar decomposition.

We remark also that if (J, h) is a starting structure for the polarization of
the fundamental form w(X,Y) = h(X, JY), then the result of polarization
is the same metric A and almost complex structure J.

4. Real analyticity of the hyperkahler almost Kahler
manifolds

Theorem 4.1. Let (M, J, K, h) be a C*-smooth hyperkahler almost Kdhler
manifold. Then there exists a real analytic manifold M real analytic almost
complex structures J K and a real analytic almost hermitian metric h
on M such that (M, J,K,h) is C*°-equivalent to (M, J, K, h). Moreover,
the hyperkahler manifold (M, J, K, iL) can be choosen to be a hyperkahler
almost Kdhler manifold. Such a manifold (]\Zf, j,ff,ﬁ) is unique up to a
real analytic isomorphism.

Proof of Theorem 4.1.

Ezistence: Let us consider the fundamental two-forms w;, ¢ = 0,1 of
the given hyperkahler almost Kéhler manifold (M, J, K, h), wo(X,Y) =
hX,JY), wi(X,Y) := h(X,KY) for any two vector fields X,Y on an
open set in M. These are a non-degenerate closed two-forms on M and the
closed two-forms on M w; = h(X,tJY)+h(X, (1—t)KY) gives a homotopy
operator between them by symplectic two-forms, i.e. they are homotopic
by symplectic two-forms. So (M, w;), i = 0,1 are symplectic manifolds with
desired property and the theorem for existence in §2 would be used. Ac-
cording this theorem there exists a diffeomorphim ¢ from M onto a real
analytic manifold M and symplectic real analytic forms @;, i = 0,1 on M
such that p,0; = w;, 1 =0,1.
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Now we apply the reasons from §3 above to obtain a Riemannian met-
ric g and almost complex structure J with a fundamental form 9(X,JY)
coinsiding with @y and once more to obtain an almost complex structure
K with a fundamental form g(X, KY) coinsiding with &;.

If now we decompose by polarization the fundamental form wg on the
given manifold (M, J,h), we obtain the same almost complex structure
and metrics h, as is remarked in §3 above. So, using the conditions in
Definition 1 above for the differential of the morphism ¢, we obtain that
the almost complex structure J and the metric g = h correspond to the
initial almost complex structure J and metric h on M. Then we repeat
the same for the almost complex structure K. So each hyperkahler almost
Kéhler manifold (M, J,h) is diffeomorphic to a real analytic hyperkahler
almost Kéhler manifold (M, J, K, l~1)

Uniqueness: Let now (M,.J, K, h) be another real analytic hyperkahler al-
most Kéhler manifold, diffeomorphic to the given one (M, J, K,h). Now
applying the uniqueness part in §2, we can find a real analytic diffeomor-
phism from (M,&;) to (M,T;), i = 0,1. Then reasoning as in the part of
existence we obtain that the constructed by polarization almost complex
structures J, K and metric h correspond to the almost complex structures
J, K and to the hermitian metric h. So the uniqueness of the real ana-
lytic hyperkahler almost Kéahler manifold up to real analytic isomorphism,
corresponding to the given smooth hyperkahler almost Kahler manifold is
obtained. O

Acknowledgements are due to Prof. S. Dimiev for his interest on the
subject.
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The paper investigates the KCC (structural) stability of the second-order ex-
tension of the brain-stimulated Parkinson tremor dynamical system. After a
brief presentation of the known linear stability results of the model, are de-
termined and studied the KCC-invariants. It is emphasized that the spectral
properties of the second KCC-invariant provide practical information for the
behavior of the investigated model. The semispray of the second-order differ-
ential system associated to the basic SODE is evidentiated.
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1. The neural 3-unit feedback model

The mathematical model which we analise in this paper is a three-
dimensional biological system, first introduced by Titcombe [15], which
describes in a simplified way the Parkinson tremor model in the presence of
deep brain stimulation. It is a three-unit network model of a network with
negative feedback to illustrate how an oscillating system interacts with peri-
odic stimulation. Similar to numerous different network models which have
been proposed for Parkinsonian tremor, the current model illustrates one
way that the Hopf bifurcation might arise in a network context.
The time-evolution of the three units is governed by the following SODE:
il = f(23) — !
i = g(a") — a2 1)
i3 = g(2?) — 3.

Here, f and g are inhibitory and excitatory response functions respectively.
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Typically, response functions are sigmoidal, and are monotonically decreas-
ing for inhibition and monotonically increasing for excitation. For our il-
lustration, we use Hill functions, which are sigmoidal in form, to represent
the response of the units where the exponent 7 controls the slope (gain) of
the response:

0
f) = = gl = )

The effective feedback values of the the units threshold 6 range about 6y =
0.5 and we note that g =1 — f.
It was proved that for v = 4, one obtains a limit cycle and that the

SODE exhibits a Hopf bifurcation; it provides a model with negative feed-
back (inhibition) as shown in the following diagram

excitation excitation inhibition
1 ,’EQ 1'3 Z‘l .

te

For +, is commonly used ~(t) = vo — z(t), where z(t) = ke */t with o
6.0. In practice are used iterated pulses with initial value 2y and z,
S(e~nm/te — 1)
Cl—e/te
Zoo = 0/(e7/t —1).

The response v or 7y and the time constant t. are refered as network
parameters — which are inherent properties of the network, and § and 7
are referred as stimulation parameters — which are the stimulation pulse
amplitude and stimulation period, respectively.

The model described by (1) involves a negative feedback system without
time delay and thus, the Hopf bifurcation would be induced by an increase

z0e” T/t 4 . Then the asymptotic value (for n — o) is

in gain. This network is a special case of an n-unit feedback inhibition
network which can display oscillations provided that n > 3. The dynamics
of systems of this type are a network effect, meaning that the units will not
oscillate independently.

2. The covariant extension. Structural stability

In the following we investigate the Jacobi (KCC) structural stability of the
second order extension of the dynamical system (1), via the five assocaited
KCC-invariants of the SODE.

We shall first introduce several basic elements of KCC-theory [1,2,13],
focusing on the second deviation tensor P} and describing the role of the
five invariants of the system. Let x = (x!,...,2"), # = dx/dt and ¢ be the
2n 4+ 1 coordinates of an open connected subset Q@ C R™® x R™ x R!. The



KCC and linear stability for the Parkinson tremor model 25

second order system of n second order ODEs has the form

R ir . .
W—Fg('xv'xat)zoa Zelvna (3)

and has been studied by D.D. Kosambi [9], E. Cartan [7] and S.S. Chern [8].

In general, ¢* = 9X" ;

22>i7, i =1,n. In our case, we have
gt =.250023%/(2* + .625)% + &
g% =7 — [423/(a* + .625) — 427 /(z* + .625)%]& (4)
g° =% — [493/(y* + .625) — 4y7/(y* + .625)%].

They assumed real analyticity in a neighborhood of some initial conditions

(o, Z0,t0) € . Aiming to find the basic differential invariants of the sys-
tem (3) under the non-singular coordinate transformations

T = fi2t,...,2"), ieln, t=t (5)

D.D. Kosambi has introduced a covariant differential operator D, which
acts on a contravariant vector field £(z) as
D¢t dgt

1 i T

where we have denoted by semicolon the partial differentiation relative to
%, and where the Eistein summation is used unless contrary stated. Using
the operator D from (6), the system (3) rewrites

Dit 1 ; ;
G~ it —g =g

which defines a contravariant vector field ¢ on Q, called the first
KCC-invariant, and which is interpreted as an external force ([1]). De-
noting (z*, 22, 23) = (z,y, z), we obtain the first invariant ¢ = (¢!, 2, &%),

12500232 + & 25 +.12500 21 + 003006254 25002°5
2 (21 + .0625)2 (z1+.0625)2

1

5(y 28 41250 g 2* + .00390625 ¢ — .2500 2> &) /(x* 4 .0625)% — 5
+(423 /(z* +.0625) — 427 /(z* + .0625)%) %,

1 2y® 4+ .1250 £y* +.00390625 2 — 2500 § :

2 (y4 + .0625)2

+ 493/ (y* +.0625) — 4y7/ (y* + .0625)?] y> .
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The functions ¢¢ = ¢*(w, 4,t) are 2-homogeneous in & if and only if £ = 0.
In other words, €' = 0 is a necessary and sufficient condition for a semispray
to be a spray. It is obvious that when {g'},_1= is the geodesic spray of a
Riemannian or Finsler manifold, the first invariant vanishes.

Moreover, since the system is of the form & = X (), the first invariant
has the components ¢ = %%TX:;H, and hence this vanishes for null velocities,
i.e., on the stationary points of the field X. We note that for our model,
the semispray is 1-homogeneous in velocities, and hence it does not provide
a Finsler structure.

For = Q, x R™ x R, the strongly nonlinear system e’ =0, i = 1, n is

governed by D = det (%f: ) __. For D # 0, the solution is the image of

i,r=1,n
the null section of the vector bundle £ = (T, m, Q,), and for D = 0, the
solution is a subbundle of rank k € {1,2} of £. In either case, we infer that
the first invariant does not identically vanish on the total space of &.

As well, it is known that if the trajectories z(t) of (3) vary via z'(t) =
x'(t)+&'(t)n with small parameter 7, one obtains for the first approximation
in 1, the KCC-equations of variation

d2§1’ i dé-r
AT
where we have denoted by comma the partial differentiation with respect
to z. Following Kosambi this can be rewritten using (6) as

+9.,6 =0,

DQé-i

dt?
where the right side defines the second KCC-invariant {P}}
system (3), or the deviation curvature tensor

=P, (7)

of the

i, r=1,n

, A 1. . 1. 19g:,

Py = =95 = 59" + 58790y + 79095+ 55,
It is known that the eigenstructure of this (1,1)-tensor field provides an
alternative to the Floquet Theory, and the eigenvalues of P} replace the
characteristic multipliers — these are also called Floguet exponents ([3,12]).

In our case, the second invariant has the form
i 1 0?Xt . 190X'oXT
Y T T A W P
The Jacobi stability is a weaker condition than the stability of periodic

orbits given by the sign of eigenvalues of characteristic multipliers. Note
that (7) is the Jacobi field equation when the starting system (3) represents
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geodesic equations in either Finsler or Riemannian geometry. This justifies
the usage of the term Jacobi stability for KCC-Theory.

On the other hand, the Jacobi equation (7) of the Finsler manifold
(M = Q,,F) can be written in the scalar form % + K -v = 0, where
& = v(s)n" is a Jacobi field along « : ' = 2’(s), n* is the unit normal
vector field along ~; K is the flag curvature of (M, F') which describes the
shape of the space ([5]). For a Finsler manifold (M, F'), the flag curvature
is a function of tangent planes and directions, which tells us how curved
the space is at a point.

It is also known that the sign of K influences the geodesic rays ([5]).
Indeed, if K > 0, then the geodesic bunch together (are Jacobi stable), and
if K <0, then they disperse (are Jacobi unstable).

Hence negative flag curvature is equivalent to positive eigenvalues of P},
and positive flag curvature is equivalent to negative eigenvalues of P;. It is
known the following

Theorem 2.1 ([1,2]). The trajectories of (3) are Jacobi stable if and only
if the real parts of the eigenvalues of the deviation tensor P! are strict
negative everywhere, and Jacobi unstable, otherwise.

The notion of Jacobi stability presented until here can be extended to the
general case of the SODE (3) using the Theorem above as the definition for
the Jacobi stability of the trajectories of a SODE. The third, fourth and
fifth invariants of the system (3) are respectively

;’k = g(Pf;k - Plz;j)’ B;kl = R;‘k;l’ D;‘kl = g;lj;k;l'
It can be easily verified using the Schwartz theorem that in our case these
last three invariants are all zero.
A notable result of the KCC-theory which points out the role of the five

invariants is the following:

Theorem 2.2 ([1]). Two SODE’s of form (3) on Q can be locally trans-
formed, relative to (5), one into another, if and only if their five invariants
si,Pj,R;:k,B;kl,Dékl are eguivalent tensors. In particular, there are local
coordinates (T) for which g*(x,z,t) = 0 if and only if all five KCC-tensors
vanish.

Based on Maple computations, we can infer straightforward that for
our SODE subject to the requirement of having real (positive) solutions
(x,y, z), there exists no coordinate change such that the coefficients of the
new second order SODE-semispray do all vanish, i.e., the trajectories of the
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second-order extended system (including the field lines of the initial SODE)
can never be lines, whatever coordinate system one might choose.

3. Linear and KCC stability

The equilibrium points of the system (1) are obtained when the right side of
the SODE is set to zero. The resulting nonlinear system has in general sev-
eral solutions; only the positive ones have significance. In the following we
will consider the only real equilibrium point (z,y, 2). = (.5;.5;.5) — which
proves to have positive components, found in the case of the parameter
values

0=25, v=4. (8)

Regarding the linear and Jacobi stability around this equilibrium point, the
following results hold true.

Proposition 3.1. In the case (8), the deviation curvature tensor P} at the
equilibrium point has the associated matriz

1.249999999 —.5000000000 .5000000000
[P.] = [ —-5000000000 1.250000000 —.5000000000
.5000000000 —.5000000000 1.250000000

This has three positive eigenvalues Ay = 7499999993, A2 = .7500000000
and A3 = 2.250000000. Hence the field lines of the originar system are
linear unstable, and the extended system is Jacobi unstable.

The Jacobi stability depends on the variation of the parameters. We shall
discuss further the impact of the change of the parameters v and 6 on the
structural behavior of the extended SODE (3)—(4).

Considering the parameter ¢ variable within the interval (0,1) with ~
fixed, we get the following results regarding the linear and the Jacobi sta-
bility.

Proposition 3.2. Let v = 4 (the limit cycle value). Then the following
hold true:

a) The SODE (1) exhibits linear stability for 0 € (0,1) and asymptotic
stability for 6 € (0,1)\{0.5}.

b) For 6 € (0.2;1), the field lines of the extended system (3)—(4) are Jacobi
unstable.
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Proof. For § € (0,1) the discriminant of the characteristic polyomial of

the Jacobi matrix attached to (1) is positive and depends continuously on
0 (see Fig. 1).

Fig. 1. The discriminant of the cubic characteristic equation in terms of 0, for v = 4.

The Jacobian matrix has a real and two complex conjugate eigenvalues,
which have all a strictly negative real part except for § = 0.5 — where the
complex roots are pure imaginary (A = —3, Ao 3 = +i+/3; see Fig. 2).

Fig. 2. The real part of the eigenvalues in terms of 6, for v = 4.

b) The matrix of the second invariant has three positive real eigenvalues
(see Fig. 3), and hence the extended SODE is KCC instable. O

Fig. 3. The Jacobi eigenvalues in terms of 6, for v = 4.

Remark. For § = 0.5 and the parameter « freely varying in the interval
(0,10), one can easily note that the value of the discriminant which de-
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cides the presence of complex eigenvalues of P strongly oscillates (see the
subsequent figures).

Fig. 4. The discriminant of the KCC characteristic polynomial in terms of +, for § = 0.5.

4. The second-order Lagrangian extension

In the following we shall determine the second-order extension of gyroscopic
type for the SODE (1). In general, for a given vector field X € X(D),
D C R™ we associate the corresponding SODE

it =XYz), i=1,n. (9)

Among various alternatives of extending the system (9) to a second order
SODE within the framework of second-order jets, a notable one is described
in [16]. The resulting dynamical system is in this case of Euler-Lagrange
type, being attached to the Lagrangian function defined on the first-order
jet space J1(R,R"),

L= (X*a) —i*)?, (10)

k=1

and has the shape

i =n'(z) + 0 (x)i®, (11)

where we consider on R" the canonic Riemannian metric g = d;;dz* ® da?

and we denoted by 7' = ¢% g wf the gradient of the energy
1 ivi I
F=SIX@IE = gy X'X7 = 2 3 (XH)? (12)
k=1
of the field X, 6} = g**w; and w is the the curl of X, which entails the
gyroscopic character of the extension

Og;jsX*)  OgisX®) . —
Wi = Ori T o 1,7 =1,n.
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In the particular case of a 3D-SODE, the second-order Lagrangian extension
Z = grad F + curl X x & has the detailed form

. _OF 8)(1_8X2 . 8X1_8X3 )

v Ox oy Ox 4 0z Or ‘

. OF 0X? 0x3\ . X2 ox*'\ .

j=—— —-—— )z —— — | (13)
dy 0z Jy ox dy

L OF (0X3 90X\ . (9X®  9X?\

=02 Ox 92 ) Oy 9. )Y

where denoting e.g. g, = %, and using (12), we get for the extension (13)
of (1),

4

2 2 2

1 .625 z? .
=3 |:(z4+.625 - a:) + (fc4+.625 - y) + (y4ﬁ.625 - Z) }7 (14)
grad F' = —2X +2(X?%g,, X?g,, —X'g.). (15)

Within the model, is essential to monitor the energy-level F' for (0,~) €
(0,1) x (2,10), at the primary equilibrium point of the field (z,y,2). =
(.5,.5,.5), computed at (6o,v0) = (.5,4) and considered on the null section
of the bundle &. In the space of variables (0, , F), the energy level attends
minimal values at the intersection of the energy surface ¥ with the plane
0 = 6y (see Fig. 5, including the parallel projection of ¥ onto the plane

v=0).

Fig. 5. The energy in terms of § and ~ (general shape and projection onto v = 0).
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THE CAMASSA-HOLM EQUATION AS A GEODESIC FLOW
FOR THE H! RIGHT-INVARIANT METRIC

A. CONSTANTINT and R.I. IVANOV*
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The fundamental role played by the Lie groups in mechanics, and especially
by the dual space of the Lie algebra of the group and the coadjoint action
are illustrated through the Camassa-Holm equation (CH). In 1996 Misiotek
observed that CH is a geodesic flow equation on the group of diffeomorphisms,
preserving the H! metric. This example is analogous to the Euler equations in
hydrodynamics, which describe geodesic flow for a right-invariant metric on the
infinite-dimensional group of diffeomorphisms preserving the volume element
of the domain of fluid flow and to the Euler equations of rigid body whith a
fixed point, describing geodesics for a left-invariant metric on SO(3).

The momentum map and an explicit parametrization of the Virasoro group,
related to recently obtained solutions for the CH equation are presented.

Keywords: Euler top; Sobolev inner product; Coadjoint action; Lie group; Vi-
rasoro group; Group of diffeomorphisms.

1. Motion of a rigid body with a fixed point — the SO(3)
example

Let us start with a very familiar example — the Euler top. Consider an
orthogonal basis e(t), k = 1,2, 3, rotating about a fixed basis e;. Both
bases share the same origin. We can think about the moving frame as a
rigid body, moving about the origin.

The relation between the two frames is given by an orthogonal trans-
formation: €x(t) = gx;(t)e;, where gr; = éx.¢j, g° = g~', i.e. g belongs to
the group G = SO(3), the corresponding algebra g being

g =s0(3): reger=—xl. (1)

tOn leave from the Institute for Nuclear Research and Nuclear Energy, Bulgarian
Academy of Sciences, Sofia, Bulgaria.
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w=g
']g
J
m=(9Jg~")g = gJ(wr)
L* R;
Y
mrp = J(wL) D mpr
g

Fig. 1. Quantities and operators related to the so(3) algebra and its dual (Euler top
case).

Y

g

" g
Ad;,

Fig. 2. Mappings between the spaces.

All quantities in the moving frame €x(t) (related to the body) will be
marked by subscript ‘L’; the ones in the fixed basis - by subscript ‘R’. Let
us take the following explicit parametrization for the angular velocity:
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0 —wsz wo w1
wr= ws 0 —wi]eg < dr=|w|eR? (2)
—Wy W1 0 w3

The quantities related to the Euler top are schematically presented at
Fig. 1, (the dot denotes the time derivative) [1,18,21]. The identification
between the algebra g and its dual is given by the inertia operator, see
Fig. 2:

my = J(wL) = Awr, +wr A, (3)

where A = diag(ay, as,as) is a constant symmetric matrix.

The Hamiltonian is the kinetic energy H(mp,wr) = 3tr(mrw? ), given
by a left-invariant quadratic form: H(m,wr) = H(m,w).

This invariance by the virtue of Noether’s Theorem leads to the mo-

mentum conservation: <mp = 0. This defines a momentum map TG — g*,

dt
constant along the geodesics. Furthermore, since wy, = g~ '¢ we have:

mp, = Adymg = g~ 'mgyg, iy, = adg, mp = —[wr, my].
Finally we obtain the equations of motion (the Euler top equations):

d _ . a9 — as
EJ(WL) = [J(wp),wr] or w; = P

wows, etc. (4)

2. Camassa-Holm equation — right invariant metric on the
diffeomorphism group

The construction described briefly in the previous section can be easily gen-
eralized in cases where the Hamiltonian is a left- or right-invariant bilinear
form. Such an interesting example is the Camassa-Holm (CH) equation
[2,12,17]. This geometric interpretation of CH was noticed firstly by Mi-
siolek [23] and developed further by several other authors [7-9,13,14,18].
Let us introduce the notation u(g(x)) = u o g and let us consider the H*!
Sobolev inner product

H(u,v) = %/M(uv + uzvg)du(x), with p(z) == (5)

The manifold M is S! or in the case when the class of smooth functions
vanishing rapidly at oo is considered, we will allow M = R.

Suppose g(z) € G, where G = Diff(M). Then H(u,v) = H(uo g,vog)
is a right-invariant H' metric.
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Let us define g(z,t) as

g=ulg(a,0).t),  g@.0) =z, ie. j—uogeT,Gi  (6)

1

u=gog =Ry _g € g, where g is Vect(M). Now we recall the following

result:

Theorem 2.1 (A. Kirillov, 1980 [19,20]). The dual space of g is a
space of distributions but the subspace of local functionals, called the regu-
lar dual g*, is naturally identified with the space of quadratic differentials
m(x)dz? on M. The pairing is given for any vector field ud, € Vect(M)
by

(mdx?, ud,) = /M m(z)u(z)ds

The coadjoint action coincides with the action of a diffeomorphism on the
quadratic differential:

Ady - mdz?® — m(g)g2dz?.

If m(xz) > 0 for all z € M, then the square root /m(z)dz? transforms
under G as a 1-form. This means that C' = [, +/m(z)dz is a Casimir
function, i.e. an invariant of the coadjoint action.

Let us now allow the above pairing to be the H! right-invariant metric,
mentioned earlier. This is possible by choosing the inertia operator J =
1—02, i.e. by taking m = u—1u,., see Fig. 3. Again, for the Hamiltonian H =
% J s Mmudz, given by the H ! right-invariant metric, Noether’s Theorem
yields [8] the conservation of my = g2m(g(z,t),t), i.e. g2m(g(x,t),t) =
m(z,0).

We have a momentum map TG — g*, constant along the geodesics:

0 =rivr, = g3 (2uzm + umg +my) o g, (7)
iff m satisfies the Camassa-Holm equation
mg + 2uzm + umg = 0. (8)

Similarly to the Euler top (4), CH can be written also in a Hamiltonian
form rm = —ad m. Indeed,

(ad}y, mdz®, v0,) = (mda®, [udy, v0,]) / m(uzv — vgu)de

= / v(2mu, + umg)de = ((2mu, + umgg)dx ,004),
M

ie. adim = 2u,m + um,.
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-1

)=4deyg
\ dy
g=uoyg
T
J=1-982
mog
gz(mog) AT m(z)

Fig. 3. Quantities related to the Camassa-Holm equation.

3. Inverse Scattering for the CH equation

In this section we consider the Camassa-Holm equation (CH) in the form
Ut — Uggt + 20Uy + 3Uly — 2UglUpy — Ulggy = 0, 9)

which depends on an arbitrary parameter w (which is not an angular ve-
locity!). The traveling wave solutions of (9) are smooth solitons if w > 0,
and peaked solitons (peakons) if w =0 [2,10,11,17,22].

If w # 0 the invariance group of the Hamiltonian is the Virasoro group,
Vir = Diff(S;) x R and the central extension of the corresponding Vira-
soro algebra is proportional to w [7,15]. Thus, for w # 0, CH has various
conformal properties [15]. CH is also completely integrable, possesses bi-
Hamiltonian form and infinite sequence of conservation laws [2,6,12,16,24].
The Lax pair is

xm:(i- W)y + L0 4w (11)
2\ 2

where «y is an arbitrary constant (for a given eigenfunction). CH is obtained
from the compatibility condition ¥,,; = W4,,. Let us introduce a new
spectral parameter k such that A(k) = —%(kz + i . From now on we

consider the case where m is a Schwartz class function, and m(z,0)+w > 0.
Then m(x,t) + w > 0 for all ¢ [3]. The spectral picture of (10) is [3]:
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continuous spectrum: k — real; discrete spectrum: finitely many points k,, =
+ikn, n=1,..., N where k,, is real and 0 < k,, < 1/2. Eigenfunctions: for
all real k # 0 a basis in the space of solutions can be introduced, fixed by
its asymptotic when 2 — oo: ¥(z, k) and v (z, k), such that

Y(x, k) = e * 4 o(1), T — 00. (12)

Another basis can be introduced, fixed by its asymptotic when z — —oo:
o(z, k) and @(x, k) such that

oz, k) =e " £ o(1), 1z — —oo. (13)
The relation between the two bases is
p(z, k) = a(k)p(z, k) + b(k)(z, k), (14)
where [6]
la(k)]* — |b(k)* = 1. (15)

Further, one can define transmission and reflection coefficients: 7 (k) =
a='(k) and R(k) = b(k)/a(k) correspondingly. According to (15)

T (k)2 + [R(K)[2 = 1.

The entire information about these two coefficients is provided by R (k)
for £ > 0. It is sufficient to know R(k) only on the half line k& > 0, since
a(k) = a(—k), b(k) = b(—k) and therefore R(—k) = R(k). At the points
of the discrete spectrum, a(k) has simple zeroes, ¢ and 1 are linearly de-
pendent: o(z,ik,) = byi(x, —ik,). In other words, the discrete spectrum
is simple with eigenfunctions (™ (z) = ¢(x, ir, ). The asymptotic behavior
of p(™ is

oM () = e 4 o(e"n?), T — —0o0;
(16)
o™ (z) = be™ T 4 o(e ), T — 00.
The sign of b, obviously depends on the number of the zeroes of ¢(™).
Suppose that 0 < k1 < kg < ... < Ky < 1/2. Then from the oscillation
theorem for the Sturm-Liouville problem (™) has exactly n — 1 zeroes, i.e.
by = (—=1)" by
The set

S={R(k) (k>0), fn, |bn|, n=1,...N} (17)

is called scattering data. The time evolution of the scattering data can be
obtained from (11) with the choice v = & for the eigenfunction ¢(k, )
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and = — oo: a(k,t) =0, b(k,t) = %p(k,t), or

alk,t) = a(k,0),  blk,t) = b(k,0)exp (%t) (18)

In other words, a(k) is independent on ¢ and can serve as a generating
function of the conservation laws [6].

The time evolution of the data on the discrete spectrum is obtain as
follows: ik, are zeroes of a(k), which does not depend on ¢, and therefore
kn = 0. From (11) and (16) in a similar fashion

dwky,

bn = Tt balt) = ba(0) exp(

whn t) : (19)

1—4k2

4. Soliton solutions and the diffeomorphisms

The inverse scattering is simplified in the important case of the so-called
reflectionless potentials, when the scattering data is confined to the case
R(k) = 0 for all real k. This class of potentials corresponds to the N-
soliton solutions of the CH equation. In this case b(k) = 0 and |a(k)| =1
and ia’(ikp) is real:

N
1 Kp — K 14 2k,\2
. _ kK Y4 n _ n
ia'(ikp) = Ee P || gy where « = E 1n(1—2/~€n) .
n#p n=1

Thus, ia’(ik,) has the same sign as b,,, and therefore ¢, = m,l(’#p) > 0. The

time evolution of ¢, is ¢, (t) = ¢, (0) exp (fj’fég ) in the view of (19).
The N-soliton solution is [5]

uwt) =5 [ (~lo-g@olpend v (20)

where g(&,t), p(§,t) can be expressed through the scattering data as :

3 Cp(£)E2En —2
seo=n [ (-Z T ARen) e

p(6,1) =wE2g 1 (6,1),  where (22)

_ cn (£)E72"
Apnl€1) = b+ =

Then the computation of m = u — uy, gives

mie.0) = [ " 5@ — g€, ))p(E, e — w. (23)
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From the CH equation my; + um, = —2(m + w)ug, (20) and (23) it follows

et =g [ I g~ i(6.0) = ulo(€ 1))

therefore g(z,t) in (21) is the diffeomorphism (Virasoro group element)
in the purely solitonic case. The situation when the condition m(z,0) +
w > 0 on the initial data does not hold is more complicated and requires
separate analysis (if m(z,0) + w changes sign there are infinitely many
positive eigenvalues accumulating at infinity and singularities might appear
in finite time [3,4]).
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Based on Fermi-Walker parallel transport along a space curve, we discuss the
possible geometric phases that can occur. We give a general condition for the
time evolution of a space curve. We identify two types of local geometric phases
associated with the evolution of a space curve, the “Fermi-Walker” and “incom-
patibility” phases, and derive a relationship between them. The time-dependent
Schrodinger equation for a particle in a potential V (s) can then be interpreted
geometrically as a moving curve whose Fermi-Walker phase density is given by

—(dV/ds).

I. Space curves, parallel transport and anholonomy.

A) Static curves

Let us consider a space curve which is given by its curvature k(s) and
torsion 7(s) where s represents the arc length. We will introduce the or-
thonormal Frenet triad (t,n,b) representing the tangent, the normal and
the bi-normal to the space curve. The space ”evolution” of the Frenet triad

is governed by the Frener-Serret equations:!

ts = kn
n; = —kt+7b (1)
b, = —mn

The curvature and torsion are related to the tangent through the following
expressions:
t-(ts Atss)

P =ts-t; and 1= 2

(2)

PACS numbers: 02.40.Hw, 03.65.Ca, 02.30.Jr, 05.45.+b, 02.40.Dr, 47.32.Cc
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There is a more compact way of writing the Frenet-Serret equations
which gives a better insight into the structure of these equations. Let us
introduce the Darboux vector: £ = 7t 4+ kb. The Darboux vector plays the
role of “angular velocity” for the space evolution of the Frenet triad. The
Frenet-Serret equations now read:

to=ENt
n,=£6An (3)
by =EAD

Thus when the triad evolves along the curve the (n,b)-couple rotates
around the tangent t with an “angular velocity” 7 and the (t,n)-couple
rotates around the bi-normal b with an “angular velocity” k.

As s increases from sg to s, a phase develops ® = f:ol 7(s)ds with
respect to a non-rotating frame defined by the Fermi-Walker parallel trans-

port:2
DA’
ds

Here A is some vector defined on the space curve.

= kA (tIn' — t'n/) = (kb A A)’ (4)

B) Moving curves

Now the curvature and torsion are time dependent functions k = k(s, u)
and 7(s,u) where u represents the time. For fixed s the triad evolves along a
new space curve with u as natural parameter. The equations are as follows:

t,=gn+hb, n,=—-gt+7°b, b, =—ht—1'n, (5)

where the coefficients g, h and 79, as well as K and 7 in Eq. (2), are
functions of s and w.

The corresponding Darboux vector now reads £y = 7ot + Bn+ Cb. Now,
let us consider two neighboring points on a space curve at a time u i.e.
A(s,u) and B(s+ As,u). After a time-interval Au the space curve slightly
changes its shape and position in space. The points A and B evolve into
C(s,U+Au) and D(s+As, u+Au) respectively. We follow the triad from A
to B and to D and from A to C and to D. We take into consideration only
the rotation of the triad around the tangent t. Following the first path from
A to D a phase develops &1 = 7(s, u)As+7o(s+As, u)Au and following the
second path a different phase develops ®2 = To(s,u)Au + 7(s,u + Au)As
The phase difference & = & — Py = [% - %} AsAu represents a measure
of the anholonomy density.
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II. Lamb formalism, geometric phase and gauge potential.

If we introduce complex vectors the Frenet-Serret equations combine to
give [3]:

(n+ib)s +it(n+ib) = —kt (6)

Next we introduce the complex vector N = (n + ib)exp(i [*__ (T — co)ds’)
where 7(s — +00)—co and the complex quantity ¢ = kexp(i fjoo(T -
co)ds’). Now instead of the triad (t,n,b) we are going to use the triad
(t,N,IN*). The new triad satisfies the following conditions: t-N = t-N* =
N N = 0 and N - N* = 2. Since the tangent is normalized t - t, =
0 and therefore we can represent the u derivative in the following form:
t, = gn + hb where the functions g and h are to be determined. Using the
compatibility conditions ts, = t,s and N, = N, will allow us to compute
the u derivatives of t and N.

1
N, =iRN+~t and t,= —5(7*N +yN*). (7)

where R, = %(v¢* — v*q) and gy + 75 + i(coy — Rg) = 0. The explicit
expression for v is: v = —(g + ih)exp(i [°__ (T — ¢p))ds’. With this the
anholonomy density can be computed directly to give:

. . 079 or . _8_R
i(su) = ds Ou  Os’ (8)

Using the s and u derivatives of t and N we get R; = kh and finally we
get for the anholonomy density:

j(s,u) = —kh. 9)

The total phase is then given by the following expression:

o= —/ du/ Rgds. (10)
w1 —80

Using the s and u derivatives of t, we get that ts A t, = kht. This allows
us to give a geometrical interpretation of the total phase:

U2 S0
® = —/ du/ t - (ty Ats)ds. (11)
w1 —S0

The expression t - (t,, A ts)dsdu represents the element of area on the unit
sphere.
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A. Quantum mechanical phase: Berry’s phase

Note that the quantity R can be expressed using the complex vector N:

R= —%N * - N, With this the expression for the geometric phase becomes:
1 (% 9 [*

P = ds— N x -N, du. 12

2 885 /“«1 udt (12)

—30

If we replace the complex unit vector & by a quantum state |N(u)>, the
expression i f;f <N|ZN>du plays the role of a local Berry phase. The
role of the Fermi-Walker parallel transport in the Berry’s phase has been
discussed in [4].

ITI. General context: topological terms, Hopf invariant.

Let us now consider a cube with lengths Az, Ay and Az and whose
lowest left edge is at (x,v, 2). Let 71, 72 and 73 represent the three torsions
in the three space directions. Now we may consider the three anholonomy
densities [5]:

3 ort o072

Oy Or
o3 ort
o (13)
1o or
0z Oy

These three quantities represent the components of the topological cur-
rent J = (J1,J%, J3). Adding up the anholonomy densities corresponding
to the faces of the cube we get:

0H, = [J1 (z + Az, y, 2) — J(z, vy, 2)|AyAz

+ [T (2, y + Ay, 2) — J*(z,y, 2)| AzAz (14)
+ [JB(x’ Y,z + AZ) - J3(£7 Y, Z)]ALCAy
=divJAzAyAz.

Because J = curlA,where A = (71,72, 73) the divergence of the topological
current is identically zero: divJ = 0.

IV. A general constraint on a moving space curve: the Schrdinger equa-
tion as a moving space curve.

In view of the relationship between the NLS (Nonlinear Schrodinger
equation) and a moving curve, one can ask the following question: Can the
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time-dependent Schrédinger equation in a potential V(s),

i)y +1Pss — V(s)Y =0, (15)

itself be associated with a moving space curve [6]? (Here, for convenience
we have set i = 2m = 1, m being the mass of the quantum particle.)

The conditions under which the moving curve equations (1) and (5)
are equivalent to Eq.(15). It is convenient to use the Hasimoto transforma-
tion [7]:

v =K(s,u) exp[i/r(s,u)ds] (16)

in Eq. (15). Equating imaginary and real parts, this leads to the coupled
partial differential equations

K, =—(K7)s — Ky, (17)
= (Koo K) = 7], — Vi a8)

We will establish now appropriate relations between the parameters g, h
79 of Egs. (1) and the curve parameters K and 7 in Egs. (5), such that Eqgs.
(17) and (18) follow. The appearance of K, and 7, in these latter equa-
tions immediately suggests that the direct way to find these is to compare
the u-derivatives tg,, ns, and by, of Egs. (1) with the s-derivatives t,s,
n,s and b,y of Egs. (5). Now, smooth curve evolution requires the com-
patibility condition ts, = t,s for the tangent t. However, we show below
that the corresponding conditions on n and b, ng, = n,s and by, = by
are merely sufficiency conditions. Equations (1) and (5) yield the following
“Incompatibility vectors” [6]:

At = (tsu - tus) =ain+ OéQb,
An = (ng, — nys) = azsb — ast,
Ab = (bsu - bus) = —at — azn. (19)

Here
oy =Ky—gs+hr, ay=Kr"—h,—gr, az=1,—70—Kh. (20)

It follows from Egs. (19) that a general curve evolution must satisfy the
geometric constraint

At.(An x Ab) =0, (21)

e., At,An and Ab must remain coplanar vectors under time evolution.
Further, since Eq. (21) is automatically satisfied for At = 0, we see that
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An and Ab need not necessarily vanish. In addition, we see from Eqgs. (19)
that At = 0 implies a; = ay = 0, so that

An = asb, Ab = —asn. (22)

Thus An and Ab are perpendicular to each other and have the same mag-
nitude. Next, we use Egs. (22) to show that the non-vanishing of An and
Ab gives rise to a certain geometric phase §®¢: Let us first consider
the incompatibility phase §®¢: Let the origin of the Frenet-Serret frame
(t(s,u),n(s,u),b(s,u)) be the center of a unit sphere. Consider the fol-
lowing infinitesimal closed path in space-time: [s,u] — [(s + ds),u] —
[(s+ds), (u+du)] — [(s, (u+du)] — [s,u]. Corresponding to this path, let
the tips of t, n and b create three curves (indicatrices) on the sphere. Now,
these curves do not close in general; the non-closure vector connecting the
starting point A and the end point B for any vector F(= t,n or b) is easily
found to be

—_—
AB = (Fg, — Fys) dsdu = AF dsdu. (23)

Thus the non-closure of the indicatrix of F is a measure of the incompat-
ibility AF. Next, taking F = n and b in succession in Eq. (23) and using
Egs. (22), we see that the two (non-closure) distances for n and b are equal,
and are given by

|A—B>| = |An|dsdu = |Ab|dsdu = as dsdu. (24)

Since the sphere has unit radius, this distance is also identical to a non-
closure angle or geometric phase 6®¢ in the (n,b) plane. This is why
we have termed it the “incompatibility phase”: The (n,b) plane does not
return to its original orientation but gets rotated by an angle §®"¢ when
the triad (t,n, b) is taken around an infinitesimal closed path in (s, u) space
in such a way that At = 0. Using this and Eq. (20) for a3 in Eq. (24), we
obtain

50 = [1, — 70 — Kh] dsdu. (25)

Let us now consider the Fermi-Walker phase 6®": There is another type of
geometric phase [5] that can be associated with curve evolution. Equations
(1) and (5) can be written in the form F, = LY x F and F, = L x
F; here, LY = 7t + Kb, and L®© = 7% + hn + gb. If we work in a
Fermi-Walker (non-rotating) frame of reference [2] in which t essentially
gets parallel transported, the triad undergoes a rotation 7ds about t as one
moves along the curve by an amount ds (for fixed u), and a rotation 7%du
as one moves along the ‘temporal curve’ by an interval du (for fixed s). This



48 R. Dandoloff

in turn implies that there is an underlying angle anholonomy or “Fermi-
Walker phase” 6®F" associated with curve evolution, i.e., the (n, b) plane
undergoes a rotation around t through an angle [5].

8 = (1, — 70) dsdu (26)

with respect to its original orientation, when s and u change along an
infinitesimal closed path of area dsdu. Further, from Eqgs. (2) and (3), we
find

—Khdsdu = t.(t, X ts)dsdu = 09, (27)

where the area t.(t, X ts) dsdu on a unit sphere is just the solid angle 5.
Substituting Eqs. (26) and (27) in Eq. (25), we get

oo = 5V 4 50, (28)

This is the general geometric relationship between the two types of geo-

metric phases, and it is valid for all smooth curve evolutions. Returning to
Egs. (19) and (20) with At =0, we get

Ky=gs—hr, 7°=(hs+g7)/K. (29)

So far, our analysis has been quite general. We must now find g, h and 7° in
such a way that Eqgs. (17) and (18) are obtained. In turn, this would imply
the equivalence of the Schrédinger equation (15) and the curve evolution
equations (1) and (5), as already explained. Comparing Eq. (17) with Eq.
(5) immediately identifies g and h as

g=-Kr, h=K,. (30)
Substituting these in the second equation in (29) gives
0 =[(K/K) — 7). (31)
Hence Eq. (18) yields
(ru = 79) = =V (32)

Next, setting h = K in Eq. (27), and substituting for 6Q thus obtained into
Eq. (28), we get §&™¢ = §@FW — KK dsdu. But Eq. (16) gives 3[¢?|s =
KK;. Thus

, 1
soine = W §|¢2|S dsdu. (33)

Two possibilities arise, depending on whether §®¢ = 0 or §®¥"° #£ 0.
(i) In the special case §®¢ = 0, Eqgs. (28) and (33) give §®V = —6Q =
114?|sdsdu. Using Eq. (26) and substituting for 7° from Eq. (31), we get
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Tu = [(Kss/K) — 7% + 4]¢|?. Noting that Egs. (17) and (18) follow from
Eq. (15) in a formal sense for any V', a comparison of this equation with Eq.
(18) yields V = —1[¢|?. Equation (15) then reduces to the NLS equation,
which is essentially Hasimoto’s result [7].

(ii) More generally, 6®"¢ % 0. Then J®FW £ %|@[J2|Sd5du any more. Let
§®FW be of the form f(s,u)dsdu, where the Fermi-Walker phase density
f(s,u) is some function of s and u. Starting with Eq. (26), we repeat the
same steps as in (i) above to find the relationship V = [ f(s,u)ds. Hence
the identification f(s,u) = f(s) = —V; leads at once to the time-dependent
Schrodinger equation (15) for a particle in the potential V' (s). Correspond-
ingly, from Eq. (28), §®"¢ = (—Vidsdu + 0€) in this case. The special
case f = 0, i.e., a vanishing §®" | yields the free Schrodinger equation
i1y + 1ss = 0. In this case, §®™¢ is identically equal to the solid angle 6.
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In this short report the authors try to clarify the development of different
treatments of the algebra of bicomplex numbers and related topics.
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1. Historical notes

The notion of bicomplex number has a long history closely related to the
algebra but sporadically with analysis. Hamilton made some remarks about
this number system considering it as a commutative alternative of the
quaternions, but it was not object of his investigations. H. Hankel in his
lectures [3] formulated a general viewpoint considering “complex numbers
with n units”, which in modern language is “algebra with n generators
over R”. The special case n = 4 is treated in details, but the attention is
concentrated over the quaternions, with many geometric applications. The
bicomplex number are only remarked, but not studied in details. Berloty [1]
considered the case n = 5, and from general point of view the problem is
studied by Study [15,16] and Scheffers [9]. Scheffers examines in details the

2000 MS Classification: 30G35
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problem of construction of an algebra with n generators over R from al-
gebraic position and presents in details the cases n = 3,4,5. He gives a
complete classification of the irreducible algebras aver R in dimension 4,
but does not use the term “bicomplex”. The name “bicomplex” is used by
Segre [12] in a paper written entirely in the language of the algebraic ge-
ometry and the bicomplex numbers are treated in connections with some
geometric constructions. Segre is interested only on some algebraic and ge-
ometric properties of this number system and does not consider analytic
problems at all. He calculates the zero divisors and the idempotents in the
bicomplex algebra, but these subjects remain closely related with the ge-
ometry. The algebraic theory is summarized by Study and Cartan [17] with
application principally to geometry.

An independent approach to the bicomplex numbers is demonstrated
by Em. Ivanov [4], who uses the term “tetranions”. His approach is alge-
braic too: he sets up the problem to construct a 4-dimensional associative,
commutative algebra over R, which necessary must contain zero divisors.
The result is an algebra with 4 generators {eg, e1, €2, e3} and the following
multiplication table:

€0 €1 €2 €3
€o | €o €1 €2 €3
€1 | é1 —€o €3 —€2
€2 | €2 €3 —€y —€
€3 | €3 —€2 —€1 €0

This composition law is exactly the one introduced by Segre, but Ivanov
gives only some geometric and algebraic applications with no relations to
analysis. The most valuable contributions in this stage of the development
of the theory are made by L. Tchakalov [19], who starts from the paper of
Ivanov and concentrates his study on algebraic and analytic aspects. The
main results of his work are: determination of the roots of a bicomplex
polynomial, the notion of analytic function, the zero divisors and the idem-
potents of the bicomplex algebra, some questions of arithmetic character:
the Euclide division algorithm and unique factorization problem. Having
in mind the importance of his results we shall publish in the future a de-
tailed exposition of his work and especially a development of his arithmetic
program.

The next step of development of this subject is more closely related
with analysis and the starting point is the article of Sheffers [10], which
is dedicated to the general problem of the definition of analytic function
over general algebra (over R and C). In this direction are the contributions
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of Scorza [11], Spampinato [13,14] and Ringleb [7]. The last two authors
generalize the notion of analytic function in the case of algebra with (in
general) n generators and noncommutative algebras. It is necessary to pay
attention to the articles of Ward [23,24], who defines analytic functions
in very general context; in some particular cases (especially complex and
bicomplex numbers) his definition is equivalent to the Sheffers one. The no-
tion of generalized bicomplex variable was introoduced by Takasu [18]; the
system of these number forms an associative commutative linear algebra.

The interest in bicomplex algebra and its relations to analysis is reno-
vated after 1950. Riley [7] treats algebraic as well analytic aspects (power
series, analytic functions, Cauchy-Riemann type equations). Vishnevski [21]
proves an decomposition theorem for analytic (in sense of Scheffers) func-
tions over general associative, commutative algebras and its connection with
analytic structures over Riemannian spaces.

In the last decade the interest to the bicomplex variables and their ap-
plications increases and stimulates a range of publications, concerning geo-
metric, analytic as well applied problems. A detailed exposition of different
aspects and results is done by Ronn [8]; Pogorui and Rodriguez-Dagnino [6]
study the roots of polynomials with bicomplex coefficients, they present a
technique for computing zeros of bicomplex polynomials; Turbin [20] is in-
terested on applications of bicomplex analysis in problems of mechanics and
physics.

2. Bicomplex and similar variables — a short recall

Bicomplex numbers are defined as follows: a = ag+1ia1+jas +eas, a, € R,

n=0,1,2,3,a € B,i? = j2= —e2 = —1, where ij = ji = ¢, ie = ei = —j,

je = ej = —i. Each bicomplex number has a complex pair representation
a = (ap +ia1) + j(az + tas), ao+ia; € C, ag—+iaz€ C.

The bicomplex variable «, and respectively the bicomplex function f(«),
admit some complex pair representation. We write o = z + jw, with z =
ap+iar, w = az+iasz, j2 = —1, and respectively f(a) = fo(z,w)+7jf1(z, w).
According to the formula for the derivative with respect to «,

: + Aa) — f(ao)
/ — 1 f(a()
F'(ao) Aao Aa ’
Aa=Az+ jAw = z — 29 + j(w — wyp), we receive the bicomplex Cauchy-

with  Aa #0,

Riemann equations

oh _on . Oh _ o
9z  Ow 9z  Ow’
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Anticyclic numbers. Following [22] we introduce the algebra (over R)
of the anticyclic numbers R(i™~ 1), dim R(i™~1) = m. The basis of this
algebra so constituated form the powers i° = 1, i' =4, i2,...,i™ ! of the
symbol ¢, which satisfies the condition i = —1.

Double-complex and fourth-complex numbers [2,5]. These kind of
numbers appear naturally as a complexification of the 4-dimensional and
8-dimensional anticyclic numbers:

ao +arf +axf* +asf? f*=-1, ar €R
bo+bif +baf?+bsf’+ - +brf7, f©=—1, b €R.

The complexification can be obtained as follows: rewriting the above
written expressions in the form:

ao + asf + fla1 + asf?),

we can set f = j, f2 = i, i € C. Thus we obtain a = z + jw, where
z =ag + a2, w = aji +1a3.

Analogously, we deduce the complexification of 8-dimensional anticyclic
numbers:

bo + baft + (b 4 bsf)f + (ba + b fY) 2 + (bs + by fH)f3, &= —1.

Setting f = j, f* =14, i € C, we obtain: a = 2y + 21j + 2252 + 235> with
j* = i. Addition and multiplication operations are defined by the usual
way; in result we receive associative and commutative algebras with units,
denoted respectively by C(1, j) with j2 =4, and C(1, j, 52, j3) with j* = i.

According to the definition of Scheffers [10] the mapping f : A — A
(A is algebra over C) is called holomorphic if there is a linear map f'(«),
«a € A, such that:

df (a) = f'(e)da
Applying this definition to the algebra C(1,j) we receive the Cauchy-
Riemann system in a new form:
0f _0h  0h _ 0k
0z Ow’ Ow 0z’
f=fo+if, df =dfo+jdfi with j*=i.
Here the symbol j can be considered as a hypercomplex number with re-
spect to C x C by an analogy with ¢ which is regarded as complex number
(or hyper real) with respect to R x R.
In the case of fourth-complex numbers C(1,4,2,5°), j is considered
as a second order hypercomplex number with respect to C? x C2. So, the



54 S. Dimiev, R. Lazov and S. Slavova

double-complex algebra C(1,j) is isomorphic to the bicomplex algebra B
introduced by Segre and the fourth-complex algebra C(1, 7,52, 53) is alge-
braically isomorphic to the algebra B x B.

3. Real matrix representation of C(1,3) and C(1, 3,52, 5%)

The bi-complex and, respectively, fourth-complex numbers admit real ma-
trix representation by real anticircular matrices. For instance C(1,75) (or
R(i%)) is represented by the matrices:

apg ap a2 a3

2 3 —as ap aip a2
a=ap+af+asf+asf’—

—ag —as ap ai

—a1 —a2 —as ap

This representation is analogous to the real matrix representation of a com-
plex number:

. < (o)) Cl1>
zZ =ag+ a1 — .
—a1 ag
In the case of C(1,7,2,j%) we have real representation with 8 x 8 an-
ticircular matrices. Anticycles numbers can be considered as a real form of
double-complex numbers and, isomorphicaly, of bicomplex numbers. In the
book [22] there is nothing about the term bicomplex number.

4. Complex quadratic geometries over C(1,j) and

C(1,5,5%3%)
In the pseudo-Euclidean geometry of the algebra C(1, ) the scalar product
of the basis vectors is defined by the following equalities

(L) =1, (Lj)=0@1=0, (=1
The quadratic form (o, a) = 22 + iw? determines the isotropic cone
{a € C(1,)) : {(a,a) = 0} in the introduced geometry (corresponding to
the quadratic form 22 +iw?). In the case (j, j) = —i we obtain the quadratic

2 2. wich corresponds to the analytic set of zero-divisors

form (o, @) = 2% —iw
in the algebra C(1,j).
Proceeding by analogy, for the algebra C(1,7,52,7) we can define the

scalar products:

(L1)=1, (,j)=a, (°j°) =0,
G2, =¢, (G*,i™ =0 if k#m,abceC.



Bicomplex variables and other similar variables 55

The equation (o, a) = 0 is the condition for the isotropic cone in the
corresponding pseudo-Euclidean geometry. It may be of interest to study
the geometric and analytic properties of these isotropic cones.

The authors have no pretences that this brief report on some themes on
bicomplex variables can be considered as a complete review of the subject.
Our task is to present some aspects, which may be of interest in the future
work, but we hope that some of the problems outlined can be developed
in different directions. The bicomplex analysis is subject of active interest
and every progress in this area may open new nontrivial problems. Let
we express our sincere thanks to O. Gerus and A. Pogorui for the useful
discussion and some bibliographic indications. Y. Matsushita helps us to
complete the list of references published here.
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This paper aims to present a general idea for description of finite physical ob-
jects with consistent internal dynamical structure and evolution as a whole
making use of the mathematical concepts and structures connected with the
Frobenius integrability /nonintegrability theorems and to present an example.
The idea consists in to consider some distribution A, of vector fields on a
manifold, then to separate some integrable subdistribution A C A,, represent-
ing the integrity of the object considered. The curvatures of all nonintegrable
subdistributions of A will be interpreted as generators of processes of internal
energy-momentum exchange, i.e. of the internal dynamics of the object. The
curvatures of distributions including vector fields from A, and A will be in-
terpreted as generators of interaction of the physical object with the outside
world. Example of photon-like objects is considered in detail.

Keywords: Frobenius theorem; photon-like objects.

1. Introduction

We state the main idea of our approach. Any physical system with a dy-
namical structure is characterized with some internal energy-momentum
redistributions, i.e. energy-momentum fluxes during evolution. Any system
of energy-momentum fluxes (as well as fluxes of other interesting for the case
physical quantities subject to change during evolution, but we limit ourselfs
just to energy-momentum fluxes here) can be considered mathematically
as generated by some system of vector fields. A consistent and interelated
time-stable system of energy-momentum fluxes can be considered to cor-
respond to an integrable distribution A of vector fields according to the
principle local object generates integral object. An integrable distribution A
may contain various nonintegrable subdistributions Ay, Ag, ... which sub-
distributions may be interpreted physically as interacting subsytems. Any
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physical interaction between 2 subsystems is necessarily acompanied with
available energy-momentum exchange between them, this could be under-
stood mathematically as nonintegrability of each of the two subdistributions
of A and could be naturally measured by the corresponding curvatures. For
example, if A is an integrable 3-dimensional distribution spent by the vec-
tor fields (X7, X2, X3) then we may have, in general, three non-integrable
2-dimensional subdistributions (X1, X2), (X1, X3), (X2, X3). Finally, some
interaction with the outside world can be described by curvatures of non-
integrable distributions in which elements from A and vector fields outside
A are involved (such processes will not be considered in this paper).

We recall the Frobenius theorem on a manifold M™ [1] (further all
manifolds are assumed smooth and finite dimensional and all objects de-
fined on M are also assumed smooth). If the system of vector fields
A = [Xq(z), Xo(x),..., Xp(x)], € M, 1 < p < n, satisfies X;1(x) A
Xo(x) A--- AN Xp(z) # 0, x € M then A is integrable iff the Lie brack-
ets [X;, Xj], 4,5 = 1,2,...,p are representable linearly through the very
Xi, i =1,2,...,p: [Xs, X;] = CF Xy, where Cf; are functions. Clearly, an
easy way to find out if a distribution is integrable is to check if the exterior
products

(X, XA Xa(2) A Xo() N AN Xp(x) #0, z€M; 4,j=1,2,...,p

are identically zero. If this is not the case (which means that at least one
such Lie bracket ”sticks out” of the distribution A) then the corresponding
coeflicients, which are bilinear combinations of the components of the vec-
tor fields and their derivatives, represent the corresponding curvatures [2].
Clearly, if two subdistributions contain at least one common vector field it
seems naturally to expect interaction.

In the dual formulation of Frobenius theorem in terms of differential
1-forms (i.e. Pfaff forms) we look for (n — p)-Pfaff forms (al,a?,...,a""P),
i.e. a (n — p)-codistribution A*, such that o/(X;) =0, and o' Aa® A--- A
a"P£0,1=1,2,...,n—p, 7 =1,2,...,p. Then the integrability of the
distribution A is equivalent to the requirements

da™ At ANaP A AP =0, m=1,2,...,(n—Dp),

where d is the exterior derivative. Clearly, if the manifold is 4-dimensional
(the usual case in physics) and A is 3-dimensional, then to a 2-dimensional
nonintegrable subsystem of A will correspond a 2-dimensional noninte-
grable codistribution of A*.

We are going now to make use of the above general consideration to
find appropriate objects and relations in an attempt to describe photon-



Integrability, Curvature and Description of Photon-like Objects 59

like objects. Under photon-like object we mean a spatially finite time-stable
massless physical object with a consistent translational-rotational dynamical
structure living in 4-dimensional space-time.

We are going to comment just the requirement for masslessness [3]. The
term “massless” characterizes the way of propagation: the integral energy E
and momentum p of a photon-like object should satisfy the relation E = cp,
where c is the speed of light in vacuum, and in relativistic terms this means
that its integral energy-momentum vector must be isotropic, i.e. it must
have zero module with respect to Lorentz-Minkowski (pseudo)metric in
R*. Since the translational velocity of every point where the corresponding
field functions are different from zero must be equal to ¢, we have in fact
an isotropic vector field . The integral trajectories of this vector field are
isotropic straight lines. It follows that just the corresponding direction is
important, so, canonical coordinates (z!,z2, z3,2%) = (z,y,2,£ = ct) on
R* may be chosen such that ¢ may have only two non-zero components
of magnitude 1: (* = (0,0, —¢,1), where ¢ = £1 accounts for the two
directions along the coordinate z. Further such a coordinate system will be
called (-adapted and will be of main usage.

2. Modelling Photon-like Objects

We consider the space R* as a manifold related to standard global coordi-
nates

(331,332,.733,334) = (xayvzvg = Ct)a

and the natural volume form w, = dx A dy A dz A d§. We introduce the
vector field ¢, which in appropriate coordinates (throughout used further)
is assumed to look as follows:

- 0 0]
Cz—ﬁa—f—a—é_, e = =+1. (1)

Let’s denote the corresponding to ¢ completely integrable 3-dimensional

Pfaff system by A*(¢). Thus, A*(() is generated by three linearly indepen-
dent 1-forms (o, a2, a3) which annihilate ¢, i.e.

a1(Q) =) =a3({) =0; a;AasAaz#D0.
We fix A*({) as generated by (A, A*, (), where

A =udx + pdy; A" = —pdr +udy; (=edz+dE, (2)
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and (u,p) are two arbitrary functions. This completely integrable
3-dimensional Pfaff system contains three 2-dimensional subsystems:
(A, A%), (A, () and (A*, (). We have the following

Proposition 1. The following relations hold:
dANANA*=0; dA*ANA*ANA=0;
dANANC = elulpe — epz) — plue — eu.)|wo;
dA*NA*NC = E[u(pg —epz) — pue — suz)]wo.

Proof. Immediately checked. O

These relations say that the 2-dimensional Pfaff system (A, A*) is com-
pletely integrable for any choice of the two functions (u, p), while the two 2-
dimensional Pfaff systems (A, ¢) and (A4*, () are NOT completely integrable
in general, and the same curvature factor R = u(pe — ep.) — p(ue — eu,)
determines their nonintegrability.

Since ( is closed, it determines a 3-dimensional completely integrable
distribution (or differential system) A((), and a basis of this distribution is

given by the following vector fields (A4, A*,():
- - = 0 0]
A=—ul p% pr=pl 2 o L%
u ; P u—; ¢ 68z+8§’ € (3)

We have

C(A)=C¢(A)=¢()=0; ANA*NCH#O.

Proposition 2. The following relations hold:

[A, A*] NANA* =0 (4)
14,0) = (g — 2us) 2+ (pe — ep2) o (5)
Or dy
g e (O )
’ * 0z oy
Proof. Immediately checked. O

From these last relations (4)-(6) and in accordance with Proposition 1
it follows that the distribution (A, A*) is integrable, and it can be easily
shown that the two distributions (4, ¢) and (A*, () would be completely
integrable only if the same curvature factor

R = u(pe — ep:) — plug — euz) (7)
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is zero.
We mention also that the projections

(A, [A7, () = (A", [A,]) = ulpe — ep:) — plug — eus)

give the same factor R. The same curvature factor appears, of course, as
coefficient in the exterior products [A*,(] A A* A ¢ and [A,(] A A A (. For
the other two projections we obtain

(A4, = (4%, 14,0 = S [ + ) —c@ +2)). ®)

Clearly, the last relation (8) may be put in terms of the Lie derivative Lg
as

1 1 1 q LA
SLelu? + %) = =S Le(A, A) = —(A, LeA) = —(A", LeA®).

Remark. Further in the paper we shall denote /u2 + p? = ¢, and shall
assume that ¢ is a spatially finite function, so, v and p must also be spatially
finite.

Proposition 3. There is a function 1(u,p) such, that
u(pe —epz) —p(ug —cuz) _ R
¢? 9

Proof. It is immediately checked that ) = arctan £ is such one. O

Lep =

We note that the function ¥ has a natural interpretation of phase be-
cause of the easily verified now relations u = ¢cosvy, p = ¢siny, and ¢
acquires the status of amplitude. Since the transformation (u,p) — (¢, )
is non-degenerate this allows to work with the two functions (¢, ) instead
of (u,p).

From Proposition 3 we have

R=¢’Lep = ¢ (Ve —e1bz). (9)

This last formula (10) shows something very important: at any ¢ # 0 the
curvature R will NOT be zero only if Lgyp # 0, which admits in principle
availability of rotation. In fact, lack of rotation would mean that ¢ and v
are running waves along . The relation Lgp # 0 means, however, that
rotational properties are possible in general, and some of these properties
are carried by the phase 1. It follows that in such a case the translational
component of propagation along ¢ (which is supposed to be available) must
be determined essentially, and most probably entirely, by ¢. In particular,
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we could expect the relation Lg¢ = 0 to hold, and if this happens, then
the rotational component of propagation will be represented entirely by
the phase v, and, more specially, by the curvature factor R # 0, so, since
the objects we are going to describe have consistent translational-rotational
dynamical structure, further we assume that, in general, Lzt # 0.

We consider now the Lie-brackets [4, (] and [A*,(] in terms of v:

(4, = ~Lep A5 (A58 = Lep Ay [A,CALA,C) = — (Ley)*A A A 0,

These relations say that the 2-dimensional frame (A, A*) on the (x, y)-plane
is transformed to the 2-dimensional frame ([A, (], [A*,(]) on the same plane
by means of the matrix Lzt.J, where J is the canonical complex structure
in R?, generating rotation to the angle of 7/2. It is easy now to see that the
4-frame (A, A*,9,,0¢) is transformed to the 4-frame ([4, (], [A*,(], 0z, O¢)
by means of a linear map with determinant (Lgtp)?. Hence, at ¢ # 0 any
of the conditions Lgp # 0, R # 0 guarantees availability of rotational
component of propagation.

The two nonintegrable Pfaff systems (A, () and (A4*,() define corre-
sponding 2-forms:

G=AAN( and G"=A"AC.
We have also the 2-vectors
G=AN(, and G*=A*AC(
We shall need the quantities
i(G)dG +i(G*)dG* and i(G*)dG +i(G)dG*,

where

i(G) = i(Q)oi(A), and i(G*) =i(Q) o i(A"),

d is the exterior derivative, and i(X) is the standard insertion operator in
the exterior algebra of differential forms on R* defined by the vector field X.
Having in view the explicit expressions for A, A*,(, A, A* and ¢ we obtain

i(G)dG = i(G*)dG* = %LC— (¢%).¢C. (%)
Also, we have
i(G*)AG = —i(G)dG",
i(G*)dG +i(G)dG" = % (G)P (A + (C)*(AG" )| da = 0.
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A direct calculation shows that
i(é*)dG = —i(@)dG*

= c|u(pe — eps) — plue — suz)} dz + [u(pg —ep,) — plue — suz)} d¢ =R.C.

3. Physical Interpretation

The relations obtained suggest and allow the following physical interpreta-
tion. Let 1 be the pseudoeuclidean metric with signature (—, —, —, +), then
making use of the corresponding Hodge *-operator, the following relations
can be easily verified:

GV = Gy A =" A, (=11,
G = T G, (G = T (+C)r
Let now the 2-forms G = A A ¢ and G* = A* A { be interpreted as field

functions. Then the corresponding analog of the Maxwell stress-energy-
momentum tensor is given by

1 ~af sv ~vo 1 Avo it v
1 GanG) = GuoG” = S[G G + (1G),s (+G) 7| = 6%G,C"

and with respect to the corresponding Levi-Civita covariant derivative V
we obtain

1 ~af3 SV alZ4 1 M\ Vaie’
Vo [1GasG0 = Gur G| = 5 [(G)P(AG)apu + (+G)(d + Gagy ]
Now, the explicit form of the energy-momentum tensor as a sum of the
two fully similar expressions G ,,G"° and %(*G)W(*G)W, suggests that

our photon-like object is described by two vector components, namely G
and G, so that the correct mathematical modelling object should look like

Q:G®61+G*®62,

where (e1, e2) is a basis of an appropriately chosen linear space. The above
relations suggest to consider the two expressions

(G)AG = +(G A #dG) = 5(C)*(dC)agoda” = LI (¢7) .
(G)AG" = +(G A x5 G7) = 5(G) (G s = 5L (67) €

as local changes of the field energy-momentum carried by each vector com-
ponent. Relation

i(G*)dG = —i(G)dG*

= €[U(p§ —ep2) — plug — Euz)} dz + [U(pg —éep2) — plug — Euz)} d§ =R.¢
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suggests, in turn, that the two components G and G* exchange locally
energy-momentum simultaniously and in equal quantities. These two ex-
pressions are proportional (up to a sign) to the common for the two nonin-
tegrable subsytems (A4, () and (A*, () curvature expressions, which in turn
are proportional to the energy density ¢? : R = ¢2L5¢ = ¢ (e — e1b,).
The proportionality coefficient depends strongly on the change of the phase
1 along the vector field ¢. The relation

i(G)dG = i(G"AG* = %Lg (¢°) - ¢, (%)

together with the zero value of the divergence of the energy-momentum
tensor: VV(QS?CHE”) = 0, shows that the changes of the energy-momentum
carried by each vector component G and G* are equal and depend only on
¢? and NOT on the phase 1/, and that if each vector component keeps its
energy momentum, then the amplitude ¢ must be running wave along C.

If [, is a positive constant (with physical dimension of distance) the two
1-forms A and A* given by:

A= {(b(x, y,€ +€z) cos (:I:li + const),

(z,y,€ +e2) Sin(:l:li + Const), 0, 0}

A = [—¢(x,y,£ +ez2) sin(:l:li + const),

o(z,y,& +¢€z) cos(:l:li + const), 0, O}

generate a solution. All the relations obtained suggest to use the corre-
sponding Maxwell stress-energy-momentum tensor defined by any of the
2-forms G = A A and *G = A* A { as an unifying quantity characterizing
the physical properties of the solutions to the equations

i(G)dG =0, (G*)dG* =0, i(G*)dG+i(G)dG* =0.  (10)

It is seen from the above expressions for A and A* that among the

solutions of (10) there are spatially finite ones with photon-like nature. A

natural measure/characteristic of the rotational properties of these solu-
tions is the 3-form

2 12 12 12
B =x <27r—°i(G)dG*> =212GAxd* G =212G NG = * (27r—° RC) ,
c c c c

where § = *dx* is the coderivative, because if we choose the phase ¥ as
mentioned above then this 3-form is closed (for any ¢(z,y,£+¢z2)): dB = 0,
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so we get a conservative quantity. The corresponding integral of the R3-
restriction of 3 over the whole R? is finite (since ¢ is a spatially finite
function) and equal to 27l,E/c, where E is the corresponding integral en-
ergy, so, denoting 27l,/c by 7 = 1/v we obtain an analog E = hv of the
Planck formula, where A is a conservative quantity equal to the value of the
integral [, 0 dxdydz, and h 0 only if R # 0.

4. Conclusion

The above results allow to conclude that equations (10), under suitable
choice of the amplitude function ¢, admit time-stable photon-like solutions,
which are localized inside a standard (left or right oriented) finite helical
cylinder with height 27l,. The evolution of such a solution follows the pro-
longation of the helical cylinder along some spatial direction (the external
axis of the cylinder, chosen for coordinate z in our consideration). The
translational and rotational components of propagation exist consistently,
the translational velocity is ¢, the rotational component of propagation is
of periodical nature with period 7 = 2nl,/c. The dynamical structure of
the solution is of intrinsic nature and demonstrates itself through a per-
manent energy-momentum exchange between the two vector components
G and *G. A remarkable in our view property of these solutions is that the
curvatures obtained are proportional to the energy density of the solution.

The work on this paper was partially supported by contract ¢1515 with
the bulgarian fund “Science Research”.
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COMPLEX SUBMANIFOLDS AND LAGRANGIAN
SUBMANIFOLDS ASSOCIATE WITH MINIMAL SURFACES
IN TORI*
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We consider the some energy function on a complex submanifold with param-
eter in the Siegel upper half space. We proved that the catastrophe set is ana-
lytic on an appropriate complex structure. This is a generalization of complex
structure of the complex manifolds associated with minimal surfaces in tori.
Furthermore, we investigate the catastrophe set as a Lagrangian submanifold.

1. Introduction

Let L, 2, be the space of real (n,2y) matrices. We consider some energy
function E with L, 2, as a parameter space on the Siegel upper half spce
H, of degree v and the restriction Fy; to a complex manifolod M in H,.
The catastrophe set of Ep in M X Ly 2, is not analytic with respect to
the complex structure induced from the product structure of M and L, 2.
Each point 7 of H, gives a complex structure J. on the vector space Ly, 2
as follows.

Jr (L1, Ly) = (—(L1Ret—Ly)(Im7) ™!, —(L1Rer—Lo) (Im7) "' Rer— L1 Im7),

where L = (L1, L3) € Ly 24, L1 and Lo are (n,y)-matrices. We can show
that J,, 7 € M induces a complex structure on M x L, 2, such that
M x Ly, 2 is a holomorphic trivial vector bundle. Thus M x L,, 2~ looks like
a twistor space of L, 2. With respect to this complex structure, we prove

*This work is supported by etc, etc.
TThe author is partially supported by Grant-in-Aid for Scientific Research (C) (No.
16540060), Ministry of Education, Science, Sports Culture and Technology.



Complex submanifolds and Lagrangian submanifolds 67

that a catastrophe set is an analytic set. Moreover an irreducible compo-
nent containg a non-degenerate critical point gives a Lagrangian cone in
the cotangent bundle 7L, oy of Ly, 2. When M is the space of Riemann
matrices, we have analytic sets associated with minimal surfaces in flat
tori [1], [3]. In the next paper, we shall prove that these Lagrangian cones
with complex structure are totally complex cones in the quaternion vector
space T Ly, 2.

2. A review on a function with parameter

Let R¥ be the k-dimensional Euclidean space, (¢',...,¢") the canonical
coordinate system of R¥, and U a neighborhood of the origin 0 of RX.
Similarly, suppose that (A!,..., A\") is the canonical coordinate system of
R"™ and V is a neighborhood of the origin 0 of R™. Let F' be a real valued
function on U x V such that F(0,0) = 0 and 0 € U is a critical point
of F|yxoy- Then we consider that F'is a unfolding of F¢ (o} such that
q',...,q" are innervariables and A!,..., A" are parameter. The catastrophe
set C(F) is defined by

OF OF

0 € U is called a non-degenerate critical point if the Hessian of F|¢7 (0} at
0 € U is non-degenerate. We also call (0,0) € C(F') to be non-degenerate.
A sufficient condition such that some neighborhood of (0,0) € C(F) is a
submanifold in U x V is that (0,0) is a non-degenerate critical point as
follows: Since the Jacobi matrix of the map K of U x V into R¥ defined by

or  oF
S B

is given by

O*F O*F O*F O*F
0qtoqt " Ogkdqt ONOqt T O nOqt

0’F 0’F  0°F 0*F
O dgk " dgkdgk ONOgk T OAnOgk
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and
O*°F O*F
0qtoqt " Ogkoqt

0*F 0*F
0qlogk " dgkogk

is non-degenerate, K is submersive and the implicit function theorem im-
plies that a neighborhood of (0,0) € C(F) is a graph over a neighborhood
of 0 e V.

There is a weaker sufficient condition, which is that K is submersive at
(0,0). In this case, F is called a Morse family. Then we can construct the
Lagrangian embedding of this submanifold C C(F) containing (0,0) into
T*R" as

@NH(%&NWW%@NAHWV)

where (p1,...,pn, 2, ..., 2") is the canonical coordinate system of T*R™.
The reason is as follows: The Liouville form is Z;.Lzl pjdxj and the symplec-
tic form of T*R™ is 3 7, dp; Adx? = d(37_, pjdz7). Since the Liouville
form induced on C(F) is given by Z?Zl(ﬁF/a)\j)d)\j = d(F|c(ry), the
symplectic form induced on C(F') vanishes.

3. A function with parameter on the Siegel upper half
space H,

Let SZ be the space of complex symetric matrices of size v and H., the Siegel
upper half space of degree y defined by H, = { X +iY € S2 | Y > 0}.
Then H., is an open set of SZ. We consider the Hermitian form on SZ such
that (4, B) = tr AB, where A, B € S2.

We define P(r) for 7 € H, by

_ ((Im7)+ (Rer)(Im7)"'(Re7) —(Re7)(Im7)~?
”ﬂ—( —(Im )" (Re) (Tm7) ! )

and the energy function E' on Hy X Ly, 2y by
1
E(r,L) = Etr P(7)'LL.

Suppose that M is a k-dimensional complex submanifold in H., and 7
is the immersion of M into H.,. Then we have the function Fys restricted
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to M x Ly, 2, and the catastrophe set as

8E]V1 8EJV1
C(Er) = (¢ L) € M X Lypo, | 2 — . = -0,
(Ex) {<q, )€ M x Luzy | 28 o
where (z1,..., zF) be a complex coordinate system of M. We induce a com-

plex structure of M x L, o, different from the standard complex structure
of M x Ly, 2~ as the product manifold of complex manifolds M and L, 2
and show the following.

Theorem 3.1. C(Ey) is an analytic set.

Using the Hermitian form on S2, we calculate the gradient vector field
grad E on H, for a fixed L € L, 2, [2].

Lemma 3.1. For (1,L) € M X L, 2,
grad E(r, L) = 2ix

t

(L +i[LiReT — Lo](Im7)~1).

N~

Proof. Let K, be the space of (n,7) complex matrices. Then we define
a diffeomorphism I of H, x Ly, 2, onto Hy x K,, 5 by

1 -
I(T, (Ll, Lg)) = <7’, §(L1 + i[LlReT — LQ](IIDT) 1)) .
We set K = (1/2)(L1+i[LiRe7—Lo](Im 7)™ 1). Then (q, (L1, L2)) € C(En)
if and only if gradE(7(q), L) is perpendicular to 97/9z%(q), £ = 1,...,k,
which is equivalent to

<%(q),2i(tKK)> —0, =1,... .k

and hence

trtKK%(q):O, L=1,... k.

Since

or

tr' KK —

Dzt
is holomorphic, I(C(Ea)) is an analytic set of M x K, 4. So C(Ep) is an
analytic set with respect to the complex structure on M x L, o, induced
from the complex structure of the product manifold M x K, . O
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Since the invese mapping of I is given by
I"'(1,K) = (1, (Re (2K), Re (2KT))),

we get J; in the introduction.

Since C'(Ejs) is an analytic set, we can consider an irreducible compo-
nent N of C(Eyr). If N has a non-degenerate critical point P, then some
neighborhood of P is a graph over some neighborhood of L, 2, of real di-
mension 2n-y. Thus we see dimc N = ny. By the analyticity of N, N is
consists of non-degenerate critical points except proper real analytic subset
S. So we obtain the Lagrangian immersion of N with singularity S into
T* Ly 2~. By a direct calculation, we obtain the following.

Lemma 3.2. If N has a non-degenerate critical point, then the Lagrangian
immersion is given by

(¢, (L1, L2)) € N = ((L1, L2)P(7(q)), (L1, L2)) € T" Ly 2.

In particular, the obtained Lagrangian submanifold (with singularity) is a
cone.

Let T}, 2, be the set of elements L € L, 3, such that column vectors
of L generate a lattice <L>. Since T}, 2, contains the set of matrices of
rank = n with rational components which is dense in Ly, 2y, T, 24 is also
dense in Ly 2. Let m be the projection of H, x L, 2y onto L, 2,. Then
So 7T71(Tn’27) is dense in Hy X Ly, 2. Generally we do not know whether
the intersection of N and 7= *(T}, 2,) is dense in N. If the density holds,
we say that IV has the density property. It is easy to see that if IV has a
non-degenerate critical point, then N has the density property.

Theorem 3.2. If an irreducible component N of C(Ep) has a non-
degenerate critical point, then we obtain

(1) dimg N = ny,

(2) N gives a Lagrangian cone (with singularity) in T*L,, 2,

(3) N has the density property.

4. Minimal surfaces in tori

Let M be a compact Riemann surface of genus v and {A4;, B;} a canoni-
cal homology basis. We define the basis {1;} of the space of holomorphic
1-forms on M such that fAi 1j = 0i;. Then the matrix 7 of size v de-
fined by (r;;) = (f B, ;) is called the Riemann matrix associated with
M and {4;, B;}. It is well-known that 7 € H,. Suppose that RM is
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the space of Riemann matrices in Hy, RMpon-hyper is the space of Rie-
mann matrices for non-hyperelliptic Riemann surfaces, and RMpype, is
the space of Riemann matrices for hyperelliptic Riemann surfaces. Then
RM = RMpon-hyper|J RMpyper holds. Alfors proved that RMyon-hyper 1S
a (3y — 3)-dimensional complex submanifold and RMpyper is a (27 — 1)-
dimensional complex submanifold in H,. We shall consider the geometric
meaning of C(RMnon-hyper) and C(RMpyper). From a Rauch’s result, we
note the following (see [2], for example).

Lemma 4.1. Let 7 be a Riemann matriz associated with M and {A;, B;}.
Then A = (A;;) € S% is a normal vector at T if and only if the holomorphic

quadratic differential szzl Aij i vanishes.

By Lemma 3.1, (7, L) € C(RMyon-hyper) if and only if
grad E(T, L)
13
2

=2 (Ll + i[LlReT — Lg](Im 7')71) %(Ll + i[LlRe’T — Lg](Im 7')71)

is a normal vector of RMyon-nyper at 7, which, together with Lemma 4.1,
is equivalent to

> ("(Iy+i[LiRe 7—Lo](Im 7) ™' )(Ly+i[L1Re 7— Ly (Im 7)) ity = 0.

ij=1
We denote by W (1 --- 1,). Then the above condition is

Y((Ly +4[L1Re T — Lo)(Im 7) " ")W) ((Ly + i[L1ReT — Lo)(Im7)~")¥) = 0.
(%)

We define a R™-valued harmonic 1-form on M as

(L1, Lo)T7 Y (Retpy -+ Rewpy Imy -+ - Im ),

I Rer
T, =
(O Im 7')
and a multivalued harmonic map S of M into R™ by integrating along a
path from a fixed point. Note that the peroid matrix of S is (L1, L) by

(/ ds,...,/ dS,/ dS,...,/ dS)z(Ll,Lg).
Ay A, B B,

where



72 N. Ejiri
Let dS10 be the differential form of type (1,0) for dS. Then
U1

dS"0 = = (L1 +i[LiReT — L|(Im 7))

N =

Py

So we see that (*) is equivalent to !dS19dS1Y = 0 which implies that S is
weakly conformal. So C(Egrn,,, ,,,..) N7 (L) is the space of multivalued
branched minimal immersions of a non-hyperelliptic Riemann surface of
genus 7 into R™ with period L. Furthermore if L € T, 2, then S is a
branched minimal immersion of M into the torus R"/<L> with period L.
We obtain the similar result for RMpyper-

Theorem 4.1. If an irreducible component N of C(RMpon-hyper) admits
a non-degenerate critical point, then we see (1) dimg N = nvy, (2) N gives
a Lagrangian cone in T*Ly, 2, and (3) N has the density property. Namely
there exists a dense det of N whose point gives a branched minimal im-
mersion of a compact Riemann surfaces of genus v into an n-dimensional
torus. We obtain the same result woth respect to a irreducible component

of C(RMpyper)-

We can give a sufficient criterion that N has a non-degenerate critical
point. Suppose that index, and nullity, are the index and the nullity of the
Jacobi operator associated with the second variation of the area functional
at the corresponding minimal surface. Then we obtain the following [2].

Theorem 4.2. Let S be a full minimal immersion of a Riemann surface
M into a torus R™/<L>, where L is the period matriz associated with a
canonical homology basis of M. If M is not hyperelliptic, then

(1) index, = index of Erwm,

non-hyper ?
(2) nullity, = n + nullity of ERM,,. .-
If M is hyperelliptic

(1) index, = index of ERrn,,., + ,

(2) nullity, = n + nullity of Egrn,,,., +27—4—2a,

where « is an integer satisfying 0 < a < v — 2.
We see that if S has only trivial Jacobi fields (Killing Jacobi fields),

which is equivalent to nullity, = n, then the corresponding critical point is
non-degenerate.
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Corollary 4.1. An irreducible component containing a critical point cor-
responding a minimal surface with only trivial Jacobi fields satisfies (1), (2)
and (3) in Theorem 4.1.
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We prove that there are no resonances embedded in the positive real line for
the family of operators
A +iaj(z) 0 + b(x)
J 8a:j ’

under suitable short - range assumptions at infinity and possible local singu-
larities of the coefficients a;(x) and b(x).

Keywords: Resonances; Schrodinger equation; Resolvent estimates.

1. Introduction

In this work we study the existence of non-trivial solutions to the equation

—Au+ iaj(m)%
J

is a typical obstacle to establish dispersive properties of the time evolution

+b(x)u =Au, z€R" A>0, (1)

group associated with the perturbed Laplace operator

—A +ia; (x)a;; + b(z).

In this work we shall obtain a simple sufficient condition for the non -
existence of (non-trivial) solutions to the eigenvalue problem (1) under the
additional assumption that u(z) satisfies appropriate radiation conditions
at infinity.

The case of vanishing magnetic field (i.e. a; = 0) is treated by Kato [1],
Agmon [2], Alsholm-Schmidt [3], under the assumption u € H2 , b € L .
The result in [1] concerns the solutions u € L? and therefore triviality



Resonances for Schridinger operators 75

of solutions to (1) can be interpreted as absence of embedded eigenvalues
in this case. The phenomena of nonexistence of solutions in weaker L2
weighted spaces is known as absence of resonances and it is treated in the
works [2,3]. Recently, Ionescu-Jerison [4], and Koch-Tataru [5] considered
the case of rough potentials (not necessarily L? ) and established a unique

loc
continuation principle for (1). Typical decay assumption imposed there is

/(1 + )" u(a) Pda < 00, &> 0,

without any additional radiation condition. The results in [5] imply also the
unique continuation principle for more general magnetic type perturbation.

To give a precise definition of the radiation conditions let us recall that
due to the self-adjointness of the operator

A:L?>>H? > L7

it is meaningful to consider the operators (—A — A +ie)~t € L(L?, H?) for
any € > 0 and hence also the existence of the following limit in a suitable
sense

R()\:I:i())—hm( A—XFie) !, (2)

(this is called in the literature limiting absorption principle for the free
resolvent, see [6]). It is well-known (see chapter 14, [6]) that the operators
R(A+£i0), A > 0, act from the Banach space B, that consists of measurable

functions f € L? _with finite norm

loc

Il = ([ @)’ +Z2’2‘(/WMW|f<ac>|2dac)é ®)

into its dual space B* (see (12) for the definition of the norm in this space).
One can verify (see Propositions 2.1 and 2.2) that for any A > 0, we
have

ROA+i0) : B+ L0+ =, (4)

omp

where W* is the space of all functions in B* having gradient in B*, endowed
with the following norm:

£ 1By = £ 115 + 1V f ()5 (5)
Our goal is to show that any solution to (1) that satisfies the additional

outgoing (respectively incoming) radiation condition

u € Im R(A+10) (respectively u € Im R(A — i0)) (6)
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is trivial, i.e. u = 0.

To be more precise, we shall say that « € Im R(A+1i0) if there exists an

element f € B+ L%Z/n(z?ﬂ), so that

= R(A+10).

Let us describe next the main assumptions that we require on a;(z) and
b(z):
b(z),a;(z) € R, (7)
la;(x)] < M|z|7'7%, |b(z)| < M|z|~'" Vz e R"s.t. |z| > D,
where M, D, ey > 0 are suitable constants,
b(r) € Lipo(R™),  ay(x) € Wy,!'(R™). (8)

Finally, we fix a Coulomb gauge for the magnetic potential a;, i.e.
6aJ
9
Z o 9)

It is easy to verify that if u € W*, then

p(x, Dy)u = —iaj(x)aa—u b(z)u € B+ L2 n+2) (10)
€Lj
so if u € W* is a solution to
R\ +1i0)p(x, Dy)u=u, X>0, (11)

then u satisfies also (1) in distribution sense.

Adding the outgoing radiation condition in (6), one can see that any so-
lution to (1) is also a solution to (11) (with sign +). Similarly, the incoming
radiation condition in (6) and (1) yield (11) (with sign —). For this, since
now on our purpose is to study the non - existence of non-trivial solutions

o (11), taking u € W*.
We can now state the main result of this paper.

Theorem 1.1. Assume n > 3, and a;(z), b(x) satisfy (7), (8) and (9).
Then for any A > 0, the operator R(A +£10) p(x, D,) is a linear endomor-
phism of the Banach space W*. If moreover u € W* satisfies (11), then
u=0.

Remark 1.1. The solutions to (11) that belong to W* are called often
resonances. Hence theorem 1.1 can be interpreted as a result on the absence
of resonances under short range assumptions on a;(x) and b(z).
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Remark 1.2. Let us notice that theorem 1.1 is false if we consider general
solutions to (1). In fact the nontrivial function

u(x)z/ S do
[€l=vX VA

where do_s; denotes the natural measure on the sphere {|¢| = VA}, satisfies
(1) in the free case, and moreover a stationary phase argument shows that
u € W=

Remark 1.3. The assertion of theorem 1.1 is a key point in order to extend
the limiting absorption principle to the first order perturbations of the free
laplacian. In particular theorem 1.1 guarantees that the operator Id— R(A+
i0) p(z, Dy) € LONV*, W*) is injective and hence, via the Fredholm theory,
it is surjective.

Next we fix some notations that will be used in the sequel.

Notations. If A C R" is any measurable set then we shall denote by I4(x)
the function defined as follows:

Ia(z) =1 Vze A and Ias(x)=0 VreR"\A;
for any p > 0 we shall write
S,={zeR"||z]=p}
and
By,={zeR"||z|<p};

the measure do, is the natural measure on the sphere S,; for any function
f(x) we shall denote by supp f its support; we shall denote by WIIZ’C” the
usual localized Sobolev spaces and in the case £k = 0 we shall denote by
LY the localized Lebesgue spaces, we shall also write Wk2 = H*; for any
A, € > 0 we shall use the notation

R\ +ie) = (—A - XFie) € L(L? H?);

if X, Y are Banach spaces then £(X,Y) shall denote the space of the linear
and continuous operators between X and Y; the space B is defined by (3);
the space B*, dual to the space B, is a Banach space with norm

/]

28* = sup p_l / |f(:1,‘)|2 dx; (12)
p>1 lz|<p
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along the paper we shall make use also of the space Bj defined as the
functions f € B* such that

im p ! 2 =0
lim p /lrl<p|f(x)l dx = 0; (13)

p——+o00

finally, the space W* is defined as the set of functions in B* having finite
norm (5).

2. On the continuity of the operator R(\ =+ i0)
The space
_ 2n/(n+2
X =B+ L2t
appeared in the introduction seems to be very natural since the following
property
p(xz,D) : W* - B+ Lﬁg/n(;”)

is guaranteed by the assumptions (7), (8). Hence in order to justify the
composition operator R(A+i0) p(z, D, ) in the basic equation (11), we have
to verify the property (4).

Typically, the elements f € X are measurable functions f : R — C,
such that

Ip(z)f € L7z and (1—Ip(z))f €B

where Ip(z) denotes the characteristic function of the set {|z| < D} and
D > 0 is a suitable number. Notice that for any fixed D > 0 we can
introduce the norm

[l = ITp (@) fIl| 2, + (11 = In(x) 5, (14)

nt2
that depends on D > 0. In the sequel, when it is not better specified, it
will be assumed that the norm || - ||, is computed with respect to a fixed
parameter D > 0 that in general will be clear from the context.

Let us recall the following basic result that includes in himself the defi-
nition of the operator R(A =+ i0).

Proposition 2.1. The following limit is well-defined
PL%R()\ +ie)f = R(A£10)f in W*

for any f € B and for any X\ > 0. Moreover the following estimate holds
IR £i0)f[lw- < C|flls V[ €B,

where C' = C(X\) > 0.
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The aim of next proposition is to study some other continuity properties
of the operators R(\ £ i0).

Proposition 2.2. Let D be a positive number, X > 0, f € Ltz and
supp f C {|z| < D}. Then there exists a constant C = C()\) > 0, such that

[R(A £10)f]

B+ + [|[VR(A£1i0) f|

B < C||f|\L%
As a consequence of the previous propositions we get the following
Corollary 2.1. For any A > 0 the following estimate holds:
[ROA+i0)fllw- < C[fllx YfeX,

where C' = C(\) and the norm in X is the one defined in (14).

3. Some preliminary computations
In the sequel the trace operator will play a relevant role, hence we recall

the following basic result.

Proposition 3.1. For any 1 < p < n and p > 0 there exists C(p,p) > 0
such that

(/ TE=ar ) T oIy € CERY. (15

In the limit case p = n we get the following estimate:

( / |f|Qdap)qsc<p,q>||f|W1,n<Bp> VfeCE®Y,  (16)

for any 1 < g < co. In particular by a density argument it is meaningful to
define restriction on S, for any f € WP(B,) with 1 <p <n.

In next proposition the restriction of functions on spheres will be in-
tended in the trace sense.

Proposition 3.2. Assume that aj(z) and b( ) are as in theorem 1.1 and

u € W* satisfies (1). Then we have u € Wlo;"“ and moreover

B 1
m [ (@doy = / w0y @) doy V0. (7
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Proof. Regularity of u: By assumption u satisfies the following partial dif-
ferential equation

—Au— Au+ iaj(x)%
J

that can be rewritten as follows:

+b(x)u=0, xz€R", A>0,

—Au = fa
where
9
F=u— iaj(a:)a% ~ b(z)u. (18)

J
Notice that the assumptions done imply

ue WLAR"Y), aj(x) € L. (R™) and b( yeL?

loc loc

(R").

By using the Sobolev embedding we get u € L that can be combined

loc )

with the Holder inequality in order to deduce b(x)u € L"“.

loc

Due again to the Holder inequality, and recalling that Vu € L2 w
have that a;(z)2% L"+2 In particular, looking at (18) and recalhng

loc

that u € L} . C L"+2 we get

loc

—Au=f¢€ L”+2

loc

that in turn, due to classical regularity results, implies
u € Wl’““. (19)
Proof of (17): Let us fix p > 0 and let uy be a sequence such that
up € CP(R™) and  wg — u in W>i2(B,). (20)

Notice that the following identities are satisfied:

—/ ﬂkAukda::/ |Vuk|2dx—/ (ak8|$|uk)dap (21)
B B S

P P P

and

N T | Olux|?
Zm/Bp 1a](x)uka—jdx—§/3p a;(z) oz, dx (22)
1 Oa;
=g, g [ ey @) do,

- /|uk| a;(x)v; () do,



Resonances for Schridinger operators 81

where v;(z) = | | and where we have exploited the assumption Z] N gij =
0. On the other hand, due to (20) we get
Auy — Au in Lf_j?(Bp)
that in turn, due to the Sobolev embedding, implies
ug — u in L%(Bp).

By combining these facts we get:

lim ug Aug dx = / uAudx. (23)

k—oo B, B,

Due again to the Sobolev embedding and (20) we deduce Vu, — Vu in
L?(B,) that gives

lim |Vuk|2dx:/ |Vu|*dz. (24)
k—o0 B, B,

Finally by combining the trace inequality (15) with (20), we deduce that the

restrictions of uy and ), juy on the spheres S, converge to the restrictions
2(n—1)

(in trace sense) of u and 0|y u respectively in the spaces L === (S,) and

2(n—1)

L= (S,) and hence

lim (ﬂka‘w"u,k)d()’p:/ (ﬂ8|$|u)dap. (25)
S

k
— 00 Sp o

By combining (21), (23), (24) and (25) we get:

—/ aAudxz/ |Vu|2dx—/ (0| )u) doy. (26)
B B s

P P P

In similar way we can take the limit in (22) in order to get
Im/ ia;(x / lul?(aj(z)v(z)) do, (27)

where v;(z) = IITJI Hence if we multiply (1) by @, we integrate on B, and
we take the imaginary part, then due to (26) and (27) we get

_ 1
Im /sp (40| )u) do, = 3 /s,, lu?(aj(x)v(z)) do,. (28)

|
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4. Proof of theorem 1.1
The basic result that we shall need is the following

Proposition 4.1. Assume that u, a;(x) and b(x) are as in theorem 1.1,
then there exists § > 0 such that

/n |u|2<m>_1+6dx < 0. (29)

The idea of the proof of proposition 4.1 is based on the following propo-
sition 4.2, where

o= [ e

Let us recall that a possible proof of next proposition can be found in [7],
however in order to make the paper self - contained we present a simplified
argument.

Proposition 4.2. The following asymptotic formulas are satisfied for any

fenB:

. e:Fl("'H)’r eii\w\ . T
R(1+1i0)f(z) = q:\/; OEREE f(im) +e(@),  (30)
ntl etilzl

Oo R(1£10) f(2) = :FI@ 6?2704’5 piceyeEl (i%) +o(x). (31)

where €(z), d(z) € BE.

Proof. Notice that the space Bj is a closed subspace of B*. Due to this
fact, to the density of C§° in B and to proposition 2.1 it is enough to show
(30) and (31) for any f € C§°.

Next we shall focus on the proof of (30) since the proof of (31) is similar
and we shall treat the operator R(1+1i0) (in fact R(1—1i0) can be treated in
similar way). Let us recall that R(1 + i0) can be expressed by convolution
with the appropriate kernel.

Due to the decay property it is easy to prove that

ell*lg, (|z

(Solil)srens wreor,
|3;‘|T

and hence it is sufficient to show that

i|a:7y| ei|a:|e mﬂ .
/R ﬁf(ymy—/ T fwydye By VfeCF, (32)

"z =yl || 2
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in order to deduce (30) for f € C§°. Let us fix R > 0 such that

supp f C Br (33)
and let us introduce the function ¢(x,y) defined as follows:
ey = elle—vl 4 g(2,y) Vz #£0, y € R™ (34)
Then the proof of (32) will follow from the following facts:
ilz— 1 1 *
[l (= ) f) dy € B (3)
" le—yl™= o[
and
dy .
oz, y)f(y)—= € By (36)
R» |x] "2

where ¢ is defined as in (34).
Notice that the following inequality follows from the mean value theorem

applied to the one variable function ¢t — —Lt:
tT 2

1 1

n—1 n—1
E N

1 1
<Cmax{ T M}||x—y|—|x|| Vz,y € R"
2|2 |-yl

and hence by changing in a suitable the constant C' > 0, we get
1 1 c

n—1 ~ | n-1 ntl
lz —yl™= |2

™ Vy € Br and |z| > 2R
x| 2

where R > 0 is the constant given in (33). It is now easy to deduce (35).
In order to show (36) let us notice that due to (34) we get:

el =15
o(z,y)| = / e‘t dt (37)
|z—yl
z n
< Iw—yl—lwl+m-y Vz,y e R", 2 #0.
In particular if we prove
x
o=yl e+ s = 0w el = ox, (38)

where the limit is uniform for y € Bg, then by using (37) we get

8 )~y =
RTL

[ 22
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where o(1) — 0 as |z| — oo, that in turn implies (36).
Next we shall prove (38). Let us consider the family of functions

F,:Br3>y—lz—yleR

where |z| > 2R. Since we are assuming |z| > 2R, the function Fj are of
class C*° on the domain Bp, then we can write its Taylor development at
the first order in the origin y = 0 for any fixed x such that |z| > 2R:
x

Ix—y|=lw|—m-y+r(wyy)- (39)
Let us recall that the reminder r(x,y) can be expressed in terms of the
second derivatives of F,. An explicit computation of these derivatives allows
us to deduce

|r(z,y)] =0 as |z| — oo and y € Bp.

The proof of (38) follows then by (39). m|
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SOLITON EQUATIONS WITH DEEP REDUCTIONS.
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We consider the application of the inverse scattering method to a special non-
linear equation related to so(5) with a Z4 reduction imposed on it. Typical
representative of these equations is the affine Toda field theory (ATFT). Here
we outline the spectral properties of the Lax operator and prove the com-
pleteness relation for its ‘squared solutions’. They are used to construct the
action-angle variables of the corresponding ATFT and demonstrate the special
properties of their hierarchy of Hamiltonian structures.

Keywords: Soliton equations; Deep reductions; Hamiltonian formalism.

1. Introduction

The reduction group technique introduced by Mikhailov [1] gives an effec-
tive tool to derive new integrable equations from generic ones. Integrable
equations obtained by imposing certain symmetry conditions (or reduc-
tions) on generic equations form a class of significant importance. A com-
mon case is the one related to a Zs-reduced equation: nonlinear Schrédinger
equation [2] (NLS), N-wave equation [2,3], chiral field models [4] etc. Deep
reductions, i.e. reductions connected with more complicated groups — Z,,
n > 2 or the dihedral group D,,, are of practical interest too. They appear
to be natural for some models such as the affine Toda field theory (ATFT),
NLS etc.

In this paper we consider a special case of an integable nonlinear evo-
lution equation (NLEE), an affine Toda field model, connected with so(5)
algebra and obeying a Z, symmetry condition. Affine Toda field models
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are widely investigated, see for example [5-7]. Our aim in this paper is to
discuss the application of the inverse scattering method (IST) to it. We
stress on the squared solutions and derive their completeness relations.

2. Preliminaries

In this section we are going to outline the basic features of the scattering
theory in the case when a Z4 reduction is imposed on the Lax operators. The
scattering theory of Zp-reduced Lax operators connected with a generalized
Zakharov-Shabat system was developed by Beals and Coifman [8] for sl(n)
and it was later generalized by Gerdjikov and Yanovski [9] for an arbitrary
simple Lie algebra.

It is said that a 1 + 1 differential equation is S-integrable if it admits a
zero curvature representation

[L(A), M(A)] = 0, (1)

holding identically with respect to the spectral parameter A\. We will restrict
ourselves with considering Lax operators L(A) and M (\) in the form

L()‘)w(xa t )‘) = (7'8”6 - iar‘](xa t) - )\JW(% 2 )‘) =0, (2)
MM\ (z,t,\) = (10 — I(x,t)/N)(x,t, ) =0, (3)

where J is a constant element of the Cartan subalgebra b of s0(5). The
potential functions g, (z, t) (the subscript means differentiation with respect
to z) and I(z,t) are linear combinations of its Weyl generators, see egs. (9),
(10) below. The corresponding ATFT model looks as follows

agtql — el2—q1 _ eq1+q2’ (4)

63;#12 = 27N 4 o792 editaz, (5)

Reminder. We shall use a basis in C® such that the matrix elements of
the metric S that is involved in the definition of s0(5)

Xesobh) & XT'S+S5X=0,
are given by
Sij = (_1)i+15i6—j, ,7=1,...,5.
Thus the Cartan subalgebra h consists of diagonal matrices of the form

ach= a:a1H1+a2H2,
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where H; = diag(1,0,0,0,—1) and Hs = diag (0, 1,0, —1,0). The root sys-
tem A of s0(5) is formed by the roots
A= {:I:el + €2, :|:61, :|:€2},

where {e1, ez} is an orthonormal basis in R2. There exist many ways to
introduce an ordering in A. We shall use a “canonical” ordering which
leads to the following set of all positive roots

A+ = {61 — €2, €1 + €2, €1, 62}-

The Lie algebra so(5) has 2 simple roots: ag = e; — es and as = e3. The
maximal root is ag = e; + eo, the Coxeter number is h = 4. We require
that the Cartan-Weyl generators H; and FE, are normalized with respect
to Killing form, i.e.

(Bas B3) = 510 (BaBs) =60, (HpH) =050 (6)
where d,,3 denotes the Kronecker symbol.
The second Casimir operator P which has the important property
P(A® B) = (B® A)P, VA,B e SO(5) (7)
looks as follows

P=> Hj@Hj+» E.®E_,. (8)
j=1,2 acA
We recommend the classical book by Helgasson!? for more details on Lie
algebra and Lie group theory. O
Remark 2.1. If we choose L(®) and M with ¢, = qg(go) = q1,oH14+q2,. Ho,
J=JO =E, +E,, +E_,, and
I(z,t) = 1Oz, t) = e (@ DE_, e (2DE | 4el0dp

where ¢ = g1e1+ ¢oe2, we recover one of the well known Lax representations
for the so(5) ATFT.

However, analyzing the spectral properties of L it will be more conve-
nient to consider an equivalent Lax pair:

L=U,"LOu,, M = U, *MO,,
where Uy € SO(5) is a constant matrix diagonalizing J (©). Thus we get:
J=U ' JOUy = Hy +iHy,  I(z,t) = Uy 'TO (2, £) Uy, (9)
_ 1 ) .
4z = UO 1((]1,le + q2,wH2)UO = _qu,m(ZEel + E62 - ZEfel + E*SQ)
1
- §q2,I(E€1*62 - E€1+62 + E*€1+62 - E*61*€2)' (10)
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Both sets of Lax operators possess Z4 reduction group in the sense of
Mikhailov.'In the first case with J(© the automorphism C is realized by
the element Cy = exp(—in(H1 + Hz/2)) of the Cartan subgroup. In the
second case with J = H; + iHy, C is the Coxeter element of the Weyl
group: C' = Sy, Sq,-

Let us consider the action of Z,4 in the set of fundamental solutions
{t(z,t,A)} given by
Cop(x,t, k(N)C ™t = o(x,t, \), (11)
where C' = Cj satisfies Cf = 1 and x : A\ — w), w = e"™/2. We require that
the Lax representation [L(A), M (\)] = 0 remains invariant under the action
of Gr. As a result the potentials U(x,t,\) and V(x,t, \) must satisfy the
following symmetry conditions [1]:

CU(z,t, k()0 = Uz, t,\), C(V(z,t,k\))CL =V(z,t,\). (12)

The continuous spectrum of L consists of a bunch of 8 rays [, closing equal
angles 7/4 (see the figure below). With each ray [, it is associated a s[(2)
subalgebra. It is the algebra {E,, E_,, Hy} generated by the root « to
fulfill the condition [9]:

5,5{0[6A‘Imx\0¢(,]):0,V)\Ell,}, v=1,...,8. (13)

Obviously, the following relations between these root subsystems hold true

4
51/ = 5u+47 A= U 5u-
v=1

The list of roots (8, and the correspondent rays [, are shown in the table
below

ray b, | l1, I5 la, g I3, Iz ly, I8
root B, | +e1 | £(e1 —e2) | *ea | *(e1 + e2)

The condition (13) allows one to introduce ordering in €,
AT ={aecAllmla(J) S0, VA€ Q). (14)
We shall use the notation §F = AF N6, as well. One can easily see that
the following symmetries hold
A3:+4 = A7, 53E+4 =47 (15)
Following the approach in [9] we are able to construct fundamental
solutions n”(x,t, \) of the auxiliary linear problem

10z1" (2,1, A) + q(z, t)n” (z,t, A) — AL, 0" (z,t,\)] =0 (16)
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Fig. 1. The contours of integration v, =1, UC, Ul 41.

to possess analytic properties in each sector €2,. By analogy with the nonre-
duced situation when the FAS n*(x,t, \) are solutions of a local Riemann-
Hilbert problem on R the FAS n¥(z,t,\) and n*~(x,t,\) are interrelated
via a sewing function G¥(\)
(@t A) =07 e, t, Nem MG (e Nel,, (17)
G(N) = 8, (A 0)SF(A,0) = Dy (NT,F (A 0T, (A 0)DF (A, (18)
The matrices S (¢, \), T.F(t,A) and DE()\) are Gauss factors of the scat-
tering matrices T, (¢, \) which can be related to each of the rays [,, i.e.
T, (t,A) = T, (1. )DF (NS (1. A). (19)
Note that T, (¢, \) take values in the subgroup G, C SO(5) corresponding
to the subalgebra g, with a root system 4, [9].
It can be proven that the Gauss factors have the form
Sy () = exp(s; (M Exs,),  T,7(A) = exp(ty (A Exp,) (20)
Dy () = exp(£d, (\)Hp,), B, €6, (21)
DX ()\) are piece-wise analytic functions of A\ which generate the integrals
of motion of the corresponding NLEE. The reduction leads to certain sym-
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metries of the scattering data which is related to different sectors, namely:
Sra(w) =C (Sy (V) C™ T ,0w) = C(TF(N) C (22)
D) = C (D) O (23)

We refer the reader who is interested to the paper [11] where this topic is

considered in great detail in the case of a reduced generalized Zakharov-
Shabat system.

3. Wronskian relations and squared solutions

The IST can be viewed as a generalization of the Fourier transform. In order
to demonstrate this statement one usually derives the so-called Wronskian
relations. Starting from the equality

(I = D% = [ e 1, qalx (@) (24)

— 00

where x”(x,A) is a FAS that is related to n”(z, \) via
77”(157)\) _ Xu(xy)\)ei)dw’

we obtain a Wronskian relations which connect the scattering data and the
potential g, (z,t)

1 o v AUV
SN =55 / (@@ X E @) 29)
S50 = ﬁ / e (g, T E R @) (20)

Another type of Wronskian relation occurs when we consider the following
equality

N (2, N = / " 0qux” (z, V). (27)

The result reads
550 = = [ do (g B (V). (25)
ds,; () = —/ dx <5qz,x”_1Eﬂyf(”_1(x, )\)> . (29)

Introduce squared solutions in the following manner
e (@,A) = Py(X"EaX” (2, \),  h{(2,)) = Py(x" H; ¥ (z, 7)),  (30)

where Py stands for the projection which maps onto so(5)/h.
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4. Completeness of the squared solutions
The next theorem represents the main result in our paper.

Theorem 4.1. The squared solutions form a complete set with the follow-
ing completeness relations

Sz —y)ll = % Vgl(_l)wrl /lu dX (G(ﬁl:)(a:,y,)\) _ G(fg_,,l)(x,y, /\))
_zzz Reb (z,y, ), (31)
v=1 n,
where
G(ﬁll’l)(x,y,)\) = e<”)(x ) ®e(”> (), T= Z E, ®E_(;(_J;E_a ® E.,

aeAT

Proof. We will derive the completeness relations (31) starting from the
expression

8
Tle) = 31§ 6wy N (32)

v=1 v

where the contours <,; are shown on figure 1. The Green functions
G®™)(z,y,\) have the form

G,y N =0y —x) Y e (@,N) @ ly\) — 0z —y)

acAf

2
< |37 W@ N @ ey, ) + D a @ N @ 1 (y, )
Jj=1

aEA,

The next important result underlies the proof of the theorem

Lemma 4.1. The following equality holds for A € 1,
STl V@@ VA + Y A V@) @hd TV (N

a€cA j=1,2
=Y D@ N @y N+ Y b @) @h (). (33)
acA j=1,2

Proof. The proof is based on the interrelation (17), the definition of
X" (z,\) and the properties of the Casimir operator P. O
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According to Cauchy’s residue theorem we have
8
J(z,y) = 27TiZZReS>\:>\n,, GW) (z,y, \). (34)
v=1 n,

In the simplest case when e\’ (z,\) and hg»u) (x,\) possess only a single
simple pole A\, € Q,, i.e.

e (@)

ez, \) ~ Tt e (@) + O\ = Ay
p) () .
) N )
h;7(z,A) ~ /\J—i/\nu +h; 7 (@) + O(A = Ap,).

The following lemma holds true
Lemma 4.2. Residues of G®)(z,y,\) are given by

Resyox,, G (z,y,0) = ¢ (@) @e") (y)+e) (@) @) ().

v

Proof. The statement of that lemma follows from the result formulated
in lemma 4.1 and the observation that Jost solutions (for potentials on
compact support) do not possess any pole singularities. O

On the other hand taking into account the orientation of the contours ~,
the expression (32) turns into

8

T(w9) = 30 [ (G ) = 60
V_ls (v)
_1\w+1 v) (g .
#30 /CuG (5,5, VA (35)

It turns out that the sum above can be simplified, namely the following
lemma holds

Lemma 4.3. In the integrals along the rays contribute only terms related
to the roots that belong to 6} and 8, respectively, i.e.

G (2,5, ) = GV (2,5, 0) = e (2, 0) ® ) (3. \)

e V@ N @ey My N). (36)
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Proof. As a consequence of lemma 4.1 one can verify that

GO @,y \) = G D (z,y,0) = D el (z,0) @ ey, N)
aceA}

- Y e V@ n @ V. (37)

aeAj_l

At this point we make use of the property Af\6,;5 = AT \6, and the fact
that the sewing function G¥(A) is an element of SL(2) group related to
l,. Then the sums in G*)(z,y,\) and in G~V (z,y, \) over these subsets
annihilate each other. O

In order to evaluate the integrals along the arcs C,, we need the asymptotic
behavior of G)(z,y,\) as A — oco. It is given by the expression

(y) ixa(J)(y—z _ _
G (z,y, A )HOO Z e )E, @ E_q —0(x — )
a€Af
x | Y N IE, @F o+ > H;@Hj | . (38)
a€cA j=1,2

Asymptotically G*)(z,y,\) is an entire function hence we are allowed to
deform the arcs C, into I, Ul, ;1. Hence the integrals along the arcs C, we
rewrite as follows

8
1)”*1/C G(”)(x,y,/\)d)\:Z(—l)”“/l dA
v v=1 v
« (efiABV(J)(y*I)E_BV ® Ep, — eikﬂu(J)(y*w)Eﬂy ® E—ﬂy) ] (39)

After we combine the term associated with [, and that one associated with
l,+4 and perform an integration, the result reads

(Bo @ B_o — E_o ® Eq)
2n8(x —y) . (40)
a§+ a(J)
That way we reach the completeness relations (31). O

5. Expansions over the squared solutions

The completeness relations (31) allows one to expand a function X (z,t)
over the squared solutions e&”) (x,t,\) as displayed below in the case when
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L does not have discrete eigenvalues

8 V+1
=Y B [ (6 mely) o) — s )e), o0

v=1 v
(41)
where the coefficients &} (z,t) and &, (¢, ) are given by
&t = [y (11X 00 (0,80 42)

&= [ "yt (1, X (0 0 (0,1, ).

—00

For example, if we consider X (z,t) = [J, ¢z(z,t)] and X (x,t) = 0g,(x,t)
then using the Wronskian relations (25) and (28) respectively, we obtain

=3 CL [ o) (el s 50 . )

v=1

FETRERI el L [ (el — 05 o, (49
v=1

ly

8 v+1 d
H v
oz, t) = Z e [ (ostel) — s ey) . (05)

These formulae make obvious the fact that the IST for the Lax oper-
ator (2) can be interpreted as generalized Fourier transform. The squared
solutions are analogues of the usual plane waves e***. In order to complete
the analogy we need also the recursion operator A defined by

ApeD (e, n) = Xl (@, N), AP (, ) = Nel Vi, N),  (46)

Fa

where a € A}. These integro-differential operators, whose explicit form
will be published elsewhere, generalize the ones obtained in [9,12-14] for
the case of s[(3,R). It can be used to derive all fundamental properties of
the relevant NLEE.

6. Hamiltonian formalism

The ATFT model has obvious Hamiltonian formulation

XJ)TFT / dx (((Ir, @) +e (D 42D 4 e*(aﬂo’qq)) (47)

Qo :[ dz (ad '8, N [J,0q]) . (48)
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Using the expansions (44) and (45) after some calculations we are able
to cast 2y in the canonical form

Qo = Z / 01, (\) A Sk, (M), (49)

where the action-angle variables m,(\) and k,(\) are defined by

+
ﬂ,(x)=%1n (1-sfss (V) m(h) = iln (Z ) (50)

Along with Q¢ there exists a hierarchy Q,,, m = 0,1,... of symplectic
forms

o0
Q= / dz (ad ;' 3q, A A™[J,q]) (51)
— 00
Skipping the calculational details we formulate the most important re-
sults concerning the Hamiltonian hierarchies of the ATFT, namely their
pairwise compatibility. Indeed, calculating €2, in terms of action-angle vari-
ables due to equation (46) we obtain:

8
:Z/ AN, (AN A Sk, (N),  m=0,1,.... (52)

7. Conclusions

We have demonstrated how IST can be applied to Zg4-reduced two di-
mensional affine Toda model and have derived completeness relations for
squared solutions. This allows one to interpret IST as a generalized Fourier
transform. A more detailed analysis of these topics will be published else-
where.
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We give some examples of deformations of the induced almost complex struc-
tures of 6-dimensional submanifolds in the octonions.

Keywords: Spin(7)-congruence; Almost complex structure; Octonions.

1. Introduction

Let € be the octonions (or Cayley algebra). In ([1]), R.L. Bryant showed
that any oriented 6-dimensional submanifold ¢ : M% — € of the octonions
admits the almost complex (Hermitian) structure is defined by

P+ (JX) = pu(X)(n x §)

where {&,n} is the oriented orthonormal frame field of the normal bundle
of . The frame field {£,n} is defined locally, however, since the exterior
product is skew symmetric,  x £ is a S®(C Im €)-valued function whole on
M?S. Also, this almost complex structure J is compatible with the induced
metric, automatically, therefore M admits the almost Hermitian structure.

We note that the induced almost complex (Hermitian) structure is a
Spin (7) invariant in the following sense. Let 1,02 : M% — € be two
isometric immersions from the same manifold to the octonions. If there
exist an element (g,b) € Spin (7) x € such that go i +b = s, then the two
maps are said to be Spin (7)-congruent. If two maps are Spin (7)-congruent,
then the induced almost Hermitian structures coincide.

For any h € SO(8), then h o ¢ induce the almost complex structure
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Jho¢ If there exists an isometry ¢ € Iso (M9, (,)) such that
Jh? o ¢, = ¢, 0 J?,

then J"°¢ and J¥ are said to be equivalent. In this paper, we consider the
equivalence classes of some simple immersions.

2. Clifford algebras, spinor groups and octonions

First we review the definition of the Clifford algebras and spinors.

2.1. Clifford algebras and spinor groups

Let V' be a n-dimensional vector space over the real field R, with positive
definite metric (, ). The Clifford algebra CI(V,(, )) associated to V' and
(, ) is an associated algebra with unit defined as follows. Let

V=3 @V
r=0

denote the tensor algebra of V', and define 7 to be the ideal in 7 (V') gener-
ated by all elements of the form v ® v + (v,v)1 for any v € V. The Clifford
algebra is defined to be the quotient

LV, (,)) =T(V)/T.
We recall the universal property of the Clifford algebra. Let A be an asso-
ciative algebra with unit and f: V — A be a linear map satisfying

fW)f(v) = =(v,v)1
for any v € V. Then f extends uniquely to an algebra homomorphism

F:ClUV,{,)) — A,

such that F'|,, = f. Furthermore, CI(V, (, )) is the unique associative alge-
bra with this property.

Next, we shall give the relationship the representation of Spin (7) and
the Clifford group. To do this, we define the octonions as follows. Let H
be the skew field of all quaternions with canonical basis {1, 4, j, k}, which
satisfy

P=2=k=-1, ij=—ji=k, jk=—kj=1i, ki=—ik=1j.

The octonions € over R can be considered as a direct sum H®H = € with
the following multiplication

(a + be)(c + de) = ac — db + (da + be)e,
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where e = (0,1) € H® H and a,b,¢,d € H, the symbol “” denote the
conjugation of the quaternion. For any z,y € €, we have

(zy, zy) = (z,7)(y,y)

which is called “normed algebra” in ([2]). The octonions is a non-
commutative, non-associative, alternative, division algebra. It is known that
the group of automrphisms of the octonions is the exceptional simple Lie
Group

={g € 50(8) | g(uv) = g(u)g(v) for any u,v € € }.

For any v € Im €, we define the linear endomorphism R, of R® ~ ¢ by
setting

Ry(z) =zv, (f(v) = Ry),
for any z € € and f: Im ¢ — Endg(€). By altenativity, we see that
R? = —(v,0)ide, (= f(v)°).

From the universal property of the Clifford algebra, f extends to the a
representation

F:Cl(V,{(,)) — Endgr(€).

In order to define the Clifford groups, we set the automorphism « :
ClUV,(,)) — Cl(V,(,)), such that a(v) = —v for any v € V. Then we have
the splitting of the Clifford group CI(V,(,)) = CIT(V,(, ))& Cl—(V,(,)),
where CIE(V,(,)) = {g € Cl(V,{,)) | alg) = +g}. We denote by
Cl*(V,{,)) the multiplicative group of units in the Clifford algebra. The
Clifford group I'*is defined by

t={geat(V,(,)nCl*(V,(,)) | gug~' €V for any v eV }.
Then the Spinor group is given by
Spin (n {gEF+|gg—1}
where g is the conjugation of the Clifford algebra defined by
enen e = (1) e, e

whenever 1 < iy < iy < --- <ir <n,and g = e;,e;, - - - e;, . If we identify V
with {R, |v € Im @} ~ R7, then we see that (from the definition as above)

Spin (7 {gESO |goR og~ EVforanvaQZ}.
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Therefore there exists u € Im € such that
gonog71 = R,.
From this, we have u = g(g~!(1)v). We set x4(v) = g(g~'(1)v). Then, we
obtain
goR,0og ' = Ry, vy, or goR, =R, (o0
From this we get the following definition of Spin (7)
Spin (7 {gESO ‘guv ) = g(u)xq(v) foranyu,vé@}.

We see that Gg is a Lie subgroup of Spin (7); G2 = { g € Spin(7) |g(1) =1}.
The map x defines the double covering map from Spin (7) to SO(7), which
satisfy the following equivariance

g9(u) X g(v) = xg(u x v)
for any u,v € € and u x v = (1/2)(vu — wv) (which is called the “exterior
product”) where v = 2(v,1) — v is the conjugation of v € €. We note that
u X v is an element of pure-imaginary part of €.

2.2. Spin (7)-structure equations

In this section, we shall recall the structure equation of Spin (7) which is
established by R. Bryant ([1]). To construct this, we fix a basis of the
complexification of the octonions C®RrC as follows

=(1/2)(1 —V~1e), N=(1/2)(1++~1¢)
E, =iN, Ey = jN, E3 = —kN, E; =iN, E; = jN, E3 = —kN.
We extend the multiplication of the octonions complex linearly. We define
a € x Spin (7) (semi-direct product) admissible frame field as follows. Let
o be the origin of the octonions. The Lie group € x Spin(7) acts on € @
End (C®gr¢) such that

(z,9)(0;N,E,N,E) = (g -0+ x,9(N),g(E), g ({VLQ(E))

= (2. g(V), 9(E), 9(N), g(E))
— (o - = 1 Oixs
= (V. B, N, B) <p<x> p<g>>

1 01><8
p(x) p(g)

A frame (z;n, f,7n, f) is said to be a € x Spin (7) admissible one if there
exists a (z,g) € € x Spin (7) such that

(x;nafahvf) = (x7g)(0;NanN’E)'

where (z,g) € €x Spin (7) and < ) is an its matrix representation.
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Proposition 2.1 ([1]). The Maurer-Cartan form of € x Spin(7) is given
by

0] 0 Oixs 0 O1x3
viv=Ip =th| 0 -0
d(x;n, f,0, f) = (z;n, f,n, f) | w| b K ¢ [0]
7|0 —G|—v=1p —'p
ol 0 [0 b R

= (m;n7f7ﬁ5f)¢

where 1 is the Spin(7) ® €(C Myxo(C))-valued 1-form, p is a real-valued
1-form, v is a complex valued 1-form, w,h,0 are Msyx1-valued 1-form, k is
a u3-valued 1-form which satisfy /—1p +trk =0, and

0 63 —62
o]=1-6> 0 o
02 —6' 0

for 0 =t(6%,02,03). The 1 satisfy the following integrability condition di+
WA = 0.

3. Gram-Schmidt process of Spin(7)

To construct the Spin (7)-frame field, we recall the Gram-Schmidt process
of Ga-frame. Let Im€ = {u ec ‘ (u,1) = 0} be the subspace of purely
imaginary octonions.

Lemma 3.1. For a pair of mutually orthogonal unit vectors e, e4 in Im €
put es = e1eq. Take a unit vector eo, which is perpendicular to e1, eq and
es. If we put e3 = e1es, eg = exeq and e; = ezey then the matriz

g = le1,e2,e3,¢e4, €5, €6, e7] € SO(T)
is an element of Ga.

By Lemma 3.1, we can take eq = 1 x £, we can get the Go-frame field
as follows. We set

= (1/2)(1 = V—Tey), N* = (1/2)(1 + V—Tes),
Ef =(1/2)(e; — v/ —T1es), Ef = (1/2)(ex + vV—Tes),
E5 = (1/2)(e2 — V=1 eg), E5 = (1/2)(e2 + V1 eg),
Ej = —(1/2)(es — V—1er), Ef = —(1/2)(es + V—Tez).
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Then spanc{N*, Ef, E}, EX} is a /=1 -eigen space T\"”¢(C ¢ ® C) with
respect to the almost complex structure J = R, x¢ at p € €. On the other
hand, n = (1/2)(§ — v/—1n) is a local orthonormal frame field of the com-

plexified normal bundle T+t A7, Since T ((Ti)O)M C T&:L))QZ there exists

a Myyx1(C)-valued function a; = *(ay1, as1,as1,a41), such that
n=(1/2)(—v-1n) = (N", E{, E3, E3)ay

By the Gram-Schmidt orthonormalization with respect to the Hermi-
tian inner product of T(l;g) ¢, there exist three Myy1(C)-valued functions
{az2,a3,a4} such that {a1, a2, as,as} is a special unitary frame. We set

fi: (N*aErvE;aEg)ai-‘rl
for i =1,2,3, then
(nafaﬁv.f) = (naf17f25f37ﬁ;flaf27f3)
is a (local) Spin (7)-frame field on M.

4. Invariants of Spin(7)

We shall recall the invariants of Spin(7)-congruence classes. By Proposi-
tion 2.1, we have

Proposition 4.1 ([1]). Let ¢ : M® — € be an isometric immersion from
an oriented 6-dimensional manifold to the octonions. Then

do = fw + fo,
v=20,
dn =nv—1p + fb + f60,
df = n(="h) + fr+n(='0) + f[6].

The second fundamental form II is given by
II=-2Re{("how+'00w)@n}

where the symbol “®” is the symmetric tensor product. By Cartan’s Lemma
(since v = 0), there exist M3y 3-valued matrices A, B, C such that

(-5 ()

—~
[u—
~
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where A = A and *C = C. We have the following decomposition
Y = (~tw e Aw) @ n
Y = (-0 0 'Bw —'w © Bo) @n
%2 = (' 6 Cw) @ n.

We shall write each elements more explicitly. There exists a unitary frame
{ei, Je;} for i=1,2,3, such that

n=(1/2)(& - V=1n), fi = (1/2)(e; — V~1Je).
Thus elements of second fundamental form are given by
Bi; = —2(1I(f;, f;), 1),
Cij = —2(I(fi, f;), 7).

We shall recall the relation of Ricci *-curvature p* and *-scalar curvature 7*

3l

which are fundamental invariants on almost Hermitian manifolds. Generi-
cally, these curvatures of an almost Hermitian manifold M = (M, J,(, ))
with even dimension 2n, are defined by

2n 2n
p*(x,y) = (1/2) ) (R(ei, Jei)Jy,x) and 75 =" p*(e; i),
=1 =1

respectively. We note that Ricci s-curvature tensor is neither symmetric
nor skew-symmetric.

Proposition 4.2 ([4]). The Ricci x-curvature and %-scalar curvature of
oriented 6-dimensional submanifolds in € are given by
p*(z,y) ="'a(AB — BC — "(AB — BC))3
~'a(AA — B'B —"'BB + CC)f3 + its conjugation
7 = —4(tr AA — 2tr'BB + tr CC),
where x = fa+ fa, y = fB+ f3 and o, B € Msy:(C).

We give the equivalent condition for Spin (7)-congruence.

Proposition 4.3. Let MS be a connected 6-dimensional manifold and
01,2 : M® — € be two isometric immersions with same induced met-
rics and almost complex structures. Let Hffl’o),ng;o) be the corresponding
(2,0) part of the 2nd fundamental forms. Then there exists an element
g € Spin(7) such that g o w1 = o if and only if Hffl’o) = H%O)
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5. Homogeneous spaces related to Spin(7)

The Lie group Spin (7) acts on some homogeneous spaces, transitively. From
the above argument, a 7-dimensional sphere S7 has an exceptional repre-
sentation S7 = Spin (7)/G>. If we identify R” with the tangent space T},S”
for some point p € S7, the isotropy group Gs acts transitively on a 6-
dimensional sphere S® C 7,57, so we have S® = G2/SU(3). In the same
way, we identify R® with the tangent space T},S% for some point ¢ € S%, we
see that S° = SU(3)/SU(2). In this case, SU(2) can not acts transitively
on S

Let Vi (R®) be the Stiefel manifold of orthonormal k-frames in R® and
Gy (R®) the Grassmann manifold of oriented k-planes in RS.

From these arguments, Spin (7) can not acts transitively on the Stiefel
manifold V4 (R®?) of orthonormal 4-frames in R® and the Grassmann mani-
fold G (R®) of oriented 4-planes in R®. However, we have the exceptional
representation of the homogeneous manifolds as follows

Va(R®) = Spin (7)/SU(3),  V3(R®) = Spin (7)/SU(2),

Gy (R®) = Spin(7)/U(3), G5 (R®) = Spin(7)/SO4).
The Grassmann manifold of the quaternionic plane in the octonions can be
represented by Spin (7)/(Sp (1) x Sp(1) x Sp(1)/Zs). Note that p : Sp(1) x
Sp (1) x Sp(1) — Spin(7) is given by
(1,42, q3)(a + be) = qzaqn + (g3aq)e
where (¢1,¢2,93) € Sp(1) x Sp(1) x Sp(1) and (a,b) € H® H.

6. Deformations of some examples

In this section, we consider the deformations of almost complex structure
of some simple examples.

6.1. On S% x S*

In this section, we give the x-scalar curvature *7 of the immersion

Do (P, Yo, y) = cos(ao)p + sin(ao)(yo - 1 + ye),

where ag € (0,7/2) is a constant, p € S? C ImH (|p| = 1), and yo- 1 +ye €
St Cc R®He (y2 + |y|*> = 1). Then the oriented orthonormal basis {£,7}
of the normal bundle T M is given by & = yo - 1 + ye, = p. The almost
complex structure is given by the right multiplication of the vector field
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u=mnx&=uyop+ (yp)e. Let {e1,e2} be the oriented orthonormal basis
at p (i.e., e = e1p), then {ey,es,p} is an associated plane in Im €. We
construct Ga-frame field from the vector field u as follows: Let e € TpS2,
e4 = u, then e5 = ejeq = ypea — (yea)e. We set

e
€y = (y 1)E

|yl
€3 = 616~2 = ——&,

lyl
~ Yo(ye2)
€6 = €264 = —|y|€2 - TE,
Yo\yp

er = eseqs = —|ylp — |(y| )s.

Then {e1, e, ,er} is the Go-adapted frame at p+yo - 1+ye € S? x S*.
By straightforward calculations, we get the local Spin (7) frame field along
Yo, as follows

n= %((yop + (yp)e) — V—1p),
fi=E7 = %(61 - \/—_1(21062 - (962)5)),

o= B = 5 (e + V=T (llea + 2 ea)e))

= 5 (bt + e v (1 0me))

To calculate the Spin (7) invariants, we need the representation of co-frame
as follows;

dpa, = cos(ag)dp + sin(ao) (dyo + (dy)e Z fiw' + fiwt,

=1
Therefore, we have

wh = 2<d90a0,ﬁ>
= cos(ao) ({dp, e1) + V=1 (dp, e2)) — V-1 sin(ap)(Fdy, e2),
w? = 2(dga,, J2)

= —v/—1 cos(ao)|y|({dp, e2)) + sin|;o|<0) ((dy, e1) — V-1 (gdy, e2)),
= 2<d<pao;£>
= sin(ao) (~lyldyo + 25 7y, 1) — *- (5 1))
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By (1), we have

—yolyl 1—w3 0],
0 0 0

T Y M=

sin(ag)  cos(ag)

2 _ 1 —
4 \ sin

p_1 il 1 YA 1+yg+1—y§ 0
4| ol sin(ag)  cos(ayp) sin(ag)  cos(ayp)
2
0 0 -
sin(ap)

Hence the x-scalar curvature 7 of ¢,, is given by

«_ 2(cos?(ao) + yp)
sin?(ayg) cos2(ap)

Therefore the induced almost complex structure of ¢, is not homogeneous.
Since Spin (7)/SO(4) = G5 (R8), we see that the induced almost complex
structure is unique (depend only on the radius of spheres). The equivalence
classes (of the fixed radius) of the induced almost complex structures on
52 x 8% is one point.

6.2. On 1-parameter family of embeddings from S? x R* to
('3

Since V3(R®) ~ Spin (7)/SU(2), the imbedding from S? x R* to the octo-
nions are obtained as a 1-parameter family ;, up to the action of Spin (7),
as follows (¢ : 3 x R* — @)

¢i(¢,9) = qiq + (—sin(t) + cos(t)e)yr + (y2i + ysj + yak)e,

where 0 < t < 7w/2,q € S C H, § = (y1,v2,¥3,va) € R* The image
©0(S? x R*) coincide with S? x R* as a Riemannian manifold. In particular
the image of ¢ satisfies

©0o(S® xRY) = 8? x R* cImH @ He.

The induced almost Hermitian structure is homogeneous and satisfy
Quasi-Kéahler condition. Next we give the Spin (7) frame field on the ¢;. To
do this, we define the action of Sp (1) as follows

pri(q)(a +be) = qag + (qbg)e



Deformations of almost complex structures 107

where ¢ € 53 ~ Sp(1), a + be € €. Then the Spin (7) frame field along ¢;
is given by

"= %{PH(Q)(COS@) ~1+sin(t)e - \/__”)}’

= %{ pr1(@)(j= + V=T (cos(t) - k — sin(t)ke)) |,
2 = 5 {prr(a) (G + VT cos(t) - k —sin(t)he)) ),
f3= _%{PH(Q)(— sin(f) - 1 + cos(t)e + \/__15)}'

In order to represent to the coframe field (w!,w? w?), We set the local one
form py, e on S?

p = (d(qq), 4j7),  p2 = (d(qiq), ¢k7),
and Im H-valued 1-form d such that
df = idyy + jdys + kdys.
Then we have
w' =gy — V=1 (cos(t)us — sin(t)(gkq, dB)),
w? = (g5, dB) + V=1 (sin(t) 2 + cos(t)(gkq, d3)),
w? = dyr — V=1(qkg, dp).

Next, we calculate the 2nd fundamental forms. We see that

v=1 _  _ v—=1  _ _
dn = ————dqiq = ——5—(qj7 ® pu + akT ® p2)-
Therefore, we get
sin?(t)  sin(t) cos(t) 0
v—1
A=-C= T sin(t) cos(t) —sin(t) 0],
0 0 0
1+ cos?(t) —sin(t)cos(t) 0
v—1
B = |~ sin(t) cos(t) sin?(t) 0
0 0 0

Hence the #-scalar curvature 7% = —4{tr AA — 2tr’BB + trCC } is
given by

7" =1+4cos2t >0

We can show that the induced almost complex structures of ¢; are homo-
geneous for any t.
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Proposition 6.1. The induced homogeneous almost complex structures of
¢ depend on the parameter t.

6.3. On 1-parameter family of embeddings from

Sl xS2xR3toc€
In this section, we consider the imbedding from S* x $2 x R3 to the octo-
nions, which are defined as a 1-parameter family ¢, as follows

@t(ewa q,71,%2,23)
= cos(6) (cos(t) - 1 — sin(¢) - ic) 4 @1 (sin(t) - 1 + cos(t) - ic)
+ qig + sin(f)e + xoje + w3ke,

where (¥, q, x1,22,73) € S x S% x R? and ¢ — ¢ig is the Hopf map from
S3t0S?2and 0 <t < g Then the Spin (7)-frame field along ¢; is given by

n= %{cos(@) cos(t) - 1 + age — V—1qig},
Fu = 5 {077+ VT (cos(6) cos(t)akT — (aoaka)e .
fo= %{—|a0| - 14 (cos(8) cos(t)/|aol)(an)e + V=1 ((1/|ao])(a0gig)e) },

fs = ~5{(1/laol)(@0aja)e
— V=1 (|exolqig + (cos(8) cos(t) /| |) (cogkq)e |
where o = sin(6) — cos(0) sin(t) - i. Since
3
dpr = Z fiw' + fiw?,
i=1
the coframe w; of the Spin (7)-frame field are given by
wl =y — \/—_l{cos(ﬁ) cos(t)pe — sin(t) (iq, gk)do
— cos(t) sin(0)(iq, gk)dx,
— (sin(6) (jg, gk} + cos(0) sin(t) (kq, gk})dzs
— (sin(0) (kq, gk) — cos(6) sin(t) (jq, qk))das }.
= (1/]ao|)q (sin(8) cos(t) — v/—1 sin(t){iq, gi))d6
— (sin(t) + v/—1 sin(0) cos(t)(iq, qi))dz1
— /=1 (sin(6) (jq, i) + cos(f) sin(t)(kq, qi))dxa
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— V=T (sin(6) kg, i) — cos(6) sin(t) g, gi))ds },
Wt = =(1/lao){ V=T lao |z
+ (sin(0)(iq, qj) + V=1 cos(8) sin(t)(iq, gk))df
+ cos(t) (sin(0)(iq, qj) + vV/—1 cos(8) cos(t)(iq, gk))dx:
+ (sin(0){jq, ¢j) + cos(0) sin(t)(kq. 4j)
+ V=1 cos(0) cos(t)(sin(0) (jg, gk) + cos(0) sin(t)(kq, gk)))dxo

+ v/—1 cos(f) cos(t) (sin(0) (kq, gk) — cos(0) sin(t)(jg, gk)) dxg}.

By a tedious calculation we verified that the s-scalar curvatures are given
by

Theorem 6.1. 7% = 2 cos?(f) cos?(t).

We see that, for fixed ¢ # 7/2 mod 7, the x-scalar curvatures are not con-
stant on S x 52 x R3. Therefore the induced almost complex structures
are not homogeneous. We can show that the induced almost complex struc-
ture for ¢ = 7/2 is also not homogeous. As a Riemannian manifold, this
is homogeneous, however the automorphism groups of the induced almost
Hermitian structures do not act transitively on S* x §? x R3.
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ON THE REAL HYPERSURFACES OF LOCALLY
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There are sixteen classes of real hypersurfaces of Kihler manifold, generated
by the four basic classes W1, Wa, W4 and Ws in the classification scheme for
almost contact metric manifolds [1]. In [5] these classes are described in terms
of the hypersurface second fundamental form. In the partial case when the
ambient manifold is complex space form the identities for the Riemannian and
for the Hermitian-like curvatures are introduced [6,9]. The paper deals with the
classification problem for the real hypersurfaces of locally conformally Ké&hler
manifolds.

Keywords: Hermitian manifolds; Locally conformally Kahler manifold; Almost
contact metric manifolds; Contact conformal changes; Real hypersurfaces.

1. Preliminaries
1.1. Locally conformally Kdhler manifolds

Let AH be the class of almost Hermitian manifolds M?"(J, g) of even real
dimension dimg M = 2n, n > 2, almost complex structure J : J? = —id and
compatible Riemannian metric g : g(Jz, Jy) = g(z,y), Va,y € XM, (XM
is the set of C*° vector fields over M). Let V be the Levi-Civita connection
of g. In general VJ # 0. From viewpoint of the well known classification
scheme [7] the class K of Kéhler manifolds is the null-class Wy = K: VJ =
0. In the table below, the four basic classes of almost Hermitian manifolds
are described in terms of the essential complex components and equations in
local Hermitian frame {Za =eq—iJea, Zg=Za,a €l ={1,...n},@c
I={1,...m}} for:

*Partially supported by Scientific researches fund of “St. Cyril and St. Methodius” Uni-
versity of V. Tarnovo under contract RD620-02/2006.
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Real hypersurfaces of locally conformally-Kdahler manifolds

g(z, Jy) — the fundamental (Kéhler) 2-form,

* Q(z,y)

—F(z,z,y) = —F(x,Jy, Jz) — the funda-

L] F({E, Y, Z) = _(VIQ)(?Ja Z)

mental (0,3)-tensor field,

F(ZA7 ZBa ZC)v

)

c

o)
AB,

(

3QaBc

Qapcdz? NdzP A d2C,
[J, J] — the Nijenhuis tensor,

o df) =
o N

o 0

gABF(Za, Zp, J*) — the

1
2(n—1)

divQlo J =

1
n—1)

1
2(n—1)

5QOJ=2(

Lee form.

(PFe + o0 )ie =
P g = N
‘0=10p
VFNO0=0
IRy Jsouwe
SV =M

N

eIy =
L — = MO
‘DA =0p
0FN0=19
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/!

(g v rep) It =
kﬁwcm| — FQW&*
V=N07#0
Io[ey] A[[eurIojuod
Aqresor — M0 ="M
N\

0= 9°8pe— = 9027

‘0=1¢
I0TUR Y -TUIos

MO EN =S =M

/!

g<ub=robpi—=_r:(60)uzN
SploJIurew URTHIULIOF] JSOUW[e — N\S PN =HV =M
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The class of Hermitian manifolds is H = SH & CK (= W3 & Wy) and
is characterized by the conditions:

F(z,y,2) = F(Jx,Jy,z) ie. F=-3dQ 640 < N =0.
Modulo a constant, the vector field
E=J8J, where 0J=divJ = ¢*B(Vz,J)Zs,
is the metric-dual to the Lee form 6 : §(X) = g(F,X), VX € XM. It
is called the Lee vector field and JE is called anti-Lee vector field. The
section .Z;, = span{E,, J,E,}, p € M will be called Lee section and the

distribution . = U Zp — Lee distribution.
peEM
A Hermitian manifold, in the class CK = W, :3dQ2 =0 A Q (= df =

0 < 0 is locally exact, in dimg M > 6), is said to be locally conformally
Kéhlerian. If the Lee form 6 is exact a Wy-manifold is said to be globally
conformally Kéhlerian.

The geometric description of these manifolds is well known. Let ¢’ =
e??g be conformal change of the Kihler metric g, where o € FM (the
set of infinitely smooth R-valued functions on M). Thus it’s obtained the
Hermitian manifold M (J,¢’), which is locally conformally Kéhler (CK-)
manifold:

/7e20
K=Wy3M(J,g) 2= M(J,¢') e W, =CK.
The Levi-Civita connection V' of ¢’ and V of g are related by

Viy = Vey +do(z).y +do(y).x — g(z,y).E,

E=(0'%do)*, Va,yeXM.
The corresponding Riemannian (0,4)-curvature tensors R’ and R are related
by
1
R =e*[R—1(Q)], where Q= 5||da||29 + Vdo — do ® do

and v is the operator, transforming a symmetric (0,2) tensor field ¥ to
curvature tensor ¥(2) of type (0,4):

D(E)(@,y, 2,u) = [Zu A g — B2 A gu] (@),
where 3, g, ... denote the 1-forms 3, (2) = X(u, 2), g:(u) = g(z,u), .. ..
For example 1(3g) = 71 is one of the basic U(n)-invariant curvature ten-



Real hypersurfaces of locally conformally-Kdhler manifolds 113

sors, introduced in [11] and gg = 0 is the Lee-form. Thus ¥(Q) is

¢(Q)($»ya zvu) = ||do|\2.7r1(x,y, 2, u)

+ [(Vydo — do(u)do) A g, — (V.do — do(z)do) A gu](x,y) .

=0(z,y,z,u)
So, it is valid:
R =¢e* [R - ||do||*>.m — ©].
The basic examples of C'K-manifolds are well known (see [10,12]). The real

hypersurfaces of Generalized Hopf manifold (CK-manifolds with parallel
Lee form: V8 = 0) have been studied by many authors (see [4]).

1.2. Contact conformally almost contact metric manifolds

Let M?"+1(p,&,n,g) be an almost contact metric manifold with funda-
mental 2-form ® : ®(z,y) = g(z, py) and fundamental (0,3)-tensor field
F = —V®. The transformations ¢(u, v), forming by functions u,v € FM:

c(u,v)

M(p,&m,9) —— M@=, =" T=0e"n, g =c"hg+e*n®n),
are said to be contact conformal transformations of the structure (v,£,1,9)
and form the contact conformal group (see [2]).

The Levi-Civita connections V and V for g and g are related by [2]

25(Vay, 2) = 267"9(Vay, 2) + [(de**) ® gl(w,y, 2) + [(de®*) A g2)](y, 2)
+{d(e® — ) @n@n+n@de® — ™) Anl}(z,y, 2)
+ (e — ™) {20(Vay)n(2) + [(Leg) @ nl(2,y, 2)
= 2[dn. @ nl(z,y) — 2[dn- @n)(y,z)}.
The fundamental (0, 3)-tensors F' = —V ® and F' = —V® are related by [2]
F(z,y,2) = e®F(x,y,2) — 2“[®, A du + g, A duo ¢|(y, 2)
—e*[n® (nAdvoy)(z,y,2)
+ (e —e®){In Adne 0 ¢l(y, 2)
— 1@ (dnp= + dnz 0 @)](w,y) }.
In the sense of the classification scheme of Alexiev-Ganchev [1] (there are 12
basic classes W; of almost contact metric manifolds) the contact conformal
class (invariant under the action of contact conformal group) is the class

W1 @& Wy @ W3 & Wy and the basic classes are described with respect to
local complex frame in the following table.

(1.1)
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class essential C-components and | o7 0Poy | 0D(¢)
C-equations
Wwh Fooa = wa = 2o = iNoao | 0 wop |0
=i(Leg)ao
J(€ .
Wy Fgp0 = %gaﬂ = —Mag 0 0 f(€)
a-Sasakian = Faxo
Ws Fapo = —ifzf)gaﬁ - |0 0
a-Kenmotsu )
= —5(559)55
3
5 Papo Ba0
Wg F557 = —3(1)557 0 f o 0
=2(Pa« A 0)sy
Here:
° 9__5_77 —i-; 6P o ¢ is the Lee form,;
T T om o 4 ’

1-forms, associated to F, where T,M = span{e;, pe;,{};

N = [p, p] + 2dn ® € is the generalised Nijenhuis tensor;
L denotes the Lie-differentiation;
nap = dn(Za,Zp), ®apc = d®(Za, Zp, Zc).

w(z) = F(§,€,2), f(z) = g9 F(ei, e, 2), [*(2) = g9 F(e;, pej, z) are the

For any M2t (p,£,m,9) € W1 @ Wao @ W3 @ Wy and n > 2 it follows:

i) dd = A D,

corresponding subclasses W; and the local conformal structure of W; are

)
ii) dn = (wop) An+

well known [2,3]:

o Gy = {c(u,v) :

e Gi = {c(u,v):

fold):

Wi =G (W), Wi o G1(Wy);

o
°? o,

ili) df = 0, d(wop) = 0.

The maximal subgroups G; of the contact conformal group G, preserving

du =0, dv = £(v).n} preserves the class Wy : Vo =0
of cosymplectic manifolds: Wy = Go(Wpy);

du = O} preserves the class Wi (i.e. the class of man-
ifolds, locally G1-contact conformally equivalent to cosymplectic mani-
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o Ggus = {c(u,v) tdu=0, v= 2u} preserves the class W29 of Sasakian
manifolds: d® =n A ®:

WQO = GSaS(W§)§

o Gy = {c(u,v) D du =0, dv = O} (the group of D-homotheties, i.e.
the homotheties on the contact distribution D = Kern) preserves the
class Wa of a-Sasakian manifolds (i.e. the class of manifolds, locally
D-homothetic equivalent to Sasakian manifod.):

Wa = Ga(Wa), W & Go(WY),
Wi @ We & Gi(We) & Gr o GWY) = CL(W9):

e G3 = {c(u,v) : du = &(u).m, dv = &(v).n} preserves the class Wi of
a-Kenmotsu manifolds (i.e. the class of manifolds, locally Gs-contact
conformally equivalent to cosymplectic manifold):

Ws = Gs(Ws), Wi L Gs(Wy), WadWs & G3(Wa) £ G3oGa(W);

o Gy = {c(u,v) : du(§) =0, dv=E(v).n} preserves the class Wy (i.e. the
class of manifolds, locally Gg-contact conformally equivalent to cosym-
plectic manifold):

Wo = Go(Wy), Wy & Go(Wo);

e Gy = {c(u,v) Dou = v} — the subgroup of usual conformal changes

locally generates the direct sums: W1 @ W3 ® Wy and W1 & Wod W3 D Wy
Wi @ Ws ® Wo & Gu(Wh) % Gy 0 G1(Wo),

Wy Wa @ Ws & We L Gu(Wy & Wa) L Gy o Gy (W),

2. Real hypersurfaces of locally conformally-Kahler
manifolds

Over a real (R-)hypersurface M?"*! of an almost Hermitian manifold
=7 2n+2 . . .
M (J,G) in a natural way arises an almost contact metric structure

(0,€,m,9): if N is the unit vector field, normal to M?"*1 then

§=—-JN, g=Gun, o=J-n10N, n=ge:nX)=g( X)

for all X € .’{12\4 2’;“. Let V and V' be the Levi-Chivita connections on
M2+ and W1 respectively. We denote by @ the fundamental 2-form
of the structure (¢, &,n, g)

P(X,Y)=g(X,9Y), X, Y eXM*"! and F' =-V'®, F=-V0.
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To any point p € M the following spaces and vectors are attached:
T,M =T,M®N,, N, L T,M and T,M =D,®{,}, & L D,.

The distribution D = {Dp = Kern,, p € M} is the contact distribution,
and {{} = {Im p-&p, P € M} is the wvertical distribution of M. There are
two shape operators A and A, acting in M as follows:
A: T,M — T,M A:T,M — D,
X s AX =-V%N, X — AX =Vx¢&

If h(X,Y) = g(AX,Y), X, Y € XM?"*! is the second fundamental tensor
of M?"+1 then the Gauss and Weingarten formulas

V%Y =VxY +h(X,Y)N, VN =—-AX
imply
(V)Y = (Vxp)V + {(X,9Y) + (Vxn)Y } N
—n(Y)AX + h(X,Y)E,
F'(X,Y,Z)=F(X,Y,Z)+n(Z2)h(X,Y) —n(Y)h(X, Z).

(2.1)

If M%H(J, @) is Kéhlerian (V'J = 0), then M2"*1(p, &, n, g) belongs to

Wy & Wo & Wy & Ws and there are 16 classes of R-hypersurfaces [5], gen-
erated by these four basic classes. The R-hypersurfaces in each of the 16
classes are described by the second fundamental tensor. When the ambient
space is complex space form, the equalities for the Riemannian and for the
Hermitian-like curvatures over the basic classes W1 2 46 are obtained [6,9].

Further let M?"+1(p, & 1, g) be R-hypersurface of a Kihler manifold
M2n+2(.], G), oriented by a unit normal vector field N. Let G’ = e?°G, o €
FM, be conformal change of the metric and let M2n+2(J, G’) be the cor-
responding locally conformally K&hler manifold. Over the R-hypersurface
M*+1(p € n,g) acts the usual local contact conformal transformation

¢s € G,. The image
o (M (p,&,m,9)) = M (p, & = e 7¢ 1) =en, g’ = * (hg+n@n))

is R-hypersurface in M2n+2(J, G"), oriented by the image N’ = e"“ N and
belongs to the class
Go(Wi @ Wo ® Wy & W) = Go (W1 & Wa) & Go(Wa © W)
=W @Wa® W35 ® Wy ®Ge(Wy ®Ws).



Real hypersurfaces of locally conformally-Kdhler manifolds 117

To obtain the subclass G, (W, @ Ws) we calculate the essential C-
components F'yp~ of the image of the essential C-components F, g,
a € TUI. From (1.1) in the considered case: u = v = o we get the re-
lation

O(z,y) ®(z,2)

F'(z,y,2) :e%{F(x’y”Z)_ do(y) do(z)

(
B ‘(9 +n@n)(z,y) (g+n@n)(z,2)
do(ey) do(pz)

}.

The direct computations give the following essential C-components F -

éﬁo = —ieQ"[dn + da(f)-g]aﬁ = Féao,
éﬂfy = 2820((1)5* A da)ﬂ77
(/yBO = QQOFaﬁO

and so, locally, G, (W4 @ W) = Wy @ Ws @ W.
Thus we get the following main result of this subsection

Theorem (Local statement). There are 2° = 64 classes of R-hyper-
surfaces of a locally conformally Kdhler manifold of real dimension > 6,
generated by the basic classes W;, i = 1,2,3,4,6,9 of almost contact met-
ric manifolds (each of the classes W; contains the null-class Wy of the
costmplectic manifolds: Vo = 0). When the ambient locally conformally
Kdhler manifold is of real dimension 4, then the class Wy is empty and
there are 32 classes of R-hypersurfaces, generated by the basic classes W,
1=1,2,3,6,9.

By using (2.1) we get the second fundamental tensor for R-hypersurfaces
of C K-manifold.

Remark. As special cases of R-hypersurfaces of C' K-manifold one can to
consider the “position” of the Lee vector field and/or Lee distribution with
respect to the unit normal, oriented R-hypersurface. This leads one to con-
siderations as in [8] and can be done for each of the basic classes.
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The definitions and some basic properties of the linear transports along paths
in vector bundles and the normal frames for them are recalled. The formalism
is specified on line bundles and applied to a geometrical description of the
classical electrodynamics. The inertial frames for this theory are discussed.
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1. Introduction

The transports along paths in vector bundles [1] are one of the possible
generalizations of the parallel transports in these bundles. They are a useful
tool for a geometric formulation of quantum mechanics [2]. The frames
normal for them are defined as ones in which the transports’ matrices are
the identity matrix. The significance of the normal frames (and coordinates)
for the physics is a result of the assertion that they are the mathematical
concept representing the physical notion of an ‘inertial frame of reference’
[3,4]. From here it follows that the (strong) equivalence principle in gravity
physics is a provable theorem [3] and that the scope of its validity can
be enlarged to include the gauge theories [4]; in particular, the classical
electrodynamics [5].

The paper contains a partial review of the theory of linear transports
along paths in vector bundles and the frames normal for them (sections 2

2000 MSC Numbers: 53B99, 53C99, 53Z05, 55R25, 83D05
2003 PACS Numbers: 02.40.Vh, 11.15-q, 04.50.+h, 04.90.4-¢
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and 3). It is exemplified on 1-dimensional vector bundles (section 4). The
formalism is applied to a geometric description of the classical electrody-
namics and the inertial frames for it (section 5). Section 6 is devoted to a
brief discussion of the inertial frames for the classical electromagnetic field.
Section 7 closes the paper.

2. Linear transports along paths (brief review)

Let (E,m, B) be a complex?® vector bundle [6,7] with bundle (total) space
E, base B, which is a C" differentiable manifold, projection 7 : E — B, and
homeomorphic fibres 771 (z), z € B.» By J and v : J — B are denoted real
interval and path in B, respectively. The paths are generally not supposed
to be continuous or differentiable unless their differentiability class is stated
explicitly. If 7y is a O path, the vector field tangent to it is denoted by +.

Definition 2.1. A linear transport along paths in the bundle (E,x, B) is
a map L assigning to every path ~ a map L7, transport along v, such that
L7: (s,t) — L]_, where the map L]_,: 7= 1(v(s)) — 7 *(y(t)), s,t € J,
called transport along v from s to t, has the properties:

LZ—>t © LZ—W = LZ—>t7 T, S7t S Ja (1)
L) s =idr1(y)), s € J, (2)

LZ—#,(AU + :L“}) = ALZ—%” + MLZ—n‘,U) )‘a H € (Cv u,v € 7.(.*1(,)/(8)), (3)
where o (idx ) denotes composition of maps (the identity map of a set X).

Let {ei(s;7)} be a C! basis in 77 1(y(s)), s € J.© So, along vy: J — B
we have a set {e;} of bases on 771(y(J)) such that the liftings v — e;(-,7)
of paths are of class C*.

Define the matriz L(t,s;v) := [L';(t,s;v)] of L by L]_, (ei(s;v)) =:
L7i(t, s;v)e;(t; ), s,t € J. A change {e;(s;7)} = {e}(s;7) := Al(s;7) X
e;(s;7)} via of a non-degenerate matrix A(s;7) := [A(s;7)] implies

L(t,s;7) — L'(t,57) = A7 (t;7) L(t, 557) A(s; 7). (4)

Proposition 2.1. A non-degenerate matriz-valued function L : (t, s;7) —
L(t,s;7y) is a matriz of some linear transport along paths L (in a given field

2 All of our definitions and results hold also for real vector bundles. Most of them are valid
for vector bundles over more general fields too but this is inessential for the following.
P When writing € X, X being a set, we mean “for all z in X” if the point z is not
specified (fixed, given) and is considered as an argument or a variable.

©Here and henceforth the Latin indices run from 1 to dim7~!(x), 2 € B. We also
assume the Einstein summation rule on indices repeated on different levels.
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{ei} of bases along ) iff
L(t,s37) = F~H(t;7)F(s;7) (5)

where F : (t;v) — F(t;7) is a non-degenerate matriz-valued function.

Proposition 2.2. If the matriz L of a linear transport L along paths has a
representation L(t,s;y) = *F~(t;~v) *F(s;7) for some matriz-valued func-
tion *F(s;7), then all matriz-valued functions F representing L via Eq. (5)
are given by F(s;y) = D' (y)*F(s;v) where D(v) is a non-degenerate
matriz depending only on .

Let {e;(s;7y)} be C! field of bases along v : J — B. The derivation
D : vy D7:s— D7, associated to L, acts on a C! lifting of paths \ as

N dX’ (s) ; p
Dix= | — = T T (s) feils; ). (6)
Here the (2-index) coefficients I''; of the linear transport L are defined by
, OLY(s,t;7) OLY(s,t;7)
T (s — I\ by - _ g\ by
e e @
If a matrix F' determines a transport L according to proposition 2.1, then
: OL(s,t;7) 1 dF(s;7)
T(s;7) == [I";(s;7)] = = F'(s; .
(5:7) = [["5(s;7)] o | (5953 (8)
A change {e;} — {e, = Ale;} of the bases along a path v with a
non-degenerate C'' matrix-valued function A(s;v) := [A(s;v)] implies
L(s;7) = [D(si7)] = T'(s37) = ['75(s;7)] with
_ _ dA(s;y
I'(s:7) = A~ (s 9)Ds: ) Alsi7) + A7 () D (g)

3. Normal frames for linear transports

Let a linear transport L along paths be given in a vector bundle (F, 7, B),
U C B be an arbitrary subset in B, and v : J — U be a path in U.

Definition 3.1. A frame field (of bases) in 71 (y(J)) is called normal
along 7y for L if the matrix of L in it is the identity matrix along the given
path v. A frame field (of bases) defined on U is called normal on U for L if
it is normal along every path v: J — U in U. A linear transport along paths
(or along a path 7y) is called Euclidean along some (or the given) path  if
it admits a frame normal along ~v. A linear transport along paths is called
Euclidean on U if it admits frame(s) normal on U.
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Proposition 3.1. The following statements are equivalent in a given frame
{e;} over U C B:

(i) The matriz of L is the identity matriz on U, i.e. L(t,s;y) = 1 along
every path v in U.

(i) The matriz of L along every v : J — U depends only on =, i.e. it is
independent of the points at which it is calculated: L(t,s;v) = C(v)
where C' is a matriz-valued function of .

(iii) If E is a C* manifold, the coefficients I';(s;) of L vanish on U, i.e.
T'(s;v) = 0 along every path v in U.

Corollary 3.1. FEvery linear transport along paths is Fuclidean along every
fized path without self-intersections.

Theorem 3.1. A linear transport along paths admits frames normal on
some set (along a given path) if and only if its action along every path in
this set (along the given path) depends only on the initial and final point
of the transportation but not on the particular path connecting these points.
So, a transport is Euclidean on U C B iff it is path-independent on U.

Proposition 3.2. Let L be a linear transport along paths in (E, 7w, M), E
and M being C' manifolds, and L be Euclidean on U C M (resp. along a
C! path v : J — M ). Then the matriz T of its coefficients has the repre-
sentation

dim M

T(s;7) = Y Tu(v(9)3"(s) = Tu(y(s))3*(s) (10)

p=1
in any frame {e;} along every (resp. the given) C* path v: J — U, where
r,= [I‘lm]ldl;:lr ‘@) are some matriz-valued functions, defined on an open
set V' containing U (resp. v(J)) or equal to it, and 4 are the components of
4 in some frame {E,} along v in the bundle space tangent to M, ¥ = 4" E,,.
The functions I';, are termed 3-index coefficients of L.

Let U be an open set. The changes {E,} — {E, = B//E,}, B =
[BY] being non-degenerate matrix-valued function, and {e;|.} — {ejl. =
. T -1
Al(z)ej|s}, with A == [A]] fl;:lr ®) being non-degenerate and of class C1,
imply (see Eq. (9) and Eq. (10)) that I', transforms into I'}, such that

I, =BiA'T,A+ AT'E(A) = BLA'(T,LA+ E,(4).  (11)

Theorem 3.2. A linear transport L along paths is Euclidean on a subman-
ifold N of M if and only if in every frame {e;}, in the bundle space over N,
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the matriz of its coefficients has a representation Eq. (10) along every C*
path in N and, for every po € N and a chart (V,z) of M such that V 3 pg
and z(p) = (z'(p), ...,z N (p), tdmN+L - 4dim My for cvery p € NNV

and constant numbers tgim N+l (amM the equalities
(RY5(~T1,...,—Taimn))(p) =0, a,B=1,...,dimN, (12)
or
where R%(—I‘l, s Paimn) == Rap(—T1,..., —Tdimnm) = —31;% —5n t

I I'g—=T'gl'y hold for allp € NNV. HereI'1,...,T'qim n are the first dim N
of the matrices of the 3-index coefficients of L in the frame {%} in the
tangent bundle space over N NV

4. Linear transports and normal frames in line bundles

Let (E,m, M) be one-dimensional vector bundle over a C* manifold M; such
bundles are called line bundles. The fibre of (E, 7, M) can be identified with
C (R in the real case) and the fibre 7= !(z) over z € M is an isomorphic
image of C (R). Let v : J — M be of class C* and L be a transport in
(E,m,M). A frame {e} along 7 consists of a single non-zero vector field
e: (s;7) — e(s;y) € mH(y(s))\{0}, s € J, and in it the matrix of L7 at
(t,s) € J x J is a number L(t, s;y) € C, L)_,,(ue(s;y)) = uL(t, s;y)e(t; )

for u € C and s,t € J. By proposition 2.1, the general form of L is

f(s37)
L(t,s;v) = 13
2:7) f(t:7) 13)
where f : (s;79) — f(s;y) € C\{0} is defined up to multiplication with
a function of v (proposition 2.2). Due to Eq. (8), the matrix of the co-
efficient(s) of L is I'(s;7y) = OL(t,5:7) = ﬁ% = %[ln(f(SW)]
t=s ’

Os
and [1, Eq. (2.31)] takes the form L(t,s;v) = exp(— f: I‘(U;’y)da).
A change e(s;v) — €'(s;7) = a(s;v)e(s;v), with a(s;y) € C\{0}, of
the frame {e} implies (see Eq. (4) and Eq. (9)) L(t,s;7y) — L'(t,s;7) =
U 1t 5;) and T(s;7) — TV (s;7) = T(s; ) + 4 [In(a(s;7))]-

a(t;y)
The action of the derivation D generated by L is DY\ = (%(S) +

I‘(s;’y))w(s))e(s;w) where \ € PLift"(E, 7, M) and Eq. (6) was used.

A frame {e} is normal for L along 7 (resp. on U) iff in that frame
equation Eq. (13) holds with f(s;v) = fo(y) where v : J — M (resp.
v:J—=U)and fo: v+ foly) € C\{0} (see proposition 3.1). Since, in a
frame normal along v (resp. on U), it is fulfilled L(¢,s;v) =1, T'(s;y) =0
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for a given path « (every path in U), in every frame {¢’ = ae}, we have

; d
)% A — a(s;y) T(s:~) = —1 . . 14
57 =iy TEN=g [In(a(s; )] (14)
In addition, for Euclidean on U C M transport L, the representation
L' (s:9) = To(v(s))7"(s) (15)

holds for every C! path v: J — U and some F/u : V. — C with V being
an open set such that V' 2O U (proposition 3.2). Therefore (see theorem 3.1
and [1, theorem 4.2]) Eq. (14) holds for a(s;y) = ag(v(s)) for some ay :
U — C\{0}. So Eq. (15) can be satisfied if we choose

I, = Eu(a) for some a: V — C, aly = ag (16)

with {E,} being a frame in the bundle space tangent to M. If U is not an
open set, this choice of I"M is not necessary as Eq. (15) will be preserved, if
to the r.h.s. of Eq. (16) is added a function G/, such that G},¥'# = 0.

Due to Eq. (11), the functions I', and I', in two pairs of frames
({e},{EL}) and ({¢’ = ae}, {E}, = B}/ E, }), respectively, are linked via

v 1 v
I, = BTy + ~Ey(a) = B}(T, + E,(Ina)). (17)

So, with respect to changes of the frames in the tangent bundle space over
M, when a = 1, they behave like the components of a one-form.

Frames normal along injective paths always exist (corollary 3.1), but on
an arbitrary submanifold N C M they exist iff the functions I',, satisfy the
conditions Eq. (12) with € N in the coordinates described in theorem 3.2.

5. Bundle description of the classical electromagnetic field

Recall [8,9], the classical electromagnetic field is described via a real 1-form
A over a real 4-manifold M (endowed with a (pseudo-)Riemannian metric
g and) representing the space-time model.? The electromagnetic field itself
is represented by the two-form F = dA, where “d” denotes the exterior
derivative operator, with local components (in some local coordinates {x*})
~0A, n 04,
drv  Ozr’

The Maxwell equations describing it, and its (minimal) interactions with

F.=

(18)

other objects are invariant under a gauge transformation

o\

d The particular choice of M is insignificant for the following.
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or A A’ = A4+ d), where ) is a C? function. The electromagnetic field is
invariant under simultaneous changes of the local coordinate frame, E,, =
SN E,, = B} E, with B, := 92" and a gauge transformation Eq. (19):

oxh ox/H

oA ) (20)

Ay Ay = BYA, + B, = By (A, + 55

The similarity between Eq. (20) and Eq. (17) implies the idea of identi-
fying the electromagnetic potentials A, with the matrices I',, of the 3-index
coefficients of some transport in a line bundle (E, 7, M).

Let M be a real 4-manifold, representing the space-time model, and
(E,m, M) be a line bundle over it.° We identify the potentials A, of an
electromagnetic field with the coefficients of a linear transport L along paths
in (E,m, M) whose matriz has the representation Eq. (15) (along every
path and in every pair of frames). Hence, the 3-index coefficients of L are
uniquely defined and supposed to be (arbitrarily) fixed in some pair of
frames.

Since the 3-index coefficients of linear transport are defined in a pair
of frames ({e}, {E,}), {e} in the bundle space E and {E,} in the tangent
bundle space T(M), the change Eq. (20) expresses simply the transforma-
tion of A, under the pair of changes e — ¢’ = ae and E, — E| = B, E,
and follows from Eq. (17) for a = e*. It should be emphasized, now the
(pure) gauge transformation Eq. (19) appears as a special case of Eq. (20),
corresponding to a change of the frame in E and a fixed frame in T'(M).t
So Eq. (19) is directly incorporated in the definition of the field potential
A. This conclusion is in contrast to classical electrodynamics where the
change Eq. (19) is a simple observation of ‘additional’ invariance of the
field.

Defining the electromagnetic field (strength) by F = dA, the Eq. (18)
remains valid in a coordinate frame {E,, = 9/0z"}. Since A and F' possess
all of the properties they must have in classical electrodynamics, they repre-
sent an equivalent description of electromagnetic field. The only difference
with respect to the classical description is the clear geometrical meaning
of these quantities, as a consequence of which an electromagnetic field can
be identified with a linear transport in a line bundle over the space-time.
The proposed treatment of electromagnetic field is equivalent to the mod-

€ The consideration of the real case does not change the above results with the exception
that C should be replaced by R.

fCf. a similar conclusion in [10, p. 178], in which a gauge transformation, in a general
gauge theory, is interpreted as a change in fibre coordinates of a principle bundle.
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ern one of gauge theories (see, e.g., [11] or [12]), where the electromagnetic
potentials are regarded as coeflicients of a suitable linear connection.

In the approach proposed, the different gauge conditions, which are
frequently used, find a natural interpretation as a partial fix of the class of
frames in the bundle space employed.

6. Normal and inertial frames
Comparing Eq. (18) with Eq. (12), we get 8
F,uu = Rp.l/(_AOv _Ala _A27 _AS) (21)

Thus, the electromagnetic tensor F' is completely responsible for the exis-
tence of frames normal for L (theorem 3.2). If N is a submanifold of M,
frames normal on N for L exist iff in the special coordinates {z*}, described
in theorem 3.2, is valid Fygly = 0 for o, = 1,...,dim N. According to
theorem 3.1, an electromagnetic field admits frames normal on U C M
iff the transport L corresponding to it is path-independent on U. Thus, if
L is path-dependent on U, the field does not admit frames normal on U.
This result is the classical analogue of a quantum Aharonov-Bohm effect
[13,14], whose essence is that the electromagnetic potentials directly, not
only through the field tensor F', can give rise to observable physical results.

Suppose L is Euclidean on a neighborhood U C M. Eq. (21) and theo-
rem 3.2, imply F'|y = dA|y = 0, i.e. on U the electromagnetic field strength
vanishes and hence the field is a pure gauge on U,

9fo

Al =2
ulv ozt lu

(22)

for some C! function fy defined on an open set containing U or equal to it.
By proposition 3.1, in a frame {e’} normal on U for L vanish the 2-index
coefficients of L along any path v in U:

T'(s57) = A, (v())3"(s) = 0 (23)

for every v: J — U and s € J. Using Eq. (22), it is trivial to see that any
transformation Eq. (20) with A = — fo transforms A, into A}, such that

Ally = 0. (24)

Hence, by Eq. (23), the frame {¢/ = e foe} in E is normal for L on U.
Therefore, in the frame {e’}, vanish not only the 2-index coefficients of L

€ In this section, we assume the Greek indices to run over the range 0,1, 2, 3.



Normal frames and linear transports along paths in line bundles 127

but also its $-index ones, i.e. {€'} is a frame strong normal on U for L. Ap-
plying Eq. (20) one can verify, all frames strong normal on a neighborhood
U for L are obtainable from {e'} by multiplying its vector €' by a function
f such that aanu|U = 0, i.e. they are {be Foe} with b € R\{0} as U is
a neighborhood. Thus, every frame normal on a neighborhood U for L is
strong normal on U for L and vice versa.

A frame (of reference) in the bundle space, in which Eq. (24) holds on
U C M, is called inertial on U for the electromagnetic field. The frames
inertial on U for a given electromagnetic field are the ones in which its
potentials vanish on U.

In a frame inertial on U C M for an electromagnetic field it is not
only a pure gauge, but in such a frame its potentials vanish on U. Therfore
(see also [15-17]) there existent frames inertial at a single point and/or
along paths without self-intersections for every electromagnetic field; on
m-submanifolds with m > 2 such frames exist only as an exception.

Let there be given a physical system consisting of pure or, possibly,
interacting gravitational and electromagnetic fields which are described via,
respectively, a linear connection V in the tangent bundle (T'(M), wr, M)
over the space-time M and a linear transport along paths in a line bundle
(E,7g, M) over M. On one hand, the frames inertial for an electromagnetic
field, if any, in the bundle space E are completely independent of any frame
in the bundle space T' (M) tangent to M. On the other hand, the frames
inertial for the gravity field, i.e. the ones normal for V| if any, are frames
in T(M) and have nothing in common with the frames in E. Consequently,
if there is a frame {E,} in T'(M) inertial on U C M for the gravity field
and a frame {e} in E inertial on the same set U for the electromagnetic
field, the frame {e x E,} = {(e, E,)} in the bundle space of the bundle
(ExT(M),mg x mp, M x M) over M x M can be called simply inertial
on U (for the system of gravity and electromagnetic fields). Thus, in an
inertial frame, if any, the potentials of both, gravity and electromagnetic,
fields vanish. Relying on the results obtained in this work, as well as on
the ones in [3,15-17], we can assert the existence of inertial frames at every
single space-time point and/or along every path without self-intersections
in it. On submanifolds of dimension higher than one, inertial frames exist
only for some exceptional configurations of the fields which can be described
on the base of the results in the cited works.
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7. Conclusion

In the present paper was exemplified the theory of linear transports along
paths and the frames normal for them on line bundles. The application
of the results to the classical electrodynamics gives rise to a geometric
interpretation of the electromagnetic field as a linear transport in a line
bundle and to an introduction of inertial frames for this field. As pointed
in [5], the linear transport, describing the electromagnetic field, is in fact
the parallel transport generated by the linear connection describing it in
the known its geometrical interpretation [18].

The coincidence of the normal and inertial frames for the electromag-
netic field expresses the equivalence principle for that field [5]. This principle
is a provable theorem and it is always valid at any single point or along
given path (without selfintersections) as these are the only cases when nor-
mal frames for a linear connection or transport always exist.

The considerations in this work confirm our opinion that the frames
(and possibly coordinates) in bundle spaces, in which some physical fields
‘live’, should be regarded as parts of the frames of references with respect to
which a physical system is investigated.” For an electromagnetic field, these
are the one-vector field frames {e} in the bundle space F of the line bundle
(E,m, M) in which the field is describe via a transport L. With respect to
{e} is defined the coefficient of L and with respect to a pair ({e}, {EL}),
with { £, } being a frame in the bundle tangent to the spacetime, are defined
the (3-index) coefficients of L which coincide with the components A, of
the 4-vector potential of the electromagnetic field. Since A, are observable
(if one beliefs in the Aharonov-Bohm effect) and {E,} is an essential path
of the frames of reference, one can conclude that {e} should be a part of
the frame of reference.

The work on this paper was partially supported by the National Science
Fund of Bulgaria under Grant No. F 1515/2005.
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‘We consider the problems of local and global in time existence of the solution to
the Schrédinger-Poisson system (or the Hartree equation) in R3. We prove that
if the solution at ¢ = 0 has a bounded H'/2-norm, then it remains bounded
in some time interval [0, 7], which together with the charge conservation law
immediately imply global existence. Thus, we extend the previous results for
this type of nonlinear Schrédinger equation.

Keywords: Schrédinger-Poisson system; Hartree equation; local and global ex-
istence; Sobolev space.

1. Introduction

The Schrodinger-Poisson system can be written in terms of the wave func-
tion ¢ and the potential V as follows

100 + A = Vb, (t,r) € Ry x R, (1)
AV = —4x|yp)?, (2)

where the (—) sign in the Poisson equation (2) corresponds to the repulsive
type of the single-quantum state interaction. The above system appears in
Quantum Mechanics, the analysis of the electron transport under particular
contexts and the semiconductor theory.

Solving the second equation with respect to V' = V(|/|?) and substitut-
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ing into the first one we obtain the following single equation

0 + A = (Ja| 71 % []2)eh, (3)

where * denotes the usual convolution operator in R3. Equation (3) is known
as the Schrodinger equation with nonlocal nonlinearity of Coulomb type or
the Hartree equation and arises, for instance, as an effective description of
boson stars (see for more details Born [2] and Lieb and Simon [10]).

In general, the Hartree nonlinearities (||~ * [1]|?)1, 0 < v < 3 are by
far most difficult to handle, due mainly to the presence of the convolution;
the power nonlinearities |¢)[P~11), p > 1 are quite manageable and can be
handled by the standard theory of semilinear Schrédinger equation. The
analysis divides into the following three cases: the short-range case v > 1,
the long-range case 0 < v < 1, and the borderline (or the critical) case
v=1.

Although there is a large literature on the Cauchy problem for the
Schrodinger-Poisson system (and Hartree equation), there still remains the
question for the optimal energy space, which ensures the local and global
existence of solutions with arbitrary initial data.

Let H*(R?) denotes the inhomogeneous Sobolev space of positive index
s and H*(R?) denotes the corresponding homogeneous space with norms

[fllze = KV fllz@sy; e = IIVIfllL2@s),

respectively. We shall consider the Cauchy problem for the system (1)—(2)
with initial data

¥(0,2) = . (4)

The local existence definition that we shall use reads as follow: for any
choice of initial data 19 € H®, there exists a positive time T' = T'(||¢o]| zr+)
depending only on the norm of the initial data, such that a solution to the
Cauchy problem exists on the time interval [0, 7] and is unique in a certain
Banach space of functions X7 C C°([0,T], H®). If T = oo we say that a
solution to the Cauchy problem exists globally.

For our purposes we restrict ourselves to initial data in H® with 0 <
s < 1, and make some comments for the limiting cases where s = 0,1. It
is known (see Ginibre and Velo [5]), that the initial value problem (1)—(2)
is locally well-posed in H® when s > 1

5, and local in time solutions enjoy
charge conservation law

9t ze = l1¢o(-)llL2- (5)
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Moreover, H' solutions enjoy conservation of the energy
1 1
B = 510l + 5 [ Vool = B0, ©

which together with (5) and the local theory immediately yields global in
time well-posedness with initial data in H!. One of the first results con-
cerning similar problem is the paper of Chadam and Glasey [4], where they
prove global existence for the Hartree equation with an external Coulomb
potential in the energy space H'. A small data global existence and scatter-
ing is proved in the work of Hayashi, Naumkin and Ozawa [6] in the space
HY0n HY for 3 < v < %, where H™* denotes the weighted Sobolev
space.

Another approach for proving local/global existence for the Schrédin-
ger-Poisson system (and Hartree equation) is the use of Strichartz-type
inequalities. In [3] Castella establishes global existence result for solutions in
the class CO(R, L2(R?)) N LY(R, LP(R3)) for range of the admissible indices
p > 3, % =3 % and initial data in L?. Note that, due to the Sobolev
embedding H* C L> N L? in R? with p > 3, implies s = 2 — % > 2.

The main purpose of the present work is to construct a local in time
theory for the homogeneous Sobolev space H 3 without using conserva-
tion laws and the Strichartz (i.e., linear space-time) estimates for the free
propagator e¢**. We intend to prove our results by a standard fixed-point
method applied to an integral version of (1)—(2). The proof employs sharp
estimates (e. g., Kato [7] inequality (15) below) for obtaining local Lipschitz
continuity of the nonlinearities of Hartree type. Then, replacing H 7 with
H %, we succeed to establish global existence for the Schrédinger-Poisson
system with arbitrary initial data in H %, which improves the H®- theory
with s > %

2. Local existence result in Hz
For R > 0 and T > 0, let X7 be a ball of radius R in the function space
CO([0,T], Hz (R3)), defined by
. c 1
Xp={ve 0.7, @) W0 gpan SR} (@)
Our first result is the following theorem.

Theorem 2.1. There exists a constant T > 0, such that for any vy €
Hz (R3) with ”7’[}0”}]% < R, there exists unique solution v € X1 to (1)—(2),
which satisfies the initial condition (4).
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Proof. Assuming the initial data g € H 7 and ¥ € Xp and using the
Duhamel’s integral representation we define the map ® : ¢ — ®(¢) by

B()(t) = U)o — i /0 Ut — $)Vip(s)ds: 0<t<T, (8)

where U(t) = e™2 is the free Schrodinger group. Then, the following esti-
mate holds

Using the Leibnitz rule for fractional derivative [9], together with Kato-
Ponce type estimates [§]

17910 < C(IF o 1191 gllzs + IV Fllassliglir ).
1 1 1 1 1

820, —t—=—4+—=7, p27p3€(1700)7 (10)
P1 P2 p3s pa 2

the space estimate of the Hartree nonlinearity becomes

Vell,y < OV + 0l V=) (1)
Thanks to Sobolev inequality
1 1 s
p < e 1, —-==--—-, 12
[l < CllYllgges P> 5 =273 (12)
we get
[¥llLs < ClIYll - (13)

For the L norm of the potential V', we obtain the first crucial estimate

2
Wl = sup [ 00 ay <cl-antolt < iy a9

z€R3 JR3 |II?— |

where we use the operator inequality (see Kato [7])

=80y (15)

and the translation invariance A,_, = A, for all z € R®.
The Gagliardo-Nirenberg inequality (see for instance Stein [12])

lz—y| 7t <

IIVPgllee < CIVI™ gl llgllza®, (16)

holds for any 1 < ¢,7 < 0o and any 0 < j < m. Here p > 1 is such that

% = % + (% — %)a + 1_T“ and the parameter ¢ is any from the interval
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% < a < 1. Rewriting the above inequality with j = %, m = 2,p =06,
r =3 and ¢ = 0o we obtain

1 a —a a
IIVIEVILe < CIVEVIS 4 IVIZE = Cl = AV 4 VI, (A7)
which holds for any parameter a € [1/4,1]. By using (13), (14), and the
fact AV = —4r|y|?, we get the estimate
VI Vilze < ClIIE VIS < Clol% I = ClIvll,, - (18)

Collecting the above estimates yields

Vel 5 < CIEIE,, (19)

H? =
which after integration over the finite slab [0, T], leads to the following local
estimate of the nonlinear term

3
VOl ozt < CTE" (20)

Therefore we can rewrite (9) as
3
19, < oy ) < Ol 3+ TRY). (21)

In order to prove the contraction property for the map ®, we shall
proceed in the same way as for (20). Let ¢, ¢ € Xr and define the potential

Vi by
AVyg = =49, (22)

which is equivalent in R? to
1 _
Voo = Bl V. (23)
We can estimate

Vipth = Vool 1 < I1(Vipw = Vo )0l ;1
T Vow = Voo ¥ll 11 + Voo (¥ = D)l 1
=A+B+D. (24)
For the first quantity, as in (11) we have
A= (Vg = Vou)tll 3
< Ol V12 (Viw = V)llze + 191 ;3 1V = Valloe) — (25)
Definition (22) and Kato estimate (14) imply

Vi = Voullzoe < Cllo = @ll 51 19117 4 (26)
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while from Gagliardo-Nirenberg inequality (18) we write

V1= (Vi = Vow)llze < Cllvo = ol 3 1117 (27)
and finally, using (13) we obtain
2
A<Clo—dll 312, (28)

Repeating the same procedure, we can bound the remaining quantities
in (24) as follows

B<Cllg -l 2 10ll,3 16,3 (29)
and
D <Clv =l 41107, (30)
Thus, we finally obtain
Vit = Vool ozt < CTRIG =0l oyt 31

Choosing CHwOHH% < & and T < 54, we see that the map @ : ¢ — ®(v)
is a contraction on X7 and hence ®(t) has a unique fixed point 1 for any
time ¢ < T([|¢bo] ;). |

=

Of significant importance is the observation that the homogeneous
Sobolev norms are not invariant under time translation and thus, we can
not extend our local existence result globally in time. In the next section we
shall establish global existence for the Schrédinger-Poisson system (1)—(2)
by assuming at least charge conservation.

3. Global existence result in H 2

From the arguments mentioned above, the proof of global existence re-
quires the use of at least one of the conservation laws (5) and (6). There-
fore, we assume conservation of charge and consider the inhomogeneous
Sobolev space H?. Let X7 be a ball of radius R > 0 in the function space
CO([0,T), H2(R3)), defined by

Xp={ e (O.TLHY R 1), ommy, SR} (32)

Our second main result concerns the global existence below the energy
space.

Theorem 3.1. For any vy € H2(R3) with |W0||H% < R, there ezists
unique solution 1 € Xp to (1)—(2), which satisfies the initial condition (4).
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Proof. We start by showing that the nonlinearity Vv is locally Lipschitz
continuous from L'([0, T, H2) into C°([0, T}, H=). In other words, we shall
prove that for all ¢, € X holds the following estimate

Vautd = Vesdll 1 o gy 1ty S CO B =Bl 0. 7y.18): (33)
From the equivalence
£z + 112 Flze SUA,a S Il + 11912 Flze, (34)
it is sufficient to estimate the quantities
IVputh = Vigodliz, VI (Vewth = Vosd)|l 2. (35)

The second one is estimated in the previous section by (24)—(30) and it is
obvious that

1
IVIZ (Viytp = Vosd)lle < C(I1I%y + 015 )11 = oll 5 (36)
For the first quantity in (35), applying Holder inequality we have

[Viwth — Voo ol| 2
S NVaw = Vou)@llz + 1 (Vow = Voo )¥llzz + (Voo (¥ — 9|2
< C(1(Vipy = Vo)l zolldll s + | (Vs — Vi)l 61| s
+ [ Vipllzeelld — ¥l 22). (37)
Observing that = € L) where L9 are the Lorentz spaces and L)

]

denotes the weak LP space (see Berg and Lofstrom [1] and O’Neil [11] for
more details) and using the weak Young inequality, we get

(Vi = Vo )llLs <C 112 =dvll, ¢ < Cllvllsllo—l L2, (38)

’ 1
||

which is the second crucial inequality in the present work. The remaining

L(3,050)

terms in (37) deserve no further comment, since they can be estimated in a
similar fashion to all estimates derived so far. Thus, by integration in time,
we derive (33) with a Lipschitz constant C(T, R) = CTR? < 1.

Let 109 € H? be a fixed initial data of (1)—(2) and let us suppose
that the solution ¢ belongs to the Banach space Xp. Local existence and
uniqueness of a solution ¥ € Xp now follows by standard methods for
evolution equations with locally Lipschitz nonlinearities, that is, the map
®(t), defined by (8) has a fixed point for any time 0 <t < T({[¢ol 1 )-
Moreover, continuous dependence on initial data, i.e. the map g — ¥ € X
is continuous for every compact interval I C [0, 7], can also be deduced by
standard arguments for general theory on semilinear evolution equations.
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The global existence result follows from the following remark, that is, if we
choose the radius R of the ball X7 ¢ C°([0,T], Hz) to be constant during
the time evolution and such that R > 2CH¢0||Hj

in time with initial data in 7,27, ... and cover the whole [0, 00). O

1, then one can reiterate
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In this paper a multidimensional version of the double-complex algebra C(1, j)
is developed. The problem about the double-complex quadratic forms, stated
in [1], is considered. We find the natural holomorphic Q-geometry and com-
plex Hermitian one following the classical theorem of Lagrange for complex
quadratic forms @ (see for instance [2]). A remark about fourth-complex
quadratic forms is included [3]. Let us note that in fact the double-complex
algebra is an alternative version of the known bi-complex algebra [1].

Keywords: Double-complex n-vectors; Double-complex quadratic forms; Com-
plex Hermitian quadratic forms; Double-complex @Q-orthogonal geometry;
Fourth-complex quadratic forms.

1. Double-complex numbers and double-complex vectors

We shall consider the algebra of double-complex numbers C(1, j) consti-
tuted by the elements a = z+ jw, where z and w are complex numbers and
j? =1, 9> = —1. The underlying vector space coincides with C' x C' = C?,
the vector space of couples (z,w) of complex numbers. The conjugate a* of
a is defined as a* = z — jw. It follows that in the algebra C(1,7) we have
aa* = z? —iw?. In C x C we have a + a* = 2z, and a — a* = 2jw.

By C?" is denoted the Cartesian product of n times C?, and respectively
by C"(1,7) the Cartesian product of n times C(1, 7). Clearly (C?)" is the
underlying vector space of the algebra C™(1, 7).

Let a := (a',a?,...,a") be a sequence of n double-complex numbers.
It defines a double-complex n-vector, denoted by «. The double-complex
k are called coordinates of a. We say that « is vector in C"(1, 7).

We shall consider a system aq, . .., a,, of m double-complex n-vectors. By

numbers «

2000 MS Classification: 30G35, 31C99, 32W99
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(al), k=1,...,m,l=1,...,m, is denoted the matrix of all coordinates of
the given system. If this matrix is of maximal rank the mentioned system
is linear independent. In the case when the n x n matrix (aﬁc), k=1,...,n,
[ =1,...,n, is of maximal rank, i.e. det(aéﬂ) # 0, the sequence of double-
complex vectors (a!,a?, ..., a™) is a system of linear independent double-
complex n-vectors. Each maximal system of linear independent double-
complex vectors in C™(1,7) is called a base of C™(1, j).

Now we will equipped the set of all double-complex n-vectors C™(1, j)
with operations of addition and multiplication of its elements. Namely, we
have

Proposition 1.1. The set of all double-complex n-vectors is an algebra
with respect to the following operations: if a and 3 are double-complex n-
vectors

a+/6::(a1+/617"'7an+6n))
af = (a'ph, ..., a"p").

Proof. Tt is easy to verify that with respect to the first operation (the
addition) the set C™(1,7) is a commutative group with O(0,...,0) as a
neutral element. The second operation is a commutative multiplication.
Both of them define a structure of an algebra over the algebra C(1,j) of
double-complex numbers. O

Definition 1.1. We say that the double-complex n-vector « is a zero-
divisor in the algebra C™(1,j) if there exist double-complex n-vector 7y
such that va = 0.

Proposition 1.2. The double-complex n-vector o is a zero-divisor in
C"™(1,7) iff for each coordinate af = 2F + jwk, we have (zk)2 — z(w’“)2 =0,
k=1,...,n.

Proof. Let v = {(u* + jv*)} be a double-complex n-vector such that
ya = 0. In coordinates the product va seems as follows ya = {(uk +
jv¥)(zF + jwF)}. Calculating we obtain the following homogenous linear
system with respect to the given non-zero couple u*, v¥

2P+ iwFob = 0, whu? + 2Rk = 0.

This implies that the determinant of the coefficients of the considered sys-
tem is equal to zero, namely (2¥)2 —i(w*)?=0,k=1,...,n. O
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Definition 1.2. We say that o* is a conjugate n-vector of the n-vector
a= (o) if o = ((a')*, (a?)*, ..., (a™)*).

Proposition 1.3. For every double-complex n-vector o we have

ac® = (()?2 —i(wh)?,..., (2™)? —i(w™)?) e C™.

2. Bilinear and quadratic forms on C™(1,j)

We shall consider C-bilinear symmetric forms on the algebra of double-
complex n-vectors. Let B(«, 8) be such form. This means that a mapping
B is defined as follows

B:C"(1,7) x C"(1,j) = C, (a, ) — B(a, 3),
a,BeC"(1,j), Bla,p) €C,

and B(w, 3) = B(f, a) for every couple (a, §) of elements of C™(1, j).
Let (e1,€9,...,&,) be a base in C™(1, j). Then we have

a= Zo/sl and (= Zﬁksk,

and

B(o,8) =Y a'B"Bles, ex).
Ik
Setting B(ey, ex) = by, we can rewrite the above expression as follows

Bla,8) =YY bxa'B* with by, = by € C.

l k

Definition 2.1. We say that a C-quadratic form Q(«) over C™(1, ) is
defined if there is a C-bilinear form B(a, §) such that Q(«) = B(w, «) for
every double-complex vector a.

So, Q(«) is defined with the help of the symmetric bilinear form B(«, 3).
Inversely, we have

B(a, 8) =1/2(Q(a+ B) — Q(a) — Q(B)), Ve, € C"(1,]).
With a = 3" ale; we obtain Q(a) = Y. Y quala®, setting g = b
A matrix representation for the quadratic form is obtained as ordinary:
Q(a) = (at,...,a™Q(at,...,a™)7)

where @ denotes the matrix ||q||, (a!,...,a™)7 is the column of the coor-
dinates o* and (al,...,a") is its row.
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3. Double-complex holomorphic Q-orthogonal geometry

Let Q := Q(al,...,a™) be a double-complex symmetric quadratic form.
The double-complex coordinate representation of () seems as follows

Q(at, ..., a") = qi1(ah)? + 2q120'® + - - - + 2q1n0ta”
+ ge(a®)? + - 4 2qpa’a”
+...
+ Gun(a”)?,
where o = 2% + jw® k =1,...,n. Having in mind that
(@*)? = (%) +i(w*)? + j(2z"w")
and

afal = (28 4 juwh) (2 + jw') = 272 + it w! 4 j(2Fut + wh ),

we obtain a complex-coordinate representation of @,

QL wt, ... 2" w") = Z:((zk)2 +i(wF)?) + Z(zkzl + iwrw!)
k Je,l
+j {Z@zkwk) + Z(zkwl + wkzl)] :
k kil

Or @ = Qo + jQ1, where Q¢ and @; are complex-valued quadratic forms,
respectively the even part and the odd part of Q:

Qo = z:((zk)2 +i(w*)?) + Z(zkzl + iwrwl),
Je,l

k

Q1= Z(szwk) + Z(zkwl +wkzh.

k k,l

3.1. Double-complex holomorphicity

A double-complex function f(«) = fo(z,w)+jf1(z,w), where a = z+ jw is
a double-complex variable, is a holomorphic double-complex function [1], if
by definition its even part fo(z,w) and odd part fi(z,w) satisfy the follow-
ing double-complex Cauchy-Riemann system of complex partial differential
equations

(9f0/(92’ = 8f1/8w, 8f0/8w = z@fl/az
Theorem 3.1. Each double-complex quadratic form

1,1 ko k
Q(z  w, ..., 2% w" ... 2" w")
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s a separately double-complex holomorphic function with respect to every
couple (2%, wk) of its coordinates.

Proof. We have of = 2% + jw”, and (a*)? = ()2 + i(wk)? + j(2zFw").
So, for the even part ()2 we have (a*)2 = (2¥)2+i(w*)?, and respectively

for the odd part: (a*)? = 2zFw!. Calculating we obtain

D(af)2 /028 = 22%, d(aF)? Jow" = 22",
d(a*)2/02% = 2iw”, d(a*)2/02% = 20",
Clearly, the double-complex Cauchy-Riemann system is satisfied by (a*)3
and (a®)2. Analogousely, we verify that the even part and the odd part
of each product o*a! satisfy the double-complex Cauchy-Riemann system
with respect to the couple (z*,w*). Following the same way we verify that

0Qo/0zF = 8Q1 /0w, 0Qu/dw" =idQ. /=" O

Remark 3.1. In the above written equalities Q¢ and )1 are considered as
C-valued functions of the complex variables (2%, w"), i.e.

Q(...7zk+jwk,...):Qo(...,zk,wk,...)—|—jQ1(...,zk,wk,...).

Remark 3.2. Each double-complex quadratic form in C™(1,j) is repre-
sented as a couple of complex quadratic forms in C?", but the inverse is
not true. It is to take in view the proved holomorphicity of the double-
complex quadratic forms as a necessary condition.

Example 3.1. Let us take the couple Py = 2% + w?, P; = 2zw of complex
quadratic forms in C2. It is easy to see that the couple (Py, P;) does not
satisfies the double-complex Cauchy-Riemann system.

Remark 3.3. With the notion of analytic double-complex valued function
of many double-complex variables in mind one can prove that if f is a
continuous double-complex function in an open set G C C™(1,j), and is
holomorphic in each couple of coordinates variables (z*,w*) separately,
then f is an analytic double-complex function. For this purpose it is to
use an Osgood type lemma for double-complex holomorphic functions (to
be published). Applying this theorem for double-complex quadratic forms
we obtain the each double-complex quadratic form is an analytic double-

complex function with respect to all its coordinates.
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3.2. Q-orthogonal geometry

With the help of the double-complex symmetric quadratic form @ we can
develop a notion of Q-orthogonal base in C™(1, 7). This is a base {e}} for
which Q(eg,e;) = 0 (or B(ek,&1) = 0, as qx = bg) for each couple (k,1)
with k = [. A question arises whether every double-complex base in C™(1, j)
admits a non-degenerate linear transformation in a @-orthogonal base in
C™(1,7)? The answer is given by the following Lagrange type theorem.

Theorem 3.2. For every double-complex quadratic form @ on C™(1,7)
there exist a base {e1,...,en} such that Q(ex, ;) = 0 when k # 1.

Proof. The proof follows the classical algorithm of Lagrange, adapted for
double-complex variables. O

Corollary 3.1. In a Q-orthogonal base the matriz of Q is diagonal.

q11(041)2 0 0
0 q22(a2)2 0
0 0 qm(a")Q

For this form we have the so called canonical representation
Q(ala 042, v 7an) = Q11(041)2 + (I22(042)2 +-+ qnn(an)2v

(in double-complex variables) and, respectively, in complex coordinates

Q= auw{(z")? +i(w")? +j@2"M)}, g e C.
k

In this @Q-orthogonal representation the considered quadratic form is sepa-
rately holomorphic. Indeed, Q@ = Qg + jQ1 where

Qo= am{(zF)? +i(w")?} and Q1 =2 gz uw’.

We see that 0Qo/0zF = >k qex22F and 0Q/0w* = >k k22", so
0Qo/02% = 0Q1 /ow*.
Analogousely, we see that 9Qo/dw* = i0Q; /0.

Remark 3.4. It is to remark that all ternary, ..., n-ary forms F;, are
holomorphic too, but it is not known if they possess a kind of F;,-geometric
interpretation.
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4. Complex-hermitian double-complex quadratic forms

A complex Hermitian double-complex quadratic form @, or shortly double-
complex Hermitian form, is defined as follows

Qla,a) => > qua' (@), qu = Qex,a1) € C.

Theorem 4.1. For every double-complex Hermitian quadratic form Q
there exist a base in which Q has the following canonical form

QB.B8) => MBS, MeC.

The proof can be obtained in the same way like in theorem 3.2.
In coordinates we receive

Qla, ) = Z quk(zlzk — iwlw®) —|—jZ Z(zkwl — Zlwk).
kool 1k
and

QB.B) =Y Mul(=9)? —i(w")").

k

5. Fourth-complex quadratic forms

The algebra of fourth-complex numbers C(1, 7,52, j3) is introduced in [3].
This is a commutative and associative complex algebra, which elements
are denoted as follows o = 29 + 217 + 2252 + 235° ,j* = 9. A treatment
of the quadratic forms of fourth-complex variables in terms of quadruples
of complex quadratic forms can be developed. Here we give the simplest

example
o = (20 + 215 + 225% + 235°) = Qo + Quj + Q25° + Qs5°,
where Qi, kK = 0,1, 2,3, are complex quadratic forms,

Qo = 20 +1i25 + 2iz123, Q1 = 2(2021 + i2223),

Q2 = zf + zzg + 22129, Q3 =2(2023 + 2122).

The algebra of multi fourth-complex vectors, say C™(1,7,52,5°), appears
naturally, and the corresponding to the above exposed properties of C™(1, 5)
too.

In view of the pages limitation here, we hope to present elsewhere a
more detailed exposition with a classification of the double-complex and
fourth-complex surfaces.
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A number of myths is considered, which are popular among users of computa-
tional systems for numerical calculations. Several bad and good computational
practices in finite arithmetic are also discussed.
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1. Introduction

The invention of the digital computer in the middle of XX century led to a
change in the viewpoint on numerical algorithms. It became clear that many
classical computational schemes are not suitable for direct implementation
in finite arithmetic (FA) and this has been recognized by the great numerical
analysts of the past such as J. Von Neumann and A. Turing.

A reliable computational procedure has to take into account the main
factors determining the accuracy of the computed solution, namely 1) the
properties of the FA and in particular its rounding unit; 2) the properties of
the computational problem and in particular its sensitivity; 3) the proper-
ties of the numerical algorithm and in particular its numerical stability. But
often these factors are not taken into account by users and even developers
of mathematical software, who are not numerical analysts.

The aim of this tutorial paper is to highlight some of these problems.
It is based on previous publications of the authors, some of them together
with V. Mehrmann, N. Higham, N. Vulchanov and Z. Gancheva [1-3].
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2. Myths in computational practice

There are sustainable myths [1,3,4] in computational practice which are
popular even among experienced users. According to MYTH 1 “Large er-
rors in the computed solution are due to the effect of large number of small
rounding errors done at each operation in FA”. This is rarely true. If there
is a large error then probably it is due to a small number of critical oper-
ations, when a numerical disaster has occurred. Such operation may be a
catastrophic cancellation of true digits in subtraction of close numbers.

Let for example a = 1.000000000§ be an approximate number, where
the first 10 digits are correct and the digit £& > 0 is uncertain. Then the
difference a — 1 = 0.000000000¢ will contain no true significant digits. An-
other example of a simple computation with large error is the calculation
of e by the formula e =~ e, := (1 + 1/n)"™ for large n. This bad way to
compute e is based on the fact that e,, — e for n — co. In FA with round-
ing unit ~ 107!® we obtain the good approximation eg with relative error
le — es|/e ~ 1078 and the bad result e;7 = 1 with |e — e7|/e ~= 0.6321.
The reason is in the FA summation 1 + 1077 which gives 1.

According to MYTH 2 “Rounding errors are not important because they
are small (a variant: because they are compensated)”. The believers in this
myth have at least heard about rounding errors. The next MYTH 3 “A
short computation free of cancellation, overflow and underflow, should be
accurate” seems like true statement but the two examples below [4] prove
the opposite.

Consider the transformation of z > 0 into y by the relations xx11 =
x,lc/Q, vy =z, for k=1,2,...,nand 41 =22 fork=n+1,n+2,...,2n,
Y := Top41. The theoretical result is y = z. But for moderate values of n
of about 100, on most computer platforms and for most computing envi-
ronments (as for December 2006), the computed result will be either 1 or
something else with a very large relative error.

Consider next the solution of the linear vector equation Ax = b, where
the matrix A is nonsingular, by LU decomposition A = LU without piv-
oting. Here L is a lower triangular matrix with diagonal elements, equal
to 1, while U is an upper triangular matrix with nonzero diagonal ele-

w —1 1 0| |w -1 14w
ments. Let A = {1 J = Lu_l 1] [0 1—|—w_1} = LU, b= [ 0 ],
where w ¢ {—1,0}. The solution is # = [1,—1]T. In FA, for |w| sufficiently
small, the quantity 1 + w ™! will be rounded to w~!. Thus the computed

matrices will be L = L, [7 = {w -1

0 wl}' The solution z of the rounded
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system LUZ = b is & = [0, —1 — w| T with relative error of 71 percent.

MyTH 4 “Subtraction of close numbers in FA is dangerous because the
relative error of subtraction is large” deserves some attention. Indeed, the
relative error in subtraction is not bounded. At the same time subtraction
of close numbers is usually done exactly in FA. What happens is that if the
close numbers are approximate (which is typical in FA) then left-most true
digits are cancelled and possible inaccuracies in right-most digits become
important. So useful information is lost even when the subtraction itself
is done exactly. If the close numbers were exact, then the computed result
would also be exact. Of course, cancellation may be harmless. For example,
the FA operation a+(b—c) will be accurate when 1 > |b—c|/|a|, a # 0. Thus
MyYTH 5 “Cancellation in subtraction of near numbers is always dangerous”
is indeed a myth.

Consider now MYTH 6 “Increasing the precision of FA always increases
the accuracy of the computed result”. Sometimes this is not true, e.g. the
sum 107° 4 1007 — 10%° + 999 — 107> + 10%? = 2006 will be computed
as 0 on most computers in single, double and extended precision. But it
is true that decreasing the rounding unit decreases the known bounds on
the error of FA computations, since in many of them the rounding unit is
a multiplier.

According to MYTH 7 “Rounding errors are always harmful”. Some-
times rounding errors may help. For example, the QR algorithm cannot
start theoretically for certain matrices but due to rounding errors it actu-
ally starts.

Counterexamples to MYTH 8 “The final result cannot be more accurate
than the intermediate results” are given in [4]. The direct computation of
y = (exp(z) — 1)/« in FA for small |z| will give erroneous results instead of
the exact answer which is close to 1. At the same time setting z = exp(z)
we may compute y as (z — 1)/log(z). This seems a bad idea since here we
evaluate two functions exp and log instead of exp only. However, this may
produce acceptable results for y even when the intermediate results z — 1
and log(z) are very inaccurate. In MATLAB, Ver. 7 for x = 1.115 x 10~ 16
we obtain (exp(z) — 1)/x = 1.9914 with relative error of 99 percent, and
(exp(z) — 1)/ log(exp(x)) = 1. The latter result has relative error less than
10716 although the intermediate results exp(z) — 1 and log(exp(x)) have
large errors.

There are many myths in solving linear and nonlinear equations f(z) =
0, where z and f(x) are vectors of same size and the function f is con-
tinuous. Let Z be an approximate solution with residual r(z) = ||f(Z)]|.
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The continuity of the function r and the fact that r(x) = 0 whenever
f(z) =0, are at the base of MYTH 9 “The accuracy of the computed solu-
tion T may be checked by the residual r(Z) — the smaller the residual, the
better the approximation” and its close variant MYTH 10 “For two approz-
imate solutions the better one has smaller residual”. That these myths fail
for nonlinear equations is illustrated by the next example. The algebraic
equation f(z) = 2® — 23.00122 + 143.022x — 121.021 = 0 has a single real
root x = 1. Let 73 = 0.99 and Z3 = 11.00 be two approximations to this
root, where only Z; may in fact be considered as an approximation. But we
have (Z1) = 1.0022 and r(Z2) = 0.1. Thus the residual of the bad approx-
imation 7y (with relative error of 1000 percent) is 10 times less than the
residual of the good approximation Z; (with relative error of 1 percent)!
The graph of the function f for x > 0 explains clearly what has happened.

But Myths 9 and 10 fail for linear equations Az = b as well although this
fact is not very popular among experienced users. This may be observed
in equations with ill-conditioned matrix A for which the condition number
cond(A) = || A|| ||A7Y| of A is large. Consider the system Ar = b with

3

A= 60 H, b= {ﬂ, where € > 0 is a small parameter. The solution is
z=10,1]". Let 1 = [0,1 + €] be a good approximation to the solution
and Ty = [1/,1]T be a very bad one. The relative error of 7y is e; = £ < 1,
while this of Ty is ea = 1/e > 1. At the same time the residual for zy is
£v/2, while the residual for x5 is €2. For ¢ — 0 the residual €2 of the bad
solution Ty (with relative error 1/ tending to co) is arbitrarily smaller than
the residual £y/2 of the good solution Z; (with relative error ¢ tending to
0). Note that here cond(A) is of order 2¢~3. Thus we have the following
rule.

“The accuracy check by residuals may be completely misleading for scalar
and vector nonlinear equations as well as for linear vector equations”.

For the equation Az = b with nonsingular matrix A and a vector T #
x, we have (in the 2-norm) 1/||A~Y| < ||AZ — b||/||Z — =|| < ||A| and
these inequalities are reachable. Denote by Z1 and Z5 the vectors, for which
1/IA=Y = [ A%y = b]|/ |31 — ], [|AZ2 — bl /32 — ]| = [ AJl. Then we have
e1/es = cond(A)(r1/re), where ey, = || T —z||, 7 = ||AZr—b||. This explains
why the better approximation may have larger residual for ill-conditioned
systems. Hence we have the following paradox.

“The accuracy check by the size of the residual may be successful when
the equation is well — conditioned and hence the computed solution is good
and there is nothing to check. But when the equation is ill — conditioned
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and there is a danger of large errors then the check based on the residual
may be misleading.”

There are three sophisticated myths that may be useful. Consider
MyTH 11 “A reliable way to check the accuracy of the approximate so-
lution s to repeat the computations with double, or some other extended
precision” and its procedural variant MYTH 12 “If, after a repeated com-
putation with extended precision, the first several digits in the approximate
solutions computed in both ways coincide, then these digits are true”.

It is true, however, that if we use FA with sufficiently small rounding
unit, we can achieve an arbitrary number of true digits in the computed
result. And it is also true that for this purpose we shall need an arbitrary
large computing time.

Experienced computer users know that if small changes in the data lead
to large changes in the result (i.e. if the computational problem is very sen-
sitive) then the computed solution may be contaminated with large errors.
Sometimes this correct observation is reversed assuming that if, for a given
set of small perturbations, the result is slightly changed, then the accu-
racy of the solution is satisfactory. Thus we come to the next MyTH 13
“If the check of the result by repeated computations with slightly perturbed
data gives slightly perturbed results then the computational procedure is re-
liable and the solution is computed with good accuracy”. The reason why
this statement is a myth is that in sensitive problems there are insensitive
manifolds along which large changes of the data cause small changes in
the result. At the same time small perturbations of the data along other
directions can change the result dramatically.

a a—1

[2a, 2a], where a > 0 is large. The matrix A is nonsingular with det(A) = —1
and the solution is # = [2a, —2a]". If we change the parameter a to a + &
then the relative change in both b and x will be |§|/a. The system looks very
well conditioned. But if we take b = [2a + 1,2a — 1] T the solution becomes
x = [1,1]". So a relative change of order 1/(2a) in the data causes a relative
change of order 2a in the result — an amplification of order 4a2. This is due
to the ill-conditioning of the problem with cond(A) = 4a? + 2 + O(a™2).

The next statement is not only a myth but an useful heuristics.

“If a check of the result by several sets of randomly chosen small pertur-
bations in the data and by several rounding units shows small perturbation
in the computed results, then with a high degree of reliability we may expect
that the computed solution is close to the exact one”.

Consider for example the equation Az = b with A = {a tloa ] , b
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3. Bad and good computational practices
3.1. Floating—point computations

Consider the computational problem Y = f(X), where the data X and
the result Y are elements of normed spaces. We shall suppose that near
X it is fulfilled that || f(X1) — f(X2)|| < L||X1 — X2||, where || - || denotes
the corresponding norm. The Lipschitz constant L > 0 is known as the
absolute condition number of the computational problem. More precisely,
L = L(X,¢) is the supremum of ||f(X + A) — f(X)|I/||A]| over all A # 0
with ||A]] < 6.

Below we recall some facts about FA with a finite set M C R of machine
numbers. For definiteness we consider a floating—point FA with rounding
unit u and standard range R := [m, M|, where m € M is the minimum
positive and M € M is the maximum positive number that may be repre-
sented in FA. According to the IEEE Standard [5] we have u ~ 1.1 x 10716,
m~4.9 x 107324 M ~ 1.8 x 10398,

Real numbers « € (—m, m) are rounded to zero and this is called un-
derflow. Numbers = with |z| € R are rounded to the nearest machine
number fl(z) with a rule to break ties if x is in the middle between two
machine numbers. Finally, numbers with |z| > M cannot be represented in
FA. The latter phenomenon is called overflow and should be avoided. For
x € [M~1 M] we have fi(z) = 2(1 + ¢), |g| < u.

According to the MAIN HYPOTHESIS OF FA “If o denotes an arithmetic
operation and M~* < |x|, |y|, |x o y| < M then the computed value fi(x o y)
of x oy satisfies fl(x oy) = (x oy)(1 +¢) with |e] <u”.

A dangerous operation in FA is the subtraction  — y of close approx-
imate numbers x and y. If 2y > = > y > 0 then the computed result
fi(z — y) is obtained without rounding errors if the FA uses a guard digit.
Nevertheless, even if the operands = and y are known with high accuracy,
the computed result may be much less accurate due to the loss of significant
left-most digits. This phenomenon is known as cancellation, or even catas-
trophic cancellation. For example, in FA the quantity 6(z — sinz)/z3 will
be computed wrongly as 0 for small = instead of the exact answer which is
close to 1. The reason is cancellation in the subtraction of the close numbers
fi(z) and fi(sin(fl(z))).

There exist integer algorithms which allow computations which are ex-
act to a large extent. For example, some computer systems for doing mathe-
matics may work in a way which corresponds to a machine word with length
of several thousand or even million decimal digits. However, this leads to a
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slow speed of computations.

Consider a computatlonal algorlthm for the computation of Y = f(X)
which produces the answer ¥ = f (X ) in FA. Here the expression f( X)
depends also on the parameters of FA. The computational algorithm is
numerically stable if the computed result Y is close to the exact result
of a near problem in the sense that ||Y f( )|| CiullY|| and ||X -
X|| < Cou|| X|| within a tolerance of order u?, where C;,Cs > 0 depend on
the algorithm. The above relations give the accuracy estimate H? Y| <
CiullY|| + LCou|| X || + O(u?). For X # 0 and Y # 0 we obtain an useful

bound on the relative error in the computed solution
Y - Y|

Y]
where Cre1 = L| X||/]|Y] is the relative condition number of the problem

Y = f(X). This estimate reveals the three main factors determining the
accuracy of the computed solution as follows.

>~ u(cl + CQCrel) + O(UQ),

(1) The properties of FA through the constant u and implicitly through
the avoidance of over — and underflows.

(2) The properties of the computational problem through the constant Cye.

(3) The properties of the computational algorithm through the constants

C; and Cs.

It is often assumed that C; = 0 and Cy = 1. In this case the accuracy
estimate takes the simple form H? —Y||/IIY] < uChel-

The above estimates correspond to a good computational practice, where
the following heuristic rule of thumb may be useful.

“If uCre1 < 1 then one may expect about —lg(uChe)) true decimal digits
in the computed solution”.

When the actual relative error is much larger than u(Cy + C2Cle1) or
uCie we have an example of a bad computational practice. Bad compu-
tational practices may occur as an attempt to translate directly a certain
computational scheme into a computational algorithm without taking into
account the properties of FA.

In the next sections we consider bad and good computational practices
in the main problems of numerical linear algebra, see e.g. [6].

3.2. Computing determinants

Let A = [ai] be an n x n real or complex matrix with determinant
det(A). Determinants provide an useful tool in matrix analysis but their
computation may be difficult in FA, especially if one uses the expression
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det(A) = > ; s(i)a,j, a2,j; - - an,j,, where j is the permutation k — ji with
sign s(j) = £1. The use of this formula may be a catastrophic way to
find the determinant. Indeed, the sum contains in general n! terms and
the calculation of each term requires n — 1 multiplications. Hence there are
(n — 1)n! multiplications and the time for computing the determinant of a
general matrix may be very large. Let we have a computer which performs
10° floating point operations (FLOPS) per second. Then the computation
of the determinant of a general 25 x 25 matrix will require about 10'° years
which is approximately the age of the Universe.

Of course, there are better ways to compute determinants. For instance
one may use the LU decomposition PA = LU of A with partial pivot-
ing, where P is a permutation matrix, L is a lower triangular matrix with
diagonal elements, equal to 1, and U = [u;x] is an upper triangular ma-
trix. Here det(A) = sujiugg - - Unn, where s = 1 (s = —1) if the matrix
P corresponds to an even (odd) permutation. Other decompositions, e.g.
the QR decomposition A = QRP with column pivoting, may also be used
for computing det(A), where @ is an orthonormed matrix, R = [r;;] is
an upper triangular matrix and P is a permutation matrix. In this case
det(A) = £r11799 - - - Ty Finally, if the singular value decomposition of A
is used then det(A) = o109 - - -0, where o are the singular values of A.

3.3. Solving linear algebraic equations

Consider the linear vector algebraic equation Ax = b, where A is n X n
invertible matrix and b is n vector. Formally the solution is z = A~'b
but the computation of x in this way is not a good idea. Another bad
computational practice here is to use the Cramer formulae.

Instead, one may use the QR decomposition with column pivoting A =
QRP, where Q is n X n matrix with orthonormed columns, R is upper
triangular matrix with nonzero diagonal elements and P is a permutation
matrix. The QR decomposition is obtained via a finite numerically stable
algorithm. After that the elements of the vector y = Px are computed by
back substitution from the equation Ry = Q™b, where ! denotes complex
conjugate transposition, and the solution is given by x = Py. Another
popular way to solve the equation is via the Gauss elimination method
with pivoting. Both methods are not very expensive and require about
O(n?) FLOPS. Singular value decomposition may also be used but this is
an expensive way to solve the equation requiring about O(n*) FLOPS.
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3.4. Rank determination

Consider a general matrix A € K™*" K =R or C. There are several ways
to define the rank of A # 0, e.g. p = rank(A) is the maximum size of the
nonzero minors of A. This leads to a bad computational procedure based on
computation of determinants in FA. In particular, the check for invertibility
of the matrix A € K™*" using the inequality det(A) # 0 must be avoided.

Next, p may be defined as the number of linearly independent rows of A.
This leads to a good way to compute the rank since the number of linearly
independent rows may be detected using LU or QR decompositions of A.
Let the QR decomposition of A be A = QR = 1Ry, where Ry € KP*"
is upper triangular matrix with rank(R;) = p. Thus the rank of A is the
number of the first nonzero rows of the factor R in the QR decomposition
A = QR. For improving the accuracy in FA, a QR decomposition A = QRP
with column pivoting is used, where P is a permutation matrix.

The rank of the matrix A is also the number of its positive singu-
lar values. The singular values may be retrieved by the singular value
decomposition (SVD) A = USVH S = diag(o1,09,...,0,,0) € K™*",
of A, where U € K™*™ and V € K" ™ are orthonormed matrices and
o1 > 02 > -+ >0, > 0 are the positive singular values of A. They are also
the square roots of the positive eigenvalues of the matrix AT A.

Using SVD, the Moore — Penrose pseudoinverse AT € K"*™ of A €
K™*" is written as AT := Opxm if A = Opmxn, and AT = VSTUH, ST =
diag (01_1,02_1, . ,a;l,O) € K™*™ if A # 0. Note that V.STUM may not
be the SVD of the matrix AT,

The determination of rank(A) as the number of positive singular values
of A is very reliable computational procedure. But there is a principal diffi-
culty in the rank determination in FA: the rank may be a sensitive charac-
teristic of a matrix in the following sense. Suppose that p < p = min{m,n}.
Then an arbitrary small perturbation F in A may increase the rank to p in
the sense that rank(A + E) = p but perturbations with | E| < ¢, cannot
decrease the rank.

The computation of the rank of a general matrix A € K"*" of moderate
size cannot be done “by hand”. But when the matrix is written in the
computer memory it is rounded to the nearest machine matrix fi(A4), where
Ifi(4) — A|| is of order u||A||. If the initial matrix A is not of full rank
then the rounded matrix may well be of full rank p. Also, if the initial
matrix arises in a mathematical model of a real system, then it may be
subject to measurement and/or parametric uncertainties. In both cases the
“theoretical” rank of the matrix shall remain unknown.
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Let o) be the positive singular values of A € K™*" computed in
FA with rounding unit u. The rank determination is difficult when the
singular values form a sequence with uniformly decreasing members, e.g.
o ~ 10'7F|| A||. Here we must eventually delete the singular values which
are not inherent for the problem and are due to the effects of round offs. For
this purpose one may define the concept of numerical rank of a matrix. Let
7 > 0 be a (small) numerical threshold. Then the matrix A is of numerical
rank p = p(A, 7) within a threshold 7 when it has exactly u singular values
larger than 7, i.e. when o, > 7 and 0,1 <7 (if p <p—1). If o1 < 7 the
numerical rank is assumed as zero.

Usually the threshold is taken as 7 = cu||A]| for some ¢ > 0. Since we
usually have only values o), the numerical rank in FA is defined as the
number of quantities o > cuo;.

In a similar way is defined the numerical pseudoinverse of a matrix A €
K™ " with SVD A = USVY. The numerical pseudoinverse Al € Kn*™
of A within a threshold 7 > 0 is defined as Al = 0,y if 01 < 7, and
Al = VSIUM, ST = diag (07,05, .. .,051,0) e K»*™m if g1 > 7, where
u = p(A, 1) is the numerical rank of A. In practice one may choose 7 as
p*ucy, where s =0,1,2.

The rank determination and the computation of pseudoinverses based
on the concept of numerical rank are examples of good computational prac-
tices. The rank determination using QR decomposition with column pivot-
ing is also a good computational algorithm.

3.5. Solving algebraic equations

The algebraic equation p(z) = 2™ + a, 12" 1 + -+ + a1z + ap = 0 over
R or C may be solved in general by explicit formulae for n < 4. However,
their direct use may lead to loss of accuracy in the computed result due to
cancellation errors.

It is natural to set two basic requirements for a computational root
finding scheme. First, it should compute certain approximations to the n
roots of the equation whenever all coefficients ay are in the standard range
of FA. Second, the rounding errors in the computed roots should be of order
of the root condition numbers multiplied by u.

For n = 2 the solution is 15 = (—al + /a3 — 4a0) /2. The direct use
of this formula in FA is a bad algorithm since it may lead to overflow when
a? > M, to underflow when 0 < a? < m and to catastrophic cancellation
when a? > 4|ag|. Unfortunately, this bad approach is sometimes given
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without warning as an exercise when the concept of algorithm is presented
to the students.

There are several reliable approaches to solve the algebraic equation
p(x) =0, e.g. via the companion matrix C of the polynomial p. In this case
the QR algorithm or some other sophisticated scheme (as the Kagstrom—
Ruhe algorithm) is applied to compute the eigenvalues of C' which are the
roots of p.

3.6. Computing eigenvalues of a matrix

The eigenvalues of the n x n matrix A are the roots of its characteristic
polynomial (c.p) det(A] — A) = A" — ;A" + .- + (—1)"¢,, = 0, where
¢ is the sum of principal k—th order minors of A. Due to this definition,
sometimes the solution of the characteristic equation is presented as a way
to find the collection of eigenvalues A := {\1, Xa,..., A\, } of A. This is in
general a bad computational algorithm. Indeed, the computation of ¢ for
a general matrix A may be a difficult task and hence the computed values
¢, may be contaminated with large errors. Also, the roots of the c.p. may
be very sensitive to changes in its coefficients even if the eigenvalues of the
matrix A are not sensitive relative to changes in its entries. That is why we
have the following rule.

“The numerical computation of the eigenvalues of a general matriz
should not done via its c.p.”

Modern numerical algorithms for computing A are based on transforma-
tion of A into Schur form S = UM AU, where U is unitary matrix and the
matrix S is upper triangular with the eigenvalues of A on its diagonal. The
reduction into Schur form is usually done by the QR algorithm of Francis—
Kublanovskaya. The QR algorithm works well when the eigenvalues of A
are not very sensitive to perturbations and in particular when this ma-
trix has only linear elementary divisors. When the eigenvalues are sensitive
they may be computed with large errors. Consider for example the ma-

—90001 769000 —690000
trix A = | —810000 6909999 —6200000 | which has a single Jordan block
—891000 7601000 —6820001
with eigenvalue —1 and c.p. A* +3A2 + 3\ + 1. The command eig(A) from
MATLAB, ver. 6.0 produces the wrong result A;p = —1.5994 + 1.04413,
:\\3 = 0.1989. Here even a positive eigenvalue has been computed. The com-
mand poly(A) computes the wrong c.p. A% + 3.0000\% + 3.0120\ — 0.7255.
The reason is the high sensitivity of the eigenvalues although the result
—0.7255 instead of 1 for —det(A) is strange. In MATLAB, ver. 7.0 the
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computed results are slightly better, namely /):1’2 = —1.4506 £+ 0.7837 1,
/):3 = —0.0988. The computed c.p. now is A3 + 3.0000A + 3.0051\ + 0.2686.
Here again the free term is obtained with large error. Finally, the command
jordan(A) from MATLAB, ver. 7.0 implementing symbolic computations
obtains the correct Jordan form.

For this example the computation of the spectrum of A via its c.p. gives
the correct answer in MATLAB environment because the multiplication of
two elements of A is done in fact in integer arithmetic without rounding.

A good numerical way to find eigenvalues is to apply the QR algorithm
or the algorithm of Kagstrom and Ruhe. A modification of this algorithm
is implemented in the interactive system SYSLAB [7]. For the matrix A
above SYSLAB computes the Jordan form with 9 true decimal digits.
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We obtain periodic and quasi-periodic wave solutions of a set of coupled non-
linear Schrodinger equations (integrable Manakov model). One and two phase
quasi-periodic solutions for the integrable Manakov system are given in terms
of Weierstrass and Jacobian elliptic functions. The reduction of quasi-periodic
solutions to elliptic functions and soliton solutions is analyzed.

Keywords: Soliton; Elliptic soliton; Manakov model; Periodic solitons.

1. Introduction

A comprehensive algebro-geometric integration of the Manakov system is
developed in [1]. The associated spectral variety is a trigonal Riemann sur-
face, which is described explicitly and the solutions of the equations are
given in terms of #-functions of the surface. Recently the Darboux-dressing
transformations have been applied to the Lax pair associated with sys-
tems of coupled nonlinear wave equations (vector nonlinear Schrédinger-
type equations and three resonant wave equations) [2,3]. Solutions with
boomeronic and trapponic behaviour were investigated. The method of
squared wavefunctions for the vector nonlinear Schrédinger equation is
given in [4,5] for smooth enough potentials , which tend to zero fast enough
for © — 00 and in [6] for quasi-periodic case. The squared wavefunctions
of the octet representation of SU(3) are related to periodic solutions in
terms of Weierstrass’ elliptic functions. The aim of the present paper is
to derive exact solutions of the Manakov system using inverse scattering
transform method and appropriate ansatzs.

2. Basic equations and solutions

We consider coupled nonlinear Schrodinger equations of the form (Manakov
model) [7]
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1Q1¢ + Qruw + o(|Q1* + |Q2/*)Q1 = 0,

1
1Q2t + Qazs + 0 (|Q1]* +|Q2/*)Q2 = 0, o

where 0 = 1 for focussing case and ¢ = —1 for defocussing case. We seek
solution of (1), o =1 in the form [8,9]
Q;=q;(2)e®, j=12, (2)

where z =« — ct, ©; = ©;(z,t), with ¢;,©, real, where the functions 0,
7 = 1,2 behave as

1 1, o dy
@j=§C$+(CLj—ZC )t—Cj/O W—F

Let

(2) = \J4j9(z + ) + By, (3)

and using the well known relations

[ 5555w = vy @ niiss). W

and
N ozt w +aj)o(z +w —ay)
p(z + W) — pla;) = (1 20, ) ; (5)
we obtain
olz+w +a1) i _ 1, N
= —A _— - -
& = VIS B e (Gt i - 10 - (s )0(a) )
B o(z+w + as) i . 1, N
Q2 = Aga(z+w/)a(a2)exp(2cx+z(a2 ke )t — (z+w')(a9) |,
where
2 2
B
D> A =-2, aJ:ZBk.—A—j,
7j=1 k=1
e 3 B; .
A_J]:§‘/4/\3_)‘92_93\A: 2 p(aj)——A—; aj. j=1,2. (6)

These solutions have the following interpretation in terms of spectral func-
tion

w(m,t,)\)Z\/g(x—,t)exp<a:t)\ \/—/ ) (7)
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where g(z,t) = p(z,t) = A = p(z —w') =\, 0(z,t) = Fcx+ (A + 22:1 By —
ic2)t and ) is the spectral parameter. Our solutions are obtained when A
is given at points —B;/A; and Q; = \/A;(z,t,—B;/A;). The dynamics
is on the Riemann surface v? = R(\) = 4\3 — \ga — g3 and the function
(w,t) obey pg = \/R().
One special solution of system (1), o = 1 is written by
¢1 = Cien(az, k), g2 = Cacn(az, k), (8)

where o? = a1/(2k* — 1), C} + C% = 20°k?, a1 = as = a and in the limit
k — 1 we obtain well known Manakov soliton solution [7]
V2aey exp {i (3c(z — z0) + (a — 1)) }
ch(v/a(z — zo — ct)) ’
V2aez exp {i (3c(z — z0) + (a — 2cH)t) }
ch(v/a(z — zo — ct)) ’

where we introduce the following notations

Q1=

Q2 =

1 . .
le1]? + |e2* = 1, C1=§C+l\/5=5+“7» 9)

where ¢ is the position of soliton, (€1, €2) are the components of polariza-
tion vector. One notes that the real part of (3 i.e. ¢/2 gives us the soliton
velocity while the imaginary part of (1, i.e. v/2a gives the soliton amplitude

and width. Next solution of the system (1), 0 = —1 we obtain using the
following ansatz [8,10,11]
¢i(Q) = VAR2((+ W)+ Bip(C+ W)+ Cy, i=1,2 (10)

then we have
2 2 2
B; B2 1
AiZO, BiZ—G,CLiZ C —3—l,Ci:—l——Ai s 11
2 A0 2O G e

Cc? = A
t2.3%3.4
where A\ = —3B;/A;. The paremeters A;, B;,C;, i = 1,2 are expressed in
terms of a; by

(4N5 + 27\%g3 + 27TAg2 — 21X%g; — 81gags), (12)

A = 18 Ay = 18
a1 — ao as — a1
B1:_6(a1—A), 322—6(a2_A)
a; — as a2 — ay
01:2(a1—A)2_2 92 o, = 2a2=A? 9 g
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and A = 2a; + 2ay. One can obtain the special solution [12
5 5

g1 = Csn(az, k)dn(az, k), g2 = Cen(az, k)dn(az, k), (13)

where
o = i(4a —ay), C*= 2(4a2 —a1), k= 2”3 (14)
T 5 ’ das —ay’
in the limit £ — 1 we have the following soliton solution
1 1
Q1 = V6aey exp {z <§c(m —x9) + (a — Zcz)t) }
x th(v/a(x — g — ct))sech(va(z — zo — ct)),
Qs — V6aez exp {i (3c(z — mo) + (4a — )t }
ch?(ya(z — 2o — ct)) ’
where we introduce the following notations
|61|2 = |62|2 = ]., a; = a, ag = 4a1. (15)
Another special solution of (1) , o = —1 is written by
1
g =C (501 — k%sn®(az, k)) , (16)
g2 = Csn(az, k)dn(az, k), (17)
where

1
QQZE(Q%_G%% 02:_3(a1+a2)5

%(a% —a3) +2a1 —3az

2 = —Clzl_l<§“1_“2)m.
2 %(a%_a’%) ’ 3 2 2 3a1+a2

in the limit £ — 1 we obtain the following soliton solution

Q1 = \/%61 exp {z (%C(m —w0) — (a+ %(:2)75) }
x (—% + sechQ(\/g(a: - ct)) ,

Qs = \/%62 exp {z (%C(m ) — (ga + i&)t) }
x th(\/g (& — 20— ct)sech(\/g (x — 20— ct)),

where [e1[* = |e2|* =1, a1 = —a, az = —%a.
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3. Exact solutions of the Manakov system using Lax pairs
method

The system (1) can be solved by the inverse scattering transform method [7]
and is written as zero-curvature representation form by

U, -V, +[U,V]=0, (18)
where U,V are 3 x 3 matrices defined as
_ Q1 Q
N GG 2
U=|-5%Qi i\ 0|,  V=WA+Vr+V, (19)
—\%Q; 0 i
and
~2i 0 0 0 Q1vV2Q2v2
Vo= 020], Wwv=[-0Q:v2 0 o |,
0 02 —oQ3v2 0 0
to (|Q1I2+ Q2?) i 2Qu, i%QQw
Vo = 10%= 2 Qm —%i0|Q1|2 —50Q7Q2 |,

i02Q5,  —L0Q3Q1 —3io|Qof?
where A is the spectral parameter. The necessary Lax pair is
v, =0V, v, =VV. (20)

Next we define 3 x 3 matrix M (z,t,A), which is solution of M, = [U, M]
and
Az, t,\) BY(xz,t,\) B?*(z,t,\)
L= [CYa,t,\) D2(z,t,\) D®(z,t,\) |,
C*(x,t,A) D¥(x,t,A) D¥(x,t,\)

or in explicit form

1
Ay = — (Q:1C" + Q0% + 0QB' + 0Q3B?)

V2
Bl _ _2)\31 4 D22 Ql D32 QQ
» i ( )\/5 5
BQ —_ _2)\32 4 D33 Q2 D23 Ql
Cl =2%\C' + (D*?* — A)o @i, ps, QQ,
V2 V2

02:2A02+ D33_A QQ +D32 Ql
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D3 = —%(aczwl +QiC"), DP = —%(anBl +@QiCY),
Dy = _%(UQTB2 +Q:CY), DY = _7( 0Q3B* + Q1C?),

and define {A;(z,t)}, 0 < I < n+ 1, {Bf(z,t)}, {CF(z,1)}, 0 <1 <

m k=12 {Dlm(x’t)}oﬁlgnﬂ’ {D?B(x’t)}oglgnﬂa {DP (2, 6) } oy
{DP(x, 1)}, recursively by

1
P % (Q:1C} + Q20F + 0Q; B} +0Q3B}) ,

B}, = —2i\B}, + (D2, — Al+1)Q1 + 2,92

\/— +17 5 \/—
2 _ o\ 2 33 _ 4 Q2 23 Q1
Bi, = =2iABiy + (D) — Aipr) —= NG +Dith—= Vel
. Q7 @5
Cly = 2I0Clyy + (D) = Ara)o NG \/%
Cty = 20I0CPy + (D) — Ao 3% + Dl+103%
1 . 1 «
Dl+1 z = _ﬁ(ngBll +Q:1C)), Dz+1 = _E(UQQB} +Q:1CP),

DR 0 = —5(0QiBF + QuCY). D1, = —=(0Q3 B} + QiCF),
with initial conditions
Ag=—2i, D*=2i, D=2, D¥=0 D=0,
A1 =0, D¥=0, D¥=0, D?#¥=0, D¥*=0.
Explicitly, one computes
By =V2Q1, Bj=v2Q: Cj=-V20Qi, C§=-v20Q;

1 1 1
= §(|Q1|2 + |Q2| )7 Bé - EQLI? Bg = 7@2@7
Qi . C5

C&Z— o Co Z—Qz,ngzz——@ﬂ +iar, D3’ = —-Q7Qs,
V2 V2 2

Dy = —§|Q2|2 +iay, D3’ = —§Q2Q1~

The Lax representation yields a trigonal nonhyperelliptic curve V = (v, \)
det(L(X) — vI3) = 0 where I3 is the 3 X 3 unit matrix. For the second flow
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the curve is given explicitly by

(v + 200 (v — 20012 + (AoA + Bo) (v — 2:0?)

—1Co +4Dyg\? — Eg\ — Fov®> —1Ho\* = 0, (21)
where

2
Ao =10 (Z QrQra — QZ,sz>7 Bo=H —aya,

k=1
12 172 2 2
H = §UZ|Q1€,$|Q+Z<Z|Q1€|Q> - §Jzak|Qk|2
k=1 k=1 k=1
1 * * 1 * * 1 * |12 * |2 1 * |12 * 2
Co = ZQ1,1Q2,1Q1Q2 =+ ZQQ,le,zQQQl - Z|Q1,fc| |Q3]" — Z|Q2,fc| Q7]

1 1 1
- 5‘7(|Q1|2 + |Q2|2) (alaz - §UOL2|Q1|2 - §0a1|Q2|2)

1 1
+ §0a2|Q1,w|2 + §fml|Q2,w|2=
EO = O—(QTle - QTQI@)CLQ + O‘(QS;EQQ - Q;QQ,w)a'lv
Dy =wayaz, Fy=1(a1+a2), Hy=—4F,. (22)
The series of birational transformations
5Eo— 3M + 1
4i02 — 4iFy + Do’

yields a hyperelliptic curve of genus two defined by canonical form

A=, 11 =4w, z =i\, (23)

v=uvg+ 2N\, 1y =

w? =425 + 042t + 032° + 022% + 012 + 00, (24)
where the moduli of the curve o; are expressible ir~1 terms of physical pa-
rameters - level of energy H and constants ai,as, Cq,Cy as follows

o4 = —8(ay1 + az),

o3 = —4H + 4(ay + az)? + Saias,

o9 = 4ﬁ(a1 +ag) — 4G — 012 — 022 — 8ayas(a + ag),
o1 = 4G (a1 + az) — 4araoH + 2C%ay 4+ 2C2a; + 4a2a2,

00 = —4a1a3G — C~’12a§ — C’%a%,
where
~ 1
G =2 (@5, — Q3Q1:) (Q1Q20 — Q201,)
1
+ g (QQQl,z - QlQQ,r) (Q;Qir - QTQ;,r)
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1 1 1
+t350 (1Q1” +1Q2I?) (a1a2 = 50'612|Q1|2 - §Ua1|Q2|2)
1 1 = 1 * *
- §Ja2|Q1,w|2 - 50’0,1|Q2’w|2, Cl? = Z| (Qka,:p - Qka,ZE) |2a k = 172

The first transformation in (23) transforms initial sigular spectral curve to
nonsingular trigonal curve of genus two. The second two transformations
in (23) transfom nonsingular curve to canonical Weierstrass form of hyper-
elliptic curve of genus two. This curve is not contained among the curves
investigated in [1], so the solutions parametrized by this curve are new.

4. Alternative Theta-functional integration

Let us consider the nonstationary Schrodinger equation with a real smooth
finite-gap potential u(x,t)

(i0; + 02 — u(x, ) (2, t,\) = 0. (25)

For every finite smooth finite-gap potential the following expansion of
u(z,t) in terms of squared eigenfunctions ¢ (z, ¢, A) hold on [13], u(z,t) =
=39 lail? [¢(x,t,pi)|* + C where «;, C are constants parametrized in
general by nonhyperelliptic Riemann surface K of genus g and p; are some
fixed points on K. This approach to the Manakov model has been at
first used in [14]. The quasi-periodic solutions in terms of theta functions
are obtained in [13]. In particular case when K is hyperelliptic Riemann
surface we can construct the following special Baker-AKhiezer function

Y(x,t,A) = /F(z,\) exp (©) where

1 1, 1 = v\,
0= 2zcx—|—z()\ 1€ )t 5 </0 ]—'(z’,)\)dz ,

and z = x — ct, F(z, ) is the generalised Hermite or the standard Hermite
polynomial [15]. A brief computation reveals that the BA function solves
Hill’s equation

(dd_ _ u<z>) D=2, (2, 0) = VF(E ) exp (‘% / % dz’> |

For the special points a; — A i = 1,2 in closed intervals [Ag;—1, A}, i = 1,2
the functions @Q; = ;¥ (xz,t, A = a; — A) are solutions of (1). We undertake
the shift of the spectral parameter [15], A — A+A, A = %al—f—%ag to make
initial curve compatible with the Lax representation. The final formula for
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the solutions of the system (1) then reads

_ ]:(xva‘l - A)
Ql(l‘,t) = 2ﬁexp{za1t — —l/ / f x a1 — A)}
_ ]:(33, az — A) 1 dz
QQ(Z‘,t) = 2ﬁexp{za2t — 51/(@2 — / m}
(26)

5. Conclusions

New exact solutions of the Manakov model were derived using different
methods: Lax pair method and ansatz method. The solution was explicitly
given in terms of Weierstrass and Jacobian elliptic functions. The relation
to previously derived solutions are given.
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The two time-dependent Schrodinger equations in a potential V (s, u), u de-
noting time, can be interpreted geometrically as a moving interacting curves
whose Fermi-Walker phase density is given by —(0V/ds). The Manakov model
appears as two moving interacting curves using extended da Rios system and
two Hasimoto transformations.

Keywords: Soliton curves and surfaces; Manakov model; Periodic solitons.

1. Introduction

In recent years, there has been a large interest in the applications of the
Frenet-Serret equations [1,2] for a space curve in various contexts, and in-
teresting connections between geometry and integrable nonlinear evolution
equations have been revealed. The subject of how space curves evolve in
time is of great interest and has been investigated by many authors. Hasi-
moto [3] showed that the evolution of a thin vortex filament regarded as a
moving space curve can be mapped to the nonlinear Schrodinger equation
(NLSE):

1
iU, + Wy + 5|\If|2\11 =0. (1)

Here, u and s are time and space variables, respectively, subscripts denote
partial derivatives. Lamb [4] used Hasimoto transformation to connect other
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motions of curves to the mKdV and sine-Gordon equations. Langer and Per-
line [5] showed that the dynamics of non-stretching vortex filament in R3
leads to the NLS hierarchy. Motions of curves on S? and S were consid-
ered by Doliwa and Santini [6]. Lakshmanan [7] interpreted the dynamics
of a nonlinear string of fixed length in R3 through the consideration of the
motion of an arbitrary rigid body along it, deriving the AKNS spectral
problem without spectral parameter. Recently, Nakayama [8] showed that
the defocusing nonlinear Schrédinger equation, the Regge-Lund equation,
a coupled system of KdV equations and their hyperbolic type arise from
motions of curves on hyperbola in the Minkowski space. Recently the con-
nection between motion of space or plane curves and integrable equations
has drawn wide interest and many results have been obtained [9,10,13-17].

2. Preliminaries
2.1. The Manakov model
Time-dependent Schrodinger equation in potential V (s, u)
U, 4+ Ues — V(s,u)¥ =0, (2)

goes into the NLS eq. (1) if the potential V (s, u) = —1/2|¢(s, u)|?. Similarly,
a set of two time-dependent Schrodinger equations:

i\Ijl,u + \:[11735 — V(s,u)\I!1 =0, /L.\IJQ’U + \IJQ’SS — V(S,u)\:[fg =0, (3)

where V(s,u) = —|¥1]2 — |¥y|%, can be viewed as the Manakov system:
W+ Vs + (|07 + [0 *) ¥ =0, (4)
W0+ Vo e+ (W12 + [U) W5 = 0. (5)

It is convenient to use two Hasimoto transformations®
S
U, = Kk;(s,u) exp [z/ Ti(s',u)dsl} , 1=1,2 (6)

in Egs. (4), (5). Equating imaginary and real parts, this leads to the coupled
partial differential equations (extended daRios system [18])

Kiw = —(KiTi)s — KisTi, 1=1,2, (7)
o = {"— - ﬂ —V(s,u)s, (s)
Kj s

where

V(s,u) = =|[W1[* = [Waf* = —x{ — &3. (9)
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2.2. Soliton curves

A three dimensional space curve is described in parametric form by a po-
sition vectors r;(s), ¢ = 1,2, where s is the arclength. Let t; = (9r;/0s),
1 = 1,2 be the two unit tangent vectors along the two curves. At a given
instant of time the triads of unit orthonormal vectors (t;, n;, b;), where n;
and b; denote the normals and binormals, respectively, satisfy the Frenet-
Serret equations for two curves

tis = riny, n; o= —krit; +17bs, by =-7n;, =12, (10)

k; and 7; denote, respectively the two curvatures and torsions of the curves.
A moving curves are described by r;(s, u), where u denote time. The tempo-
ral evolution of two triads corresponding to a given value s can be written
in the general form as

tiw = gin; +hibi, m;, = —git; +7b;, b, = —hit; — 7'n;,  (11)

where the coefficients g;, h; and TiO, as well as k; and 7;, are functions of s
and w.

ti 0 Kj 0 ti tl' 0 g; hl tl'
n; = —K; 0 Ti n; 5 n; = —0; 0 Tio n;
bi s 0 —T; 0 b1 b1 “ —hl' —Tio 0 b1
Introduce
0 w; O 0 g h
Li = —K; 0 T y Mi = —3; 0 7'? (12)
0 —7 0 —h; —7'1'0 0

and Atz = (ti,su - ti,us)a Ani = (ni,su - ni,us)a and Abz = (bi,su - bi7us)~
Then

Ati ti
Ani = (88Mi - &LL% + [Li, Ml]) n;
Abi bz
0 o o t;
—a? —a3 0 b;
where
aF = KiuGis + hiTi, @2 = —hi s + KiTY — giTi, O3 = T — Tis — Kihy

(14)
Kiu = Gi,s — hiTi, 70 = (hi s + 9i7i)/Fi- (15)
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A generic curve evolution must satisfy the geometric constraints

i.e., At;, An; and Ab; must remain coplanar vectors under time involution.
Further, since Eq. (16) is automatically satisfied for At; = 0, we see that
An; and Ab; need not necessarily vanish. In addition, we see from (16)
that At; = 0 implies a} = a? = 0, so that

Al’ll’ = Q?Abi, Abl = Q?Ani gi = —KiTi, hl = Ki,s- (17)
Substituting these in the second equation in (15) gives
P
0 = [—;’:S — 7'12:| , (18)

hence Eq. (7) yields (75, — 77,) = =V(s,u)s = (k] + £3)s. Next there is
an underlying angle anholonomy [19,20] or 'Fermi-Walker phase’ §®W =
(Tiu —Tgs)dsdu with respect to its original orientation, when s and v change
along an infinitesimal closed path of area dsdu.

3. Integration of the extended da Rios system

The coupled nonlinear equations (7), (8) constitute the extended Da Rios
system as derived in [18]. The solutions of (7), (8) with x(¢) and T = 7(&),
where £ = s — cu are simple. On substitution, we obtain

Chig = 2R T + KiTig, §E=s—cu,i=1,2, (19)
Ki c
—cTie = [—Tf + ;—& + KT+ /i%L, Ti= g (20)
(3

where we use the boundary condition x; — 0,7 = 1,2 as s — co. Hence x;
obey the nonlinear oscillator equations

2
Kige + <Z H?) Ki = Qiki, 1=1,2, (21)

Jj=1

where a;, i = 1,2 are arbitrary constants.

Example 1. One soliton solutions of the Manakov system are given by

Ty = V2a el (250 a5 goch (/a(s — s — ct)) (22)
Ty = V2a exe(2e(s=50)Ha= 500k (\/a(s — so — ct)), (23)

and |t€1|2 + |€2|2 =1
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We first note that for Manakov system, the expressions for the curva-
tures ki,7 = 1,2 and the torsions 7;,7 = 1,2 for the moving curves corre-
sponding to a one soliton solutions of the Manakov system are given by

1
k% = K2 4+ K2 = V2asech(Va(s — so — ct)), T =1 = 26 (24)

and

k1 = V2aesech(va(s —so —ct)), ko = V2aezsech(va(s — sg — ct)).

Fig. 1. Two curves (28) of one soliton solution of Manakov system, €1 = /2/4/3,

€2 = 1/\/5

Example 2. One special solution of Manakov system is written by
= Cien(aé, k), ko = Caen(ad, k), (25)
where

042:2];71_1, C?+C3=20°k* ar=as=a. (26)

In the limit £ — 1 we obtain the well known Manakov soliton solution

V2aey exp {i (3c(s — s0) + (a — 1c*)u) }
ch(ya(s — o — ) |

V2aes exp {i (3c(s — so) + (a — 1c*)u) }
ch(ya(s — so — ) |

Uy =

Uy =
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Here we introduce the following notations

lei]? + e’ =1, ¢ = —c+z¢‘ & +im, (27)

where s is the position of soliton, (€1, €2) are the components of polarization
vector. The real part of (7 i.e. ¢/2 gives us the soliton velocity while the
imaginary part of (1, i.e. v/2a, gives the soliton amplitude and width.

Example 3. Integrating (10) for two unit tangent vectors along the curves
t; = (0r;/0s),i = 1,2 for position vectors r;(s),7 = 1,2 we obtain

5= 2+1 tanh (e; (s — cu))
rj = ——Eiifécsech( (x —cu))cos (3es+ (3 — 3P)u) |, j=1,2, (28)
—%sech( (z — cu))sin (3es + (65 — *)u)

and €; = cosq, € = sin a, where « is arbitrary positive number.

Example 4. Let u(z) = 6p(§ + ') be the two-gap Lamé potential with
simple periodic spectrum (see for example [21])

—\/3g2, )\1 = —360, )\2 = —361, )\3 = —362, )\4 = \/392, (29)

and the corresponding Hermite polynomial have the form
9
Fp(E+w'),N) = A2 = 3p(E + WA+ 9p°(€ + ) — 79 (0)
Consider the genus 2 nonlinear anisotropic oscillator (21) with Hamiltonian
1 1
H—2@ﬁmﬁ+jﬁ+%f—;mﬁ+mﬁx (31)
where (ki,p;), i = 1,2 are canonical variables with p; = K, , and a1, a2
are arbitrary constants. The simple solutions of these system are given in
terms of Hermite polynomial
(J? )\1)
A2 — A\
Let us list the corresponding solutions
(A) Periodic solutions in terms of single Jacobian elliptic function

(QL‘ /\2)

_2 .
" = o

K3 = 2= (32)

3

The nonlinear anisotropic oscillator admits the following solutions:
k1 = Cysn(ag, k), ke = Cacn(aé, k). (33)

Here the amplitudes C;, Cy and the temporal pulse-width 1/« are defined
by the parameters a; and as as follows:

o’k =as —a1, Cf =az+a’®—2a°k%, C; =a;+a® +a%k*, (34)
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where 0 < k < 1.

Following our spectral method it is clear, that the solutions (33) are
associated with eigenvalues Ao = —es and A3 = —e3 of one — gap Lamé
potential.

(B) Periodic solutions in terms of products of Jacobian elliptic functions

Another solution is defined by [22]

k1 = Cdn(ag, k)sn(ag, k), ke = Cdn(a&, k)en(aé, k), (35)

where sn, cn, dn are the standard Jacobian elliptic functions, k is the mod-
ulus of the elliptic functions 0 < k£ < 1. The wave characteristic parameters:
amplitude C, temporal pulse-width 1/« and k are related to the physical
parameters and, k through the following dispersion relations

2 1 5(az —a1)
02 = Z(day — 2=~ (day - 2= 202274
slaz—a), a” = q5(da; —ay), daz — ay

We have found the following solutions of the nonlinear oscillator [23]

k1 = Ca?k?en(ag, k)sn(ag, k), ky = Cadn’(aé, k) + Cy (37)

(36)

where C, C, a and k are expressed through parameters a; and as by the

following relations
)
2\/5(63 = ab)

C
k% = , C = %(4@ — as). (38)
1/%(&% —a?) + 2a2 — 3a;

(C) Periodic solutions associated with the two-gap Treibich-Verdier po-
tentials. Below we construct the two periodic solutions associated with the
Treibich-Verdier potential. Let us consider the potential

w | ot

1
= — 2 —
R o 10(@2 3a1 +

(e1 —e2)(e1 — e3)
pE+w)—e
and construct the solution in terms of Lamé polynomials associated with

the eigenvalues 5\1, 5\2, A > Ao

A =es+2ep + 2\/(61 —e2)(Te1 + 2e2), (40)
5\2 =e3+2e1 + 2\/(61 — 63)(761 + 263).

u(z) = 6p(€ +w') +2 , (39)

The finite and real solutions ¢;, g2 have the form

K1 = Clsn(&a k)dn(fv k) + Cgbd(f, k)v K2 = C3cn(€7 k)dn(fv k) + C4Cd(2, k)v
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where C;, i = 1,...4 are constants and have important geometrical in-
terpretation [21] and sd, ed, are standard Jacobian elliptic functions. The
concrete expressions in terms of k, 5\1, ):2 are given in [24,25].

In a similar way we can find the elliptic solution associated with the
eigenvalues

5\1 =e9 +2e1 + 2\/(61 — 62)(761 + 262), 5\2 = —6e;q. (41)
We have
k1= Crdn®(€,k), kg = Cysn(&, k)dn(&, k) + Cosd(€, k), (42)

where C’l, Cy,Cy are given in [24,25].
The general formula for elliptic solutions of genus 2 nonlinear anisotropic
oscillator is given by [24]

N
1 - -
R = — <2)\% +20 ) (€ — i)

A2 — A1 =
6 Ng2
+6 > o€ —m)p€ — ;) — - T D AN,
1<i<Gj<N 1<i<j<5
1 ) N
KE = —— <2>\§ + 2 Z p(& —x;)
AL — Ao i=1
Ng2
+6 Y (€ = 2i)p(€ — ) — — = + DA,
1<i<j<N 1<i<j<5
where x; are solutions of equations Z#j o(x;—x;)=0,j=1,...,N.

4. Extended da Rios-Betchov system

Following Betchov we can derive the system of equations, which may be
reduced to those for a two fictitious gases with negative pressures accom-
panied with two complicated nonlinear dispersive stresses. Introducing four
new variables p; = /{%, p1 = /{%, u1 = 271, us = 279 using extended Da Rios
system (7), (8) we obtain

Opr  Oprua) Op2 , Olpati2)

ou ds 0, ou s 0,
d(p1ur) 0O 0?

M + 75 {Plu% —(pT+p3) — plﬁ(logpl) =0,
8(p2U2) 0 0?

W D5 {PW% — (p1 +p3) — pzﬁ(logpg) =0.
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5. HF system is gauge equivalent to Manakov system

The vector nonlinear Schrédinger equation is associated with type A.III
symmetric space SU(n + 1)/S(U(1) ® U(n)). The special case n = 2 of such
symmetric space is associated with the famous Manakov system [26].

Let us first fix the notations and the normalizations of the basis of
g. By Ay (A_) we shall denote the set of positive (negative) roots of
the algebra with respect to some ordering in the root space. By {E,, H;},
a € A,i=1,...,r we denote the Cartan-Weyl basis of g with the standard
commutation relations.?” Here H; are Cartan generators dual to the basis
vectors e; in the root space. The root system is invariant under the action
of the Weyl group 20(g) of the simple Lie algebra g [27].

Let us now consider the gauge equivalent systems. The notion of gauge
equivalence allows us to associate with the vector nonlinear Schrédinger
equation an equivalent equation solvable by the ISM for the gauge equiva-
lent linear problem [28]:

Lp(x,t,\) = (i% — \S(z, t)) Oz, t,A) =0
Mip(z,t,\) = (i% — A28 = 7S, S(x, t)) O(x, t,\) =0, (43)

where

Pla,t,A) =Py 'zt N), S(z,t) =) (SaFa+SiE_o)+ Y S;H

a=1
S(x,t) = Ady J =g ooz, t),  J=> H, (44)
s=1
and ¥o = 9(x,t,0) is the Jost solution at A = 0. The zero-curvature condi-
tion [L, M] = O is equivalent to iS; — [S, Syz] = 0 with §% = I,,.

6. Conclusions

In this paper the Manakov model is interpreted as two moving interacting
curves. We derive new extended Da Rios system and obtain the soliton,
one-, and two-phase periodic solution of two thin vortex filaments in an
incompressible inviscid fluid. The solution was explicitly given in terms of
Weierstrass and Jacobian elliptic functions.
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J. Lawrynowicz, S. Marchiafava and M. Nowak-Kepczyk

The present paper aims at an effective, explicit determination of the periods
and expressing them in terms of complex and quaternionic structures, thus
showing the quaternionic background of that periodicity. The proof of the
Periodicity Theorem is given in the case where the index of the generator of
the algebra in question does not exeed the order of the initial algebra, but, in
contrast to our earlier paper [8], in the degenerated situations: with period 1,
or involving perpendicular lower or upper convergence. In contrast to earlier
results, the fractal bundle flower structure, in particular petals, bipetals, the
ovary, ovules, pistils, and stamens are not introduced ab initio; they are quoted
a posteriori, when they are fully motivated.

Keywords: Clifford algebra; Quaternion; Billinear form; Quadratic form.

1. Introduction and statement of the periodicity theorem

Given generators Al, Al ...,
2,3,...,

in particular the generators

(01 (0 (1o
= \o) o) TP \o-1

of the Pauli algebra [19,20], consider the sequence

q
Ag+1=03®AZE<Aa 0 )a a:1a2v~~~72p+2q_3;

+1 _
A2 =01@ 1= (Ipq 0 ) ;

. (0 il
Ag;r+2q—1 =—02®1Ipq = ( . g’q )

Aép_l of a Clifford algebra Cly,—1(C), p =

of generators of Clifford algebras Clapi2,—1(C) ¢ = 1,2,..., and the se-
quence of corresponding systems of closed squares Q7 of diameter 1, cen-
tered at the origin of C, where I, ; = Iyp+s—2, the unit matrix of order
2P+t4=2 Tt is convenient to start with ¢ always from 1, i.e., to shift ¢ for
a > 2p correspondingly.

Within a closed square @y consider its diameter

P ]

boe = [2f NG

and two segments, symmetric and equidistant with respect to Ly

Ly

sl - ).

+

b = [2f

(=14 g +1); 2\1/5(1—1'—1—@'5;)],
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where

2 for a=1,2,...,2p—1;

n=1/2" h= —1- =
Eq /2", p+q Yo {[%a]for a=2p,2p+1,...

and [ ] denotes the function “entier”. Clearly, dist (L, Loo) = 1/2"*2.
Consider then the sets: LY of points

1 m
=——(1-4), m=0,£1,...,£(2"-1); n=0,1,..., of L,
LI (2 -1)
LY of points
1 m 1 1 m )
27 (h)= ——=—(1—14) — ——=e and 2z (h) = 1—4)— ——=¢,
m=0,+1,...,£(2" - 1); n:O,l,..., of L,
1 m 1 m
)= ——(1- +—€ and 27 (h) = ——(1 +—€,
m:O,il,...,i(Q"—l); n=0,1,..., of L,
and the corresponding limit cluster sets.
Let
_ (.qk _(k S +q—2
Al = (al}), Aa=(ag;), Jk=12,...2P77% (2)

Let further
k . k

9o (aft2) = alt if g0(2) = all;  g5(allz) = 0 if g2(2) # al,
where g¢ is the gradating function equal a(qu on the closed square Qg‘,g
corresponding to the pair (j,k); we suppose that the original square is
divided into 471972 squares with sides parallel to the sides of Qg for a <
2p — 1, and into 4Pt9~1 analogous squares for a > 2p. We shall call the
squares Q basic squares for Q.

Given z € L2, consider the sequences

97(2), g5(2),... for o< 2p, (3)
95 (z1), §5(22),... for « < 2p, (4)
0t (zh), 65(23),... for a<2p, (5)

where

9q(22) = (95 (22(h)), 95 (z2(R)), g5 (1) = (g5 (5 (h)), gg (£ (h)), (6)
as well as

Gi'(=L), 337 (22),... for 2r=a>2p, (7)
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Q%T(z}r), g? (zi), ... for 2r=a>2p, (8)
(), 93722, ... for 2r+1=a > 2p, 9)
Gt (2L), 65T (2R), ... for 2r+1=a > 2p, (10)

with the notation (6), and

02 (27), 63" (25 ), - for 2r =a > 2p, (11)
03" (1), 927 (=), - for 2r=a > 2p, (12)
), 93 (=g ), .. for 2r+1=a > 2p, (13)
G, g (), . for 2r+1=a> 2p, (14)

where

9q (24 ) = (95 (z=(1)), 95 (=1 (R)),  §5'(23) = (95 (T (h)), g (=T (h)). (15)

Denote by 1, i, j, k the matrices representing the orthogonal unit vectors
of the algebra H of (real) quaternions:

Lo (TOY (0N (O (0 .
o1/ ' T o) T I T 1) T2 KT 0 m) T

(16)
Then (1) becomes
41 1
AT = k@ AL, a=1,2,...,2p+2q — 3; (17)
)
1 1
+1 : -2 +1 . o
Agp+2q—2 ES ;l ® 1®(p+q ), Agp+2q_1 = —;J ® 1®(P+q )
We have

Periodicity Theorem (quaternionic formulation). (i) If a}, # 0 for A =
2P+4=2 " the sequences (3) are periodic of period 2, starting from some term.
The periods are:

1 1 1 1
Snaan—aa1)1+5zn(agy+ag )k, snlagy+agy)1—on(ag, —ag)k (18)
2 2i 2 27
where n =1 or —1.
(i) If
ary =0 and a) ' =d%,=al; =0, where \=2PF1"2 (19)

the sequences (3) are constant-valued, starting from some term; it amounts
at

1 1
——nal, 14+ —nal,k, where n=1 or —1. (20)

2 24
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(iii) If (19) holds, the sequences (4) are periodic of period 2, starting from
some term. The periods are:

1 _ .1 _ .
P (ai,\l + aé,/\—l)-} + 27‘" (ai,\l - ag,,\—l) 1 (21)
1 _ .1 _ .
_577 (agAl + ag,k—l)-] - 2_2-77 (aiAl - aé,A—l) L

where n =1 orn = —1.
(iv) If (19) holds, the sequences (5) are constant-valued, starting from some
term; it amounts at

1 1

—3 (abo +aly)j— 5" (aby —a2y)i, where n=1or —1. (22)
i

(v) The sequences (7) and (9) are periodic of period 2, starting from some

term. The periods are:

1, 1, 1. 1 1., 1, 1. 1
14—k -1+ —k ——1-—k —-1-—k 2

(2 +2i’2+2z’)’ (2 2 2 21‘) (23)
or

1, 1, 1. 1 1, 1, 1. 1
—~1-—k, —-1——k 1+ —k -1+ —k 24
(2 2 2 2¢>’ (2 +2z”2+2i) (24)

in the case of (7), and
1 1 1 1 1 1 1 1
<2—i1—§k, __il+_k> ) <——Z_1+—k, —,I—Ek) (25)

or

1. 1. 1. 1 1. 1, 1. 1
—1+4+ -k, ——1--k ——1--k, —1+-k 2
<2¢+2’ 2 2)’ ( i ’2¢+2) (26)

in the case of (9).
(vi) The sequences (8) and (10) are constant-valued, starting from some
term; it amounts at

1.1, 1. 1 1.1, 1. 1
14+ ok 14—k “1-_k -1--k 2
(2+2i’ 2+2i) or (2 2 2 21‘) 27)

in the case of (8), and

1.1, 1. 1 1.1, 1. 1
S1-k ——1- -k 14k o1k 2
(21 2 T2 2) o (2i+2’ 2 2) (28)

in the case of (10).
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(vii) The sequences (13) and (14) are periodic of period 2, starting from
some term. The periods are:

< L 1k, SR ik) , <—l_1 + lk, Lo ik) (29)
(3

2" 2 27 2 27 "2 27 2
or
1 1. 1 1 1 1.1 1

in the case of (13), and (30) or (29) in the case of (14) (given z € LY, the
choices (29) and (30) are mutually correlated).

(viii) The sequences (11) and (12) are periodic of period 2, starting from
some term. The periods are:

1 1 1 1 1 1 1 1
-1+ =k, —=1+ =k, —-1—--k —-1+ 2k (31)
) 21 217

27 "2 2 27 22
or
1, 1, 1. 1 1, 1, 1. 1
—-1-—k -1-—k 1+ —k -1-—k]). 2
(2 2% 2 2¢>’ (2 HETR 2¢> (82)

The Periodicity Theorem is a consequence of Theorems 1-6 [18]. We
do not repeat the assertions of these theorems that precise the starting
terms of the periodicity — here we have no further contribution in that
field. We are dealing only with the assertions that can be reformulated to
involve quaternions explicitly. More precisely, the Periodicity Theorem in
the quaternionic version has been announced in [8] with the proof of the
assertion (i). Now we restrict ourselves to proving the assertions (ii)—(iv).
Assertions (v)—(viii) will be proved in the forthcoming paper [9].

However, we can remove the second condition in (19) which is done in the
Second and Third Periodicity Theorems in Sections 4 and 5, respectively.

2. Quaternions and octonions in the Cayley-Dickson
construction

Let A be a finite-dimensional algebra over a field K equipped with an
involution, namely the K-linear mapping: x : A — A such that (ab)* = b*a*
for all a,b € A and with norm given by ||al|> = aa*. Let us consider the
Cartesian product A x A and define addition and multiplication in it by
the formulae:

(a,b) + (¢,d) = (a4 ¢, b+ d),
(a,b) - (¢,d) = (ac — db*,a*d + cb)
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for all (a,b), (¢,d) € A x A. The set A’ = A x A with these operations is
an algebra with involution:

(CL, b)* = (CL*, _b)
and norm

(@, )| = (a,b)(a,b)".

Let us note that the algebra A is a subalgebra of A’ via the embedding:
a — (a,0). The construction defined above is the so-called Cayley-Dickson
construction. If we perform the Cayley-Dickson construction a number of
times, say n times, starting from an arbitrary algebra Ay, we shall obtain
a sequence of algebras:

A()CA1C"'CA”

such that dimg Aj41 = 2dimg A, for 5 =0,1,...,n — 1.

Let us start the construction from Ay = R, the algebra of real numbers
over itself. The mapping * is identity. It is easy to see A; = C = R& Ri
is the field of complex numbers. Applying the construction to C we obtain
Ay = CaCj 2 H, the real quaternions, and consequently: A; = HEHI = O
which is the algebra of octonions. Here j, j2 = —1, has to anticommute with
i, and ¢, {> = —1, has to anticommute with i, j, k; (1,4, j, k) being the basis
of H. The next algebra after octonions would be the algebra of sedenions,
which is no longer a division algebra, that is, it possesses zero divisors.

It seems obvious, that the process of Cayley-Dickson construction is
worth continuing, because the bigger algebra, the better, we expect, might
describe the world. However, there are two kinds of losses connected with
this expansion.

Firstly, with every step of the Cayley-Dickson construction the prop-
erties of the new algebra are a little worse than these of the old one. For
example: in C, we have no order of elements which we had in R. Obviously,
lack of order refers to all further algebras in the construction. In H we have
no commutativity, which we had in C. In O we no longer have associativity
of the multiplication.

The second inconvenience about bigger algebras is that, the objects con-
sidered become either too large or too small to be interesting. For example,
the class of holomorphic functions over quaternions is very poor and re-
duces to right H-linear functions f(q) = aq + b where a,b € H. On the
other hand, the power series of quaternion variable ¢ = w + ix + jy + kz
gives a set which is too big to be interesting [18].
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3. The case a < 2p — 1, period 1. A fractal bundle
of the flower type

For (19), the expressions (18) are still correct, but seem not so interesting:
they reduce to (20), so the sequences (3) are constant-valued, starting form
some term; in the cases of Pauli matrices o7 and o9 they reduce to 0 and
give no information on the structure in question. Therefore we have to take
into account sequences related to petals of the form

—
, u#0, v#0, where [ stands for @ cm (33)
-

This will be done in Sections 4 and 5 of the paper corresponding to Parts
(iii) and (iv) of the Periodicity Theorem.

Having the most important examples of petals: (36), (37) in [8] and (33)
above, we are in a position to understand the definition of a fractal bundle
of the flower type and actually we need it [2,15].

Definition 3.1. Let Ky be a compact metric space with metric p. Let
oj: Ko — Ko for j =1,2,..., N be contractible mappings with respect to
p. The set K of the form
N
K = K,, where K, = U 0j(Kn-1)

1 j=1

D)

n

is called fractal set of flower type.
Moreover, in this case we have [5]:
N
K= g (K)
j=1

If, for fixed o, we now consider Q7, n = 1,2,..., we obtain a graded
(coloured) fractal, denoted X, which will be called graded (coloured)
Clifford-type fractal. The corresponding sequence (3., o = 1,2,...) will
be called graded (coloured) Clifford-type fractal bundle.

This fractal bundle is well defined, which can be proved using the Cuntz

algebra O(4) [1] and Kakutani dichotomy theorem [4].

4. The case: a < 2p — 1, perpendicular lower convergence.
Ovary and ovules

For (19), according to Theorem 2 [16], the sequences (4) are periodic of
period 2 starting from some term determined in that theorem. The periods
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are:
<nag;1 nag(’)k_l) ; <—7722X1 _77039\_1) , where n =1 or —1. (34)
For an alternative direct proof we may observe that, in order to calculate
(99 (zZ(p+q—3)), g5 (= +(p +q-3)))
_ (gf;‘( m (1—i)— 1 1 m . i 1

1 (e}
22 2\/—2p+q s it i, e
m=0,+1,....,£2"-1); n=0,1,...,

);

we have to look for

(95-szZ(p+q—5-3)), g5 (zT(p+q—5-3)), s=12....

To this end, in the case of Clifford-type fractal 3o = (Qg), p = 2 and
A} = 09, we consider the table, where rows numbered with positive integers,
corresponding to odd numbers, represent {z~(p+q—3)}U{z (p+q¢—3)}
in the g-th iteration step, and columns represent the configuration related
to $m = m/2™ (in Fig. 1 (a) we take n = 11). The configuration consists
of two values of the generating function if z belongs to the interior of the
basic square Q;",ﬁ corresponding to a pair (j, k); of four values if z is on the
boundary but not in a vertex; finally, of eight values if z is in a vertex (of
course, it may happen, that some of these values coincide). In the case of
o2 we have the following possibilities for the two values corresponding to
the direction perpendicular to Lo, starting from some term of (4):

or [-i] [i]. (35)

As far as the direction of L, corresponding to z € L, is concerned, we
have only one possibility:

1

denoted by —

o]
For each n the first period is indicated with help of the upper part of a
bigger square; this upper part containing four small squares and four
small rectangles 1 .

In the case of ¥3 forp =3 and o = 1,2,...,5, we consider an analogous

table (in Fig. 2 (b) we take agam n=11). Let . IEl . . represent

the values al,, a3,, a2, als, respectlvely Then we have the following

possibilities for the two values corresponding to the direction perpendicular
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Fig. 1. Checking the periodicity in construction of a graded Clifford-type fractal: (a) X2
forp=2,(b) Xy forp=3,a=1,2,...,5; aéA =0.
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to Loo:
[][7]. [e][8]. [s][7]. [-6] [-8].

As far as the direction of L, corresponding to z € L., is concerned, we
have only one possibility (36). If, however, we remove the second condition
in (19), the number of possibilities increases (cf. Fig. 2):

= with [5][7], = with [][y], 0 with [6][3],
= with [5][7], 0 with [2][5], 0 with [6][).

For each n the first period is indicated with help of the upper part of a
bigger square; these upper parts containing four squares and four rectangles
form the collection:

=D =B = =
(5]07], [o] L8], Lsllr], Lolls).
N O = O

Then we can proceed by induction with respect to p, considering X,
a = 1,2,...,2p — 1. We observe that, by (16) the matrices (34) can be
expressed in the quaternionic form (21) as desired.

If we remove the second condition from (19):

ary =0 for \=2rFta=2 (37)
then the periods (34) have a more general form
A-1 A U S
(77%&.)_—11 naa’xl) ) ( naaﬁ)‘__ll naa)‘l) , where n =1 or —1, (38)
na, 0 —na, 0

and the quaternionic form, instead of (21) reads:

1 _ 1 _ .1 _ .1 -

577@2’)\1711 + Zn(ai,\l - aé,,\—ﬂl + 577(%\0\1 + aé,,\—ﬂJ + 5776@,)\1,11{,

1 _ 1 _ .1 _ | _
—577“3,;—11 - 2—2-77(“2,\1 - aé,,\—ﬂl - 5”(“3; + aé,,\—ﬂ.] - 577@3,;—11‘-

(39)
Therefore we have arrived at the following generalization of Periodicity
Theorem (iii):

Second Periodicity Theorem (quaternionic formulation). (i) If (37)
holds, the sequences (4) are periodic of period 2, starting from some term.
The periods are (39), where n =1 or —1.
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(ii) The periodicity of the sequences (4) always starts from their n-th term
or earlier whenever m in the definition of = € LY is odd. If m is even, of
the form m = p - 2¥, where p is odd, the periodicity of (4) starts from the
(n — v)-th term or earlier. In particular, such a situation appears in the
cases of Pauli matrices o1 and o2, where the periodicity, for m odd, starts
exactly from the n-th term. For m even the periodicity starts exactly from

the (n — v)-th term.

The statement (ii) of the above theorem was not proved here, but the

proof is merely a repetition of those
of Theorems 1 and 2 [16]. (Because
of importance of o1, Fig. 1 (a) is re-
peated as Fig. 3 (a) with aly = i
and a3, = —i formally replaced by
al, = 1and a3, = 1, respectively. Of
course, distribution of signs + and
— in the table is now entirely dif-
ferent. It seems worth-while to draw
also Fig. 3 (b) being a counterpart

of Fig. 1 (b), where @ and are
formally replaced by and , re-

spectively.)

Figure 2: Conventions concerning Agj

k

fOrp:37a21327"'75; aé\ﬂ)\:O'

The above discussion fully motivates distinguishing the structures

i

U SV N IS | S ]:1,2,...7%)\ 1, (40)
where A = 2PT92 and
A1 || Ea41 SA1 | 2x1 L | [FEAT 3N 2041

U

, where \ =2Pt1-2

[ 1]

(41)
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Fig. 3. Checking the periodicity in construction of a graded Clifford-type fractal: (a) X1
forp=2,(b) Xo forp=3,a=1,2,...,5; a;\M =0.
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which are petals again. Because of the periodicity, any petal (40) has to be
considered with one of the intrinsic petals (41), that is to consider bipetals,
in this case ordered pairs of petals (40) and intrinsic petals (41).

In the case of a graded fractal bundle

(217227"'722?—1)5 (42)

it is natural to call the initial Clifford algebra Cla,—1(C) — the ovary of
the fractal bundle (42), and the generators A, = A,, « = 1,2,...,2p — 1
— the ovules of the bundle (42).

5. The case: a < 2p — 1, perpendicular upper convergence.
The pistil and stamens

For (19), according to Theorem 3 [16], the sequences (5) are constant-valued
starting from some term determined in that theorem; it amounts at:

2
(_77(;(1!2 775&1) , wheren =1or —1. (43)
For an alternative, direct proof we may observe that, in order to calculate
(95 (25 (p+ 4 =3)), 95 zL(p+q - 3)))
1 m i 1 1 m 1 1
(9 (2\/5 2”( 9 2v/2 2P+q—3)’ & (2\/5 2”( B+ 2v/2 2P+q—3))’
m=0,+1,...,£2"-1); n=0,1,...,

we have to look for

(gz(;—s(z-i_-(p"" q—S§— 3))) g?—s(z-:-_(p + q—8§— 3)))) s = 1725 e

To this end, in the case of the Clifford-type fractal 3o = (Qg), p = 2 and
A} = 09, we consider the table, where rows numbered with positive integers,
corresponding to even numbers, represent {z; (p+¢—3)}U{zf(p+q¢—3)}
in the g-th iteration step, and columns represent the configuration related
to $m = m/2" (in Fig. 1 (a) we take n = 11).

Again, the configuration consists of two, four or eight values of the
generating function (of course, it may happen, that some of these values
coincide). In the case of o5 we have the two possibilities (35) for two values
corresponding to the direction perpendicular to L.,. As far as the direction
of L, corresponding to z € L, is concerned, we have only one possibility
(36). For each n the beginning of constancy of the sequences (5) is indicated
with the help of a medium-size square, containing two small squares
and two small rectangles []. If we consider together the perpendicular
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lower and upper convergences related to z € L, we have to state that for
each n the first period is indicated with help of the upper and lower parts
of a bigger square; the both parts containing eight small squares and
eight small rectangles 1.

In the case of X, for p =3 and a = 1,2,...,5, we continue considering
an analogous table (in Fig. 1 (b) we take again n = 11). A discussion,
completely analogous to that of the preceding section, leads to the same
conclusion, but it is interesting to observe that, as far as the periodicity is

concerned
’ = 4

intrinsic petals @ , correspond to the perpendicular lower

convergence, ] ]
(= =

intrinsic petals 7 correspond to the perpendicular upper

convergence. N =]

We observe that, by (16), the matrices (43) can be expressed in the quater-
nionic form (22), as desired.

If we replace (19) by a less restrictive condition (37), then the one-
element periods (38) have a more general form

_ 1 — 2
( ZZ(lxl Zzgl> , where n= 1 or —1, (44)
%2 TWa2

and the quaternionic form, instead of (22), reads:

1 1 . 1 .
=37 (aid + aig) 1—577 (ahy —al,)i— B (aia + a?u) J

1
— oo 0k — a2) k. (45)

Therefore we have arrived at the following generalization of Periodicity
Theorem (iv):

Third Periodicity Theorem (quaternionic formulation). (i) If (42) holds,
the sequences (5) are constant-valued, starting from some term. It amounts
at (45), where n =1 or —1.

(i1) The constancy of the sequences (5) always starts from their n-th term
or earlier whenever m in the definition of z € LY. is odd. If m is even, of
the form m = p - 2¥, where p is odd, the constancy of (5) starts from the
(n — v)-th term or earlier. In particular, such a situation appears in the
cases of Pauli matrices o1 and o3, where the constancy, for m odd, starts
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exactly from the n-th term. For m even the periodicity starts exactly from
the (n — v)-th term.

The statement (ii) of the above theorem was not proved here, but the
proof is merely a repetition of those of Theorems 1 and 3 [16] (because of
importance of o1, it is worthwhile to fill up the blank rows in Figs 4 (a)
and (b) corresponding to the perpendicular upper convergence). Here we
are dealing again with petals of the form (40) together with intrinsic petals
of the form (41), that is with the corresponding bipetals.

Taking into account the role of sets L2+q_3, ¢g=1,2,...,and L% in a
graded fractal bundle (42), expressed by the considerations of Sections 4
and 5, and — in particular — in the Second and Third Periodicity Theo-
rems, we are let to call them the stamens of the fractal bundle (42) in case
of the sets Lg+q_3, q=1,2,..., and the pistil of that bundle in case of the
set LY.

The research including the rest of proof of the Periodicity Theorem,
will be continued in the forthcoming paper [9]. It is worthwhile to stress
the relationship of fractal bundles of algebraic structure with studies of the
Hurwitz problem [3], especially on its geometrical aspects introduced and
studied in other papers [6,7,10-15,17].
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SECTIONAL CURVATURES
OF SOME HOMOGENEOUS REAL HYPERSURFACES
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In this note, we pose two pinching problems on sectional curvatures of real
hypersurfaces in a complex projective space.

Keywords: Sectional curvatures; Complex projective spaces; Homogeneous real
hypersurfaces; type A hypersurfaces; type B hypersurfaces.

1. Introduction

Let P,,(C) be an n-dimensional complex projective space with Fubini-Study
metric of constant holomorphic sectional curvature 4 and M a real hyper-
surface of P, (C). Nice examples of real hypersurfaces in P, (C) are homoge-
neous real hypersurfaces, namely they are given as orbits under subgroups
of the projective unitary group PU(n + 1). It is well-known that a homo-
geneous real hypersurface in P,(C) is congruent to one of the six model
spaces of type A1, A, B, C, D and E. By virtue of Takagi’s result [3] we
know that these homogeneous real hypersurfaces are realized as tubes of
constant radius over certain compact Hermitian symmetric spaces of rank 1
or rank 2 (see Theorem T).
In the study of real hypersurfaces in P, (C), many differential geometers
are interested in the following two problems:
(1) Give a characterization of homogeneous real hypersurfaces.
(2) Construct non-homogeneous nice real hypersurfaces in P, (C) and char-
acterize such hypersurfaces.
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Some homogeneous real hypersurfaces 197

From the viewpoint of Problem (1) it is important to compute various
geometric invariants of homogeneous real hypersurfaces. In this context,
motivated by Kon’s result (Theorem K), for all type A hypersurfaces and
some type B hypersurfaces we compute their sectional curvatures (Propo-
sition 1). Here type A means either type A; or type As. In the last section
we pose two open problems on sectional curvatures of real hypersurfaces in
P, (C) (Problems 1 and 2).

2. Preliminaries

Let M be an orientable real hypersurface (with Riemannian metric (, )) of
P,,(C) and N a unit normal vector field on M. The Riemannian connections
Vin P, (C) and V in M are related by the following formulas for any vector
fields X and Y on M:

VxY = VxY + (AX,Y)N and VxN = —AX,

where A is the shape operator of M in P,(C). An eigenvector X of the
shape operator A is called a principal curvature vector. Also an eigenvalue
A of A is called a principal curvature. In the following, we denote by V)
the eigenspace of A associated with eigenvalue \. It is known that M has
an almost contact metric structure induced from the Kéahler structure J of
P, (C). That is, we can define a tensor field ¢ of type (1,1), a vector field &
and a 1-form n on M by

(pX,Y)=(JX,Y) and (£, X)=n(X)=(JX,N).
So we have

Let R denote the curvature tensor of M. Then we have the following Gauss
equation:
— (X, Z)(oY, W) = 2(¢ X, Y)(¢6Z, W)
+(AY, Z)(AX, W) — (AX, Z){AY, W).
Hence, for each orthonormal pair of vectors X,Y of M the sectional curva-
ture K(X,Y) = (R(X,Y)Y, X) is expressed as:
K(X,Y)=1+3(¢X,Y)? + (AX, X)(AY)Y) — (AX,Y)? (2.1)

We here recall the classification theorem of homogeneous real hypersurfaces
in P,(C) due to Takagi [3].
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Theorem T. Let M be a homogeneous real hypersurface of P,(C). Then
M is congruent to one of the following:

(A1) a geodesic sphere of radius r, where 0 < r < /2,
(A2) a tube of radius r over totally geodesic P(C) (1 £ k < n—2), where
0<r<m/2,
(B) a tube of radius v over a complex hyperquadric Qn—_1, where 0 < r <
/4,
(C) a tube of radius r over P;(C) x Pry (C), where 0 < r < m/4 and n
s odd,
(D) a tube of radius v over a complex Grassmann Gg 5(C), where 0 < r <
w/4 andn =9,
(E) a tube of radius r over a Hermitian symmetric space SO(10)/U(5),
where 0 < r < w/4 and n = 15.

It is known that a geodesic sphere of radius r (with 0 < r < 7/2) is
congruent to a tube of radius (7/2) —r over a complex hyperplane P,,_1(C)
in P,(C).

The numbers of distinct principal curvatures of these real hypersurfaces
are 2, 3, 3, 5, 5, 5, respectively. These principal curvatures are as follows.

(A1) (A2) B) (C,D, E)
A1 cot r cotr cot(r —m/4) | cot(r —m/4)
Ao — —tanr | cot(r +m/4) | cot(r +m/4)
A3 — — — cotr
A4 — — — —tanr
a | 2cot(2r) | 2cot(2r) 2 cot(2r) 2 cot(2r)

Here \; denotes a principal curvature of a principal curvature vector or-
thogonal to the characteristic vector £ (with principal curvature «) of M.

The multiplicity m(u) of each principal curvature p of a homogeneous
real hypersurface is as follows.

A0 [ R [ ® [ © [0][®
mA) [ 2n—2 | 2n—2k—2 | n—1 2 4 6
m(Az2) — 2k n—1 2 4 6
m(As) — — — | n—=3| 4 8
m(Ag) — — — |n—-3] 4 8
m(a) 1 1 1 1 1| 1
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Remark 1. Direct computation yields that a homogeneous real hypersur-
face M (which is a tube of radius r) is minimal in one of the following

cases:
1

2n—1

2k +1
(A2) COtr_”72n—2k‘—1’

(B) cotr =+v/n++vn—1,
Vi + V2
vn—2"'
(D) cotr = /5,
_ V15 + V6

3

)

(A1) cotr =

(C) cotr =

(E) cotr

3. Sectional curvatures of hypersurfaces of type A or type
B

By elementary computation we have the following lemma which is a key in
our discussion.

Lemma. Let V be an n-dimensional vector space (with inner product
(,)) and A:V —V is a linear mapping. We denote by A1,..., \, eigen-
values of A. Then for each orthonormal pair of vectors X,Y € V we have

min = A\ S (AX, X)AY,Y) — (AX,Y)? £ max A\,
1Si#j<n 1Si#jsn

Our aim here is to prove the following:

Proposition 1. The sectional curvature K of a type A hypersurface or
a type B hypersurface takes the following mazimum value and minimum
value.

(A1) cot?’r < K <4+ cot?r.
(A2) 0 < K <4+ max{cot?r,tan?r}.

cot? +cotr +1
B) ——
cotr

K satisfies —

< K for each n(2 2). In particular, when n = 2,
cot?r 4+ cotr + 1
cotr

[IA

cotzr—cotr—i—l}

K £ max {3,
cotr

Proof. We denote by X,Y a pair of orthonormal vectors on our real hy-
persurface M. We shall consider the case of type (A;). It follows from (2.1)
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and our Lemma that
K(X,Y) <4+ (AX, X)(AY,Y) — (AX,Y)?
<4+ cot?r
= K(X1,¢X1) for VXy € Viotr
as well as
K(X,Y) 21+ (AX, X)(AY)Y) — (AX,Y)?
> 1+ cotr-2cot(2r) = cot?r
= K(X1,§) for VX;y € Veotr.

Case of type (Az). Note that A2 < o < A;. Then we have similarly

K(X,Y) <4+ (AX, X)(AY,Y) — (AX,Y)?
<44 max{A\?, A2} = 4 + max{cot® r, tan’r}
ZmaX{K(X1,¢X1),K(X2,¢2)} for VX1 € VA“ VXQ (S V)\Q
and
K(X,Y) 21+ (AX, X)(AY,Y) — (AX,Y)?
Z1+XMA=0
= K(Xl,XQ) for VX; e VAU VX, € VAQ.
Case of type (B). Our three distinct principal curvatures A1, Ag, a satisfy
A2 >0, A1 <0and a > Ay > A;. Hence by the same computation as above
we see that the minimum value of K is expressed as:
K(X,Y) 21+ (AX, X)(AY,Y) — (AX,Y)?
cot?r + cotr + 1

cotr
:K(Xl,f) for VX; eV,,.

214+ Ma=—

In the rest of proof we shall compute the maximum value of K in the case
of n = 2. That is, we consider a homogeneous real hypersurface of type B in
P (C). We take unit vectors e; € Vy,, e2 € Vy,. Needless to say, ea = t¢ey.
For the vectors X,Y we set

X =a1e1 +ages +aszf, Y = bie1 + boes + bgf
and

c1 = azbz —azbay, cp =aszbi —aibs, c3=aiby — azb;.
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So we may easily find that ¢? + ¢ + ¢3 = 1. Then by direct computation
the sectional curvature K (X,Y’) can be expressed in terms of ¢;, ¢o (with
0Sci+c3 <) as:

gcot?r —dcotr+1  ,cot?r+4cotr+1

K(ci,c0) =3+¢ —c .
(1 2) ! cotr 2 cotr

Here, setting ¢; = scosf, co = ssinf (0 < s<1,0 < 6 < 27), we have the
following quadratic function K (s,6) with respect to s:
cot?r+1 ,

a2
K(s,0) =3—4s" + p—— 5% cos(26).

In the following, our discussion is divided into two cases. One is the case
of 1 < cotr £ 24 /3, that is /12 < r < /4. Then, because of
cot?r +1

cotr
tone decreasing with respect to s, so that max K = K(0,6) = K(eq,e2) = 3.

We here draw Figure 1 which is the graph of K(s,0) (0<s<1,050 < 7),
when r = /4.

< 4, we know that for each fixed 6y the function K (s, 6p) is mono-

b Nk o r N

Fig. 1. The graph of 3 — 452 4 252 cos 20

The other is the case of cotr > 2 + \/§, that is 0 < r < 7/12. Then we
have

cot?r —4dcotr +1
+ $? <K

K(s,0) < K(5,0) = 3 + (1,0)

cotr

and

cot?r —cotr 4+ 1

max K = K(eg,§) = o
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For example, when cotr = 5 + 2v/6, the graph of K(s,0) (0 < s < 1,
0 <6 < ) is Figure 2.
10
8
6
4
2
0
2
-4
%
-8
-10
-12
Fig. 2. The graph of 3 — 452 + 1052 cos 20
Thus we obtain the desirable maximum value. O

At the end of this section we pose the following conjecture on sectional
curvatures of homogeneous real hypersurfaces of type B in P, (C), n = 3. By
direct computation we see that with respect to principal curvatures \; = A\
(i: 1,"' ,n—l), S\j :/\2 (]ZTL, ,2Tl—2), ;\Qn_l = Q,

o Ao (0 <7 < 10),
max \;Aj =
i A2 (ro Sr<m/4).

Here rq is given as follows. Let t = cotr with 0 < r < 7/4. Then to = cotrg
is the unique solution of #(1 + ¢)? — (1 — ¢)* = 0, which is equivalent to
Ao = A7, with 0 < ¢ < 1. Hence r is expressed as:

1./13+5V17
2 2

VA
7"(3:cot*1 5+4 7—|—

Conjecture. For a homogeneous real hypersurface M of type B in P, (C),
n 2 3 does the maximum value of the sectional curvature K of M take the
following value?

pvTe (0 <r <),
max K =1+
A2 (ro Sr<m/4).
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4. Pinching problems on sectional curvature of real
hypersurfaces

Proposition 1(B) gives us information on sectional curvatures of some plane
section for other homogeneous real hypersurfaces in P, (C).

Proposition 2. Let M be one of homogeneous real hypersurfaces of type
(B), (C), (D) and (E) in P,(C). Then the sectional curvature K of M
satisfies

K(X,6) <0 for each unit X € V.. (r-z)"

™
4

It is natural to pose the following two problems in connection with
Propositions 1 and 2.

Problem 1. Let M be a compact orientable real hypersurface of P, (C). If

the sectional curvature K of M satisfies 0 £ K <5, is M congruent to one

of the following type A hypersurfaces?

(1) A geodesic sphere of radius v, where m/4 < r < /2 and cot’r < K <
4+ cot?r.

(2) A tube of radius 7 /4 over totally geodesic Py(C) (1 £ k < n—2), where
0 K <5,

Problem 2. Let M be a compact orientable minimal real hypersurface of
P, (C). If the sectional curvature K of M satisfies 0 £ K <5, is M con-
gruent to one of the following type A hypersurfaces?

(1) A geodesic sphere of radius r, where cotr = 1/4/2n—1 and

1
K <4 .
- +2n—1

(2) A tube of radius w/4 over totally geodesic Py (C), where 2k = n—1 and
0 K <65,

<
2n—1 —

Finally we recall the following theorem due to Kon [1], which is related
to Problem 2:

Theorem K. Let M be a compact orientable minimal real hypersurface
of P,(C). If the sectional curvature K satisfies K = 5 T then M is a
n—

geodesic sphere of radius r in P,(C), where cotr =1/y/2n—1.
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Introduction

It is a fundamental fact that on an almost complex manifold with Hermi-
tian metric (almost Hermitian manifold), the action of the almost complex
structure on the tangent space at each point of the manifold is isometry.
There is another kind of metric, called a Norden metric or a B-metric on
an almost complex manifold, such that the action of the almost complex
structure is anti-isometry with respect to the metric. Such a manifold is
called an almost complex manifold with Norden metric ([1]) or with B-
metric ([2]). See also [5] for generalized B-manifolds. It is known that these
manifolds are classified into eight classes ([1]).

The purpose of the present paper is to exhibit, by construction, almost
complex structures with Norden metric on Lie groups as 6-manifolds, which
are of a certain class, called quasi-K&hler manifold with Norden metric. It
is proved that the constructed 6-manifold is isotropic Kéhlerian if and only
if it is scalar flat or it has zero holomorphic sectional curvatures ([3]).

2000 Mathematics Subject Classification. Primary 53C15, 53C50; Secondary 32Q60,
53C55
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1. Almost complex manifolds with Norden metric
1.1. Preliminaries

Let (M, J,g) be a 2n-dimensional almost complex manifold with Norden
metric, i. e. J is an almost complex structure and g is a metric on M such
that

J2X = —X, g(JX,JY) = —g(X,Y) (1)

for all differentiable vector fields X, Y on M, ie. X,Y € X(M).

The associated metric § of g on M given by §(X,Y) = g(X,JY) for
all X,Y € X(M) is a Norden metric, too. Both metrics are necessarily of
signature (n,n). The manifold (M, J, §) is an almost complex manifold with
Norden metric, too.

Further, X, Y, Z, U (z, vy, z, u, respectively) will stand for arbitrary
differentiable vector fields on M (vectors in T, M, p € M, respectively).

The Levi-Civita connection of g is denoted by V. The tensor field F' of
type (0,3) on M is defined by

F(X,Y,Z2)=g((VxJ)Y,Z). (2)
It has the following symmetries
FX,)Y,Z2)=F(X,Z2,Y)=F(X,JY,JZ). (3)

Further, let {e;} (i = 1,2,...,2n) be an arbitrary basis of T,M at a
point p of M. The components of the inverse matrix of g are denoted by
g% with respect to the basis {e;}.

The Lie form 0 associated with F' is defined by

0(z) = gijF(ei,ej,z). (4)

A classification of the considered manifolds with respect to F' is given
in Ref. 1. Eight classes of almost complex manifolds with Norden metric
are characterized there according to the properties of F. The three basic
classes are given as follows

1

Wi F(z,y,2) = E{g(wyy)ﬂz) +g(, 2)0(y)

+ gz, Jy)b(J2) + g(x, J2)0(Jy) };
Wy: & F(z,y,Jz)=0, 0=0;

z,Y,2

(5)

WS: G) F(xvyaz)zoa

z,Y,2

where & is the cyclic sum by three arguments.
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The special class Wy of the Kéhler manifolds with Norden metric be-
longing to any other class is determined by the condition F' = 0.

1.2. Curvature properties
Let R be the curvature tensor field of V defined by
R(X,Y)Z =VxVyZ —VyVxZ —Vxy1Z. (6)
The corresponding tensor field of type (0,4) is determined as follows
R(X,Y,Z,U) = g(R(X,Y)Z,U). (7)
The Ricci tensor p and the scalar curvature 7 are defined as usual by
p(y,2) = g Rei,y,2,¢5), 7= g"p(ei, ). (8)

Let a = {z,y} be a non-degenerate 2-plane (i.e. m(z,y,y,2) = g(z, )
9(y,y) — g(z,y)* # 0) spanned by vectors x,y € T,M, p € M. Then, it is
known, the sectional curvature of « is defined by the following equation

R(z,y,y,x)
k(o) = k(z,y) = ————=. (9)
1 (xa Y,Y, x)
The basic sectional curvatures in T, M with an almost complex structure
and a Norden metric g are

e holomorphic sectional curvatures if Ja = «;
e totally real sectional curvatures if Ja L o with respect to g.

1.3. Isotropic Kdhler manifolds
The square norm ||V.J|| of V.J is defined in [3] by
VI = g7g"g((Ve.d) e, (Ve, T) ). (10)

Having in mind the definition (2) of the tensor F' and the properties
(3), we obtain the following equation for the square norm of V.J

HVJ” = gijgklgquikajlqa (11)
where Fiip, = F(e;, ek, ep).

Definition 1.1 ([6]). An almost complex manifold with Norden metric
satisfying the condition ||VJ|| = 0 is called an isotropic Kéhler manifold
with Norden metric.

Remark 1.1. It is clear, if a manifold belongs to the class W), then it is
isotropic Kéhlerian but the inverse statement is not always true.
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2. Lie groups as quasi-Kahler manifolds with Killing
Norden metric

The only class of the three basic classes, where the almost complex structure
is not integrable, is the class W3 — the class of the quasi-Kdhler manifolds
with Norden metric.

Let us remark that the definitional condition from (5) implies the van-
ishing of the Lie form 6 for the class Ws.

Let V' be a 2n-dimensional vector space and consider the structure
of the Lie algebra defined by the brackets [E;, E;] = Cf;Eg, where
{E1, Es,..., Ea,} is a basis of V and Cf; € R.

Let G be the associated connected Lie group and {X1, Xo,..., X2,} be
a global basis of left invariant vector fields induced by the basis of V. Then
the Jacobi identity has the form

S [[Xi, X;], Xk] =0. (12)
Xri,Xj,Xk

Next we define an almost complex structure by the conditions
JX; :XnJri, JXnJrl = —-X;, 1€ {1,2,...,n}. (13)
Let us consider the left invariant metric defined by the following way

9( X, Xi) = —9(Xnti, Xnvi) = 1, ie{1,2,...,n} a4
14
9(X;, Xx) =0, j#ke{1,2,...,2n}.

The introduced metric is a Norden metric because of (13).
In this way, the induced 2n-dimensional manifold (G, J, g) is an almost
complex manifold with Norden metric, in short almost Norden manifold.
The condition the Norden metric g be a Killing metric of the Lie group
G with the corresponding Lie algebra g is g(ad X (Y), Z) = —g(Y,ad X (2)),
where X,Y,Z € g and ad X(Y) = [X,Y]. Tt is equivalent to the condition
the metric g to be an invariant metric, i.e.

9([X,Y], 2) +9([X, 2],Y) =0. (15)

Theorem 2.1. If (G, J,g) is an almost Norden manifold with o Killing
metric g, then it is:

(1) a Ws-manifold;
(ii) a locally symmetric manifold.
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Proof. (i) Let V be the Levi-Civita connection of g. Then the condition
(15) implies consecutively

1
2
F(X0 X5, X0) = 3 0(1X0 TX0), %) — (X0 X 00 ) ()

Vx,X; ==X, X;], 4,j€{1,2,...,2n}, (16)

According to (15) the last equation implies &x, x,,x, F'(Xs, X, X&) = 0,
i.e. the manifold belongs to the class Ws.
(ii) The following form of the curvature tensor is given in [4]

1
R(Xla X]v ka Xl) = _Zg([[Xla X]]a Xk] ) Xl])
Using the condition (15) for a Killing metric, we obtain
1
R(XivXjanaXl) = _Zg([XlaXJ]a[XkaXl]) (18)

According to the constancy of the component R;jxs and (16) and (18), we
get the covariant derivative of the tensor R of type (0,4) as follows

(VX,LR) (Xj,Xk,Xl,Xm)
= %{g([[X“X]]vXk] - [[Xi,Xk],Xj], [leXmH) (19)
+g([[Xi7Xl]7X’m] - [[Xi’Xm]’Xl}a[XjanH)}'

We apply the the Jacobi identity (12) to the double commutators. Then
the equation (19) gets the form

(Vx,R) (X, Xk, X1, Xm)

1 (20)

= —={o (X0 1%, X0, 10, Xon]) + 9 ([, [0 Xon] ], X5, X)) -
Since g is a Killing metric, then applying (15) to (20) we obtain the identity
VR =0, i.e. the manifold is locally symmetric. O

3. The Lie group as a 6-dimensional W3-manifold

Let (G, J, g) be a 6-dimensional almost Norden manifold with Killing metric
g. Having in mind Theorem 2.1 we assert that (G, J,¢g) is a Ws-manifold.
Let the commutators have the following decomposition

(Xi, X;] =75 X0, 75 €R, i3,k €{1,2,...,6}. (21)
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Further we consider the special case when the following two conditions
are satisfied

g([Xi,Xj],[Xk,Xl]) :0, g([XZ,JXZ],[X“JXl]) =0 (22)

for all different indices 4,7, k,1 in {1,2,...,6}. In other words, the commu-
tators of the different basis vectors are mutually orthogonal and moreover
the commutators of the holomorphic sectional bases are isotropic vectors
with respect to the Norden metric g.

According to the condition (15) for a Killing metric g, the Jacobi identity
(12) and the condition (22), the equations (21) take the form given in
Table 1.

Table 1. The Lie brackets with 3 parameters.

X1 XQ X3 X4 X5 XG
[X2, X3] A1 A2
(X3, X1] A1 A3
(X1, X2] A2 A3
(X5, Xe] “A1 =X
(X6, Xa] | —A1 -3
[X4,X5] | =X2 =23
(X1, X4] X2 =\ A2 =X
(X1, X5] A3 —A2
(X1, X6] -3 A1
[X2,X4] | —X2 A3
[X2,X5] | —As A1 -3 A1
(X2, X6] A2 -1
(X3, X4] A1 -3
(X3, X5] -1 A2
(X3, X6] Az —A2 Az —X2

The Lie groups G thus obtained are of a family which is characterized by
three real parameters \; (i = 1,2,3). Therefore, for the manifold (G, J, g)
constructed above, we establish the truthfulness of the following

Theorem 3.1. Let (G, J,g) be a 6-dimensional almost Norden manifold,
where G is a connected Lie group with corresponding Lie algebra g deter-
mined by the global basis of left invariant vector fields { X1, Xa,..., Xe}; J
is an almost complex structure defined by (13) and g is an invariant Nor-
den metric determined by (14) and (15). Then (G, J, g) is a quasi-Kdhler
manifold with Norden metric if and only if G belongs to the 3-parametric
family of Lie groups determined by Table 1.

Let us remark, the Killing form B(X,Y) = tr(ad XadY), X,Y € g, on
the constructed Lie algebra g has the following form
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A2 —d2A3 —A1)3
L |-L 5
B=4 1T ) L= -XX3 A -\
“AMA3 =My A2
Obviously, it is degenerate.

4. Geometric characteristics of the constructed manifold

Let (G, J, g) be the 6-dimensional Ws-manifold introduced in the previous
section.

4.1. The components of the tensor F
Then by direct calculations, having in mind (2), (13), (14), (15), (16), (17)

and Table 1, we obtain the nonzero components of the tensor F' as follows
A1 = 2F16 = 2F161 = —2F134 = —2F143 = 2F293 = 2F53
= 2Fo56 = 2F965 = —F300 = —Fi55 = 2F 13 = 2Fy31
= 2Fy46 = 2Fy64 = —2F526 = —2F562 = 2F535 = 2F553
= —Fs11 = —Foaa = —2F113 = —2F131 = —2F146 = —2F164 (23)
= —2Fa96 = —2Fs62 = 2F235 = 2F53 = F311 = F344 = 2F 41
= 2Fy61 = —2Fy34 = —2Fy43 = —2F503 = —2F532 = —2F556
= —2F565 = Foo2 = Fss,
A2 = =2F115 = =2F151 = 2F124 = 2F149 = Fag3 = Fag6 = —2F323
= —2F330 = —2F556 = —2F365 = —2Fy120 = —2Fy01 = —2F)y5
= —2Fy54 = F511 = F514 = —2Fg26 = —2Fg62 = 2Fp35 = 2Fgs53

=2F112 = 2F121 = 2F145 = 2F154 = —Fo11 = —Fo4a = —2F32 24
= —2F362 = 2F335 = 2F353 = —2Fy15 = —2Fy51 = 2Fy04
= 2Fy40 = —F533 = —F566 = 2Fs23 = 2Fg32 = 2Fg56 = 2Fee5,
A3 = —Fiz3 = —Fiee = —2F915 = —2F9s1 = 2F524 = 2F240 = 2F513
= 2F331 = 2F546 = 2F364 = —Fao2 = —Fus5 = 2F512 = 2F501
= 2F545 = 2F554 = 2Fg16 = 2Fg61 = —2Fp34 = —2Fp43 = F1a2 (25)

= Fi55 = —2F219 = —2F321 = —2F55 = —2F54 = 2F316

= 2F361 = —2F334 = —2F343 = Fuz3 = Fuee = —2F515 = —2F551

= 2F504 = 2F540 = —2F413 = —2Fg31 = —2Fg46 = —2F564,
where Fyj, = F(X;, X, Xy).
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4.2. The square norm of VJ

According to (14) and (23)—(25), from (11) we obtain that the square norm
of VJ is zero, i.e. ||[VJ|| = 0. Then we have the following

Proposition 4.1. The manifold (G, J,g) is isotropic Kdhlerian.

4.3. The components of R

Let R be the curvature tensor of type (0,4) determined by (7) and (6)
on (G,J,g). We denote its components by Rijrs = R(Xi, X, X, Xs);
i,j,k,s € {1,2,...,6}. Using (16), (12), (18) and Table 1 we get the nonzero
components of R as follows

1 1
—Ri221 = Rass4 = 1 (A3+2A3), —Riss1 = Roaaz = 1 (A3 —A3),
1 1
—Ri331 = Rypea = 1 (Af +A3), —Rigsr = Raus = 1 (AT =A3),
1 1
—Ra332 = Rsee5 = 1 (AT +2A3), —Rogs2 = Rasss = 1 (AT =A3),
I
Ri361 = Rozea = —Ruzes = —Rs365 = Z)\p
1
Ri251 = R3253 = —Ru254 = —Rea56 = Zkg,
1
Ra142 = R3143 = —Rs145 = —Re146 = 1)\3,
Ris61 = Ras62 = R3563 = —Rase4 = —R1261 = —R3263
= Ryo64 = Rs265 = —R1351 = —Ra3520 = R4354
1
= Rg356 = R1231 = —R42314 = —Rs235 = —Rea36 = Z)\l)\%
—Ry341 = —Ra342 = Rs345 = Reza6 = Ra132 = —R4134
= —R5135 = —Rg136 == R1461 = Rase2 = R3463

1
= —Rs465 = —Ro162 = —R3163 = R4164 = Rs165 = Z)\l/\Sa

R3123 = —Ra124 = —R5125 = —Rg126 = —Ri1241 = —R3243

= Rs245 = Reo46 == —Ro150 = —R3153 = R4154

1
= Rg156 = R1451 = Ross2 = R3453 = —Rease = Z>\2)\3~
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4.4. The components of p and the value of T

Having in mind (8) and the components of R, we obtain the components
pij = p(Xi, X;) (4,7 = 1,2,...,6) of the Ricci tensor p and the the value
of the scalar curvature 7 as follows
P11 = P44 = —pP14 = —A§, P12 = —P15 = —P24 = P45 = )\2/\3,
P22 = P55 = —pas = — A3, P13 = —P16 = —P3s = Pa6 = M3, (26)
P33 = Po6 = —P36 = —Al, P23 = —pac = —P35 = P56 = A1 A2,
T=0. (27)

The last equation implies immediately

Proposition 4.2. The manifold (G, J,g) is scalar flat.

4.5. The sectional curvatures
Let us consider the characteristic 2-planes o;; spanned by the basis vectors
{X;, X;} at an arbitrary point of the manifold:

e holomorphic 2-planes — a4, aios, asg;
e pairs of totally real 2-planes — (ay2,aus5); (aas,aus); (aas,@24);
(16, 34); (23, as6); (@26, 35)-
Then, using (9), (14) and the components of R, we obtain the corre-
sponding sectional curvatures

k(a14) = k(a%) = k(a36) = 0;

—k‘(OélQ) = ]C(Oé45) = i ()\% + )\%) R k(Oé15) = —k(Oé24) = i ()\% — /\g) R
—k(a13) = k(a46) = i ()\% + )\%) s k(aw) = —k(a34) = % ()\% - )\g) 5
—k(a23) = k(a56) = i ()\% + )\%) s k(a26) = —k(a35) = % ()\% - )\g) .

Therefore we have the following

Proposition 4.3. The manifold (G, J,g) has zero holomorphic sectional
curvatures.

4.6. The isotropic-Kdhlerian property

Having in mind Propositions 4.1-4.3 and Theorem 2.1, we give the following
characteristics of the constructed manifold
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Theorem 4.1. The manifold (G, J, g) constructed as an Ws-manifold with
Killing metric in Theorem 3.1:

(i) is isotropic Kdhlerian;

11

(i
(i

(iv

is scalar flat;

)
ii) is locally symmetric;
)

has zero holomorphic sectional curvatures.
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APPLICATION OF
UNSCENTED AND EXTENDED KALMAN FILTERING
FOR ESTIMATING QUATERNION MOTION

V. MARKOVA
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In this paper, we present a study comparing the performance of unscented and
extended Kalman filtering for improving model for trajectory interpolation.
Specifically, we examine orientation motion with quaternions, which are criti-
cal for appreciating direction. Our experimental results and analysis indicate
that unscented Kalman filtering performs equivalently with extended Kalman
filtering.

Keywords: Extended Kalman filtering; Unscented Kalman filtering; Trajectory
interpolation; Quaternions.

1. Introduction

Trajectory interpolation algorithms represent an important component of
any 2D/3D Short Term Dispersion simulation system. Without these al-
gorithms, the systems must be limited to use the observed points only to
compute and predict the dispersion of the pollutant.

The industrial short term model accepts hourly meteorological data
records to define the conditions for plume rise, transport, diffusion and de-
position and uses the steady-state Gaussian plume equation for a continue
elevated sources. For a steady-state Gaussian plume, the hourly concentra-
tion is given by [2].

* KxVxD
P xexp (—0.5 % L)2. (1)
2% T K Ug % Oy * 0, oy
The Kalman filter is a set of mathematical equations that provides an
efficient computational (recursive) means to estimate the state of a process,
in a way that minimizes the mean of the squared error. The filter is very
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powerful in a several aspects: it supports estimations of past, present and
even future states, and it can do so even when the precise nature of the
modeled system is unknown.

The extended Kalman filter (EKF) provides this modification by lin-
earizing all nonlinear models (i.e., process and measurement models) so
the traditional KF can be applied [1]. Unfortunately, the EKF has two
important potential drawbacks. First, the derivation of the Jacobean ma-
trices, the linear approximation to the nonlinear functions, can be complex
causing implementation difficulties. Second, these linearizations can lead to
filter instability if the time step intervals are not sufficiently small [3].

To address these limitations, Julier and Uhlmann developed the un-
scented Kalman filter UKF [3]. The UKF operates on the premise that it is
easier to approximate a Gaussian distribution than it is to approximate an
arbitrary nonlinear function. Instead of linearizing using Jacobian matrices,
the UKF using a deterministic sampling approach to capture the mean and
covariance estimates with a minimal set of sample points. The UKF is a
powerful nonlinear estimation technique and has been shown to be a supe-
rior alternative to the EKF in a variety of applications including parameter
estimation for time series modeling [3], and neural network training [3].

The aim of the paper is to provide a practical application to the discrete
Kalman filter. This application includes a description and some discussion
of the basic and extended Kalman filter and example,results. The main pur-
pose in this article is developing of the algorithm for comparison of UKF
and EKF effects in moving trajectory of virtual point source of air pol-
lution. This trajectory is described by means of the quaternion geometry
and about this reason is defined measure for correlation of the quaternion
curves. We describe the results of an experimental study which examines
the estimation accuracy of the EKF and UKF on of virtual point source of
air pollution represented with quaternions. Quaternions are a common way
to represent rotations in tracking, robotics, and mechanical engineering be-
cause they are compact and avoid gumball lock [4]. The results of our study
indicate that, although the EKF and UKF have equivalent performance, the
additional computational overhead of the UKF and the quasilinear nature
of the quaternion dynamics makes the EKF a more appropriate choice for
orientation estimation.
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2. Kalman'’s filters - short background
The Extended Kalman gain is computed [3] using
Ky, = Py Hy (Hy P Hy +R)™ (2)

where R is the measurement noise covariance, and the measurement matrix
is calculated using

dh;)
dz ;)

(z3,) (3)

Hyi.5) =

a Jacobian matrix that linearizes around the non-linear measurement func-
tion h. In our case,h is quaternion normalisation

h= d (4)
\/q§+q§+q,§+q?u

for the quaternion in £, . Then, we find the a priory estimate of the error
covariance Matrix

Py = ByP1Bi + Qx (5)

The basic premise behind the Unscented Kalman filter is it is easier
to approximate a Gaussian distribution than it is to approximate an ar-
bitrary nonlinear function. Instead of linearizing using Jacobian matrices,
the UKF uses a deterministic sampling approach to capture the mean and
covariance estimates with a minimal set of sample points. As with the EKF,
we present an algorithmic description of the UKF omitting some theoretical
considerations:

Ky = Py, 2, Pw_klzk (6)
2L
Pz = We(Ze)i — 5 )(Z)i — 5" + R (7)
2L
Pl = > Wil(Xa)i — & )(Ze)s — 5,17 (8)
where W are weights defined by
A

c __ 1 2

w§ (L_A)+( + a4+ 3) (9)
1

i ayy (10)
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To compute the correction step, we fist must transform the columns of
X}, through the measurement function

(Zk)i = h((Xk)i), ©=0,...,2L.

Once Xk is computed, we perform the prediction step by first propa-
gating each column of Xk — 1 through time. With (Xj); calculated the a
priory state estimate is

2L
z =D WX (12)

3. The Problem of Trajectory interpolation

The list of dispersion models is long and including different models. We
are interesting by Industrial Source Models (ISM) [2]. This is a US EPA
multi-source Gaussian model capable of predicting both long-term (annual
mean) and short-term (down to 1-hour mean) concentrations arising from
point, area and volume sources. Gravitational settling of particles can be ac-
counted for using a dry deposition algorithm; wet deposition and depletion
due to rainfall can also be treated. Effects of buildings can be considered
(using the BREEZEWAKE/BPIP facility). The model has urban and ru-
ral dispersion coefficients, and percentile concentrations can be calculated
using the- PERCENT post-processor if sequential meteorological data are
used. ISM can handle up to 1000 sources and 10,000 receptors. It is widely
used in the USA for the evaluation of industrial sources and has been up-
dated over the years to remain compatible with PC systems.

Indeed, we investigated the dispersion of concentrations from point air
source, as trajectories of virtual pollutant sources and estimate the real
dispersion field as well ideal symmetricall field.

The process model we use is an orientation/angular velocity (OV) model
defined by

dqg 1
= — = —qu, 13

f=g =54 (13)
where ¢ is the current quaternion and w is a pure vector quaternion repre-
senting angular velocity. We use a single EKF /UKF, where the state vector

at time k is defined by

T = [Qwaananqw,wo,wl,wg]T. (14)

Given the state vector at step k — 1, we first perform the prediction step by
finding the a priory state estimate &, by integrating equation (1) through
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/ O Simulated points
/ @® Observed points
! / O Interpolated points

Fig. 1. The pollution trajectory curve.

time by At. Because, the real curve have fluctuation, which are not pre-
sented with interpolation curve, we use a small Monte Carlo simulation on
each experiment since we have random Gaussian noise added to the motion
trajectory of ideal point pollutant, which is used to simulate jittery tracking
data (Figure 1). After that we use Kalman’s filters for additionally smooth-
ing the curve. Applying the EKF and UKF for accomplishing to the hybrid
model for simulation of the pollution dispersion in the course of time, and
at the end we make comparison of the results.

4. Experimental Study

The Kalman filter is a set of mathematical equations that use information
from multiple sources; it uses a predictor/corrector mechanism to find an
optimal estimate in the sense that it minimises the estimated error covari-
ance. In other words, the filter uses an underlying process model to make an
estimate of the current system state and then corrects the estimate using
any available sensor measurements.

Then, after the correction is made, we use the process model to make a
prediction.

For orientation prediction, we use extended Kalman filtering since the
standard Kalman filter is a linear estimator and orientation is non-linear in
nature.

The data set was tested with different prediction times giving us four
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Interpolated curve

Simulated curve

O Simulated points
@ Observed points
O Interpolated points

Fig. 2. The speed of the wind at the observed and predicted point

different test sets. The predictors are evaluated using root mean square
error (RMSE). Algorithm running times are also calculated by grouping
the UKF and EKF predictors. We can calculate the root mean square error
(RMS) for each step and take the Monte Carlo simulation runs. Let we
assume that the speed of the wind at the observed and predicted point is
identical

g = cos (y) + 7 *xsin (),

then for truth and estimated quaternions g, and g, (Figure 2). RMS is
defined by

(15)

where the RM S, is in n — 1 degrees and

RMS, — (% S e, (16)
i=0
e; = %arccos((qti (g;,")w). (17)

To compare the performance of the EKF and UKF algorithms described
above in the paper, we conducted an experiment to determine which filter-
ing algorithm is preferable for improving direction of plume flux trajectory
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of air pollution. First, the data sets were used in our study to represent
common orientation dynamics fluxes in trajectory applications. We use a
small Monte Carlo simulation on each test scenario since we have random
Gaussian noise added to the motion signals, which is used to simulate jittery
tracking data.

To determine how well the EKF and UKF algorithms are performing,
we need comparison data. Comparing estimated output with reported user
orientations is problematic syntheses records have noise and small distor-
tions associated with them. Thus, any comparison with the recorded data
would count tracking error with the estimation error.

5. Conclusion

In this paper, we have presented an experiment which compares extended
and unscented Kalman filtering for simulation of the pollution dispersion
in the course of time. The results of our study indicate that, although the
EKF and UKF have equivalent performance, the additional computational
overhead of the UKF and the quasilinear nature of the quaternion dynamics
makes the EKF a more appropriate choice for orientation estimation. Our
results indicate that, although the EKF and UKF have roughly the same
accuracy, the computational overhead of the UKF,the simplicity of the Ja-
cobian matrix calculations, and the quasilinear nature of the quaternion
dynamics makes the EKF a better choice for the task of improving trajec-
tory interpolation of noisy quaternion signals in virtual pollutant point.
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COUNTEREXAMPLES OF COMPACT TYPE
TO THE GOLDBERG CONJECTURE AND
VARIOUS VERSION OF THE CONJECTURE

Y. MATSUSHITA

Section of Mathematics, School of Engineering
University of Shiga Prefecture,
Hikone 522-8533, Japan
E-mail: yasuo@mech.usp.ac.jp

We review a newly discovered counterexample to the Goldberg Conjecture of
compact type. Such a counterexample is constructed on an eight-dimensional
Walker manifold of neutral signature. The original Goldberg conjecture is,
of course, reviewed, and counterexamples to some variants of the conjecture
are also exhibited. Analogues of the Goldberg conjecture for almost Norden
manifolds and for almost para-Hermitian manifolds are proposed. Finally, some
work on the odd-dimensional version of the Goldberg conjecture will be briefly
reviewed.

1. The Goldberg conjecture

There is a famous conjecture, posed in 1969 by Goldberg [11], which states
that the almost complex structure of a compact almost Kéhler-Einstein
Riemannian manifold is integrable.

Let (M, J,g) be an almost Hermitian manifold, with J an almost com-
plex structure and g a J-invariant Riemannian metric, i.e., g(JX,JY) =
9(X,Y). Here, by an almost complex structure we mean a linear endomor-
phism of the tangent bundle TM of M, satisfying

J?=—1. (1)

The pair (J,g) of an almost Hermitian structure defines a fundamental
2-form 2 by

QX,Y) = g(JX,Y). 2)

Then, Goldberg’s conjecture states that an almost Hermitian manifold
(M, J,g) must be Kéhler if the following three conditions are imposed:
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(GC1) the manifold M is compact
(GC2) the Riemannian metric g is Einstein
(GC3) the fundamental 2-form (2 is symplectic.
Note that an almost Hermitian manifold (M, J,g) is called almost Kdhler
if Q is symplectic (GC3).

Despite many papers by various authors concerning the Goldberg con-
jecture, there are only two papers which obtained substantial results to the
original Goldberg conjecture. Sekigawa is the author of these two papers.

Theorem 1 (Sekigawa [19,20]). Let M = (M, J,g) be an almost Her-
mitian manifold, which satisfies the three conditions (GC1), (GC2) and
(GC3). If the scalar curvature of M is nonnegative, then M must be Kdhler.

This partially affirmative result was proven for 4-dimensional manifolds
in [19], and two years later for arbitrary even-dimensional manifolds in [20].
It should be noted that no progress has been made on the original conjec-
ture, other than Sekigawa’s theorem.

2. Noncompact type for almost Hermitian manifolds

Removing the condition (GC1), Alekseevsky [1] deduced the existence of
counterexamples in the noncompact case, namely, certain quaternion spaces
of rank > 1. Nurowski and Przanowski [18] exhibited an explicit counterex-
ample in the noncompact case in four dimensions. Further counterexamples
in the noncompact case have recently been reported by Apostolov, Draghici
and Moroianu [2]. (The assertion in [18] that Sekigawa has established Gold-
berg’s conjecture in four dimensions is erroneous, [21].)

3. Noncompact type for almost pseudo-Hermitian
manifolds

Haze has demonstrated counterexamples by constructing a neutral Ricci-
flat metric on an open subset of R* which is almost-Kahler with respect to a
non-integrable almost complex structure. In [14], Haze’s metric is shown to
be an instance of a Walker metric. By a Walker manifold, we mean a pseudo-
Riemannian n-manifold which admits a field of parallel null r-planes, with
r < g [22]. The corresponding metric is called a Walker metric. When
n = 2k and r = k, such a metric is of neutral signature. Especially for
four-dimensional Walker manifolds, see [10,13,14,6,9]. For a survey on the
neutral 4-manifolds, see e.g., [15,17].
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We now exhibit Haze’s counterexamples. Let (2!, 22, 23, 2*) be the co-
ordinates on R*, and consider the metric on it defined by

00 1 0
00 0 1

9= 1 0a(xt, 2% 22 2%) 0 ' (3)
01 0 —a(zt, 2%, 23, )

For the metric, the Einstein equation (cf. [14, Appendix D]) consists of the
following PDE’s for the function a:

aiz =0, aap —2ag — (az)* =0, (4)

2
aaiy — azz +ajaz =0, aair —2a13+ (a1)” =0,

where a; = da/0x', a12 = 0%a/02'02?, etc. If a is independent of z? and

z*, and if @ contains z! only linearly, the first three PDE’s hold trivially,
1

T
and the last one reduces to: 2a13 — (a1)? = 0. We see that a = —— isa

T
solution to the PDE, and therefore the metric

00 1 0
00 O 1
1
9210_210 ) (5)
3 L
2x
01 O -

is Einstein on the coordinate patch 3 > 0 (or z* < 0). Thus, the second
condition (GC2) holds. Note that this is a Ricci flat metric.

We know that this metric admits a proper almost complex structure as
follows (cf. [14, (3)]):

Jo, = 09, JOy = —01, JO3 = ads + 04, JOy = a0 — Os. (6)

From [14, (5)], together with the neutral metric (3), we have the fundamen-
tal 2-form as follows:
Q = dz' Adz? — dx? A dad. (7)

Q is clearly symplectic [14, Theorem 2]. Therefore, the condition (GC3)
holds.

For the Einstein metric (5), the proper almost complex structure J in
(6) becomes

1 1
J81=82, J@gz—&l, J@gz—x—382+84, J84:—x—381—83. (8)
X X
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Then, the integrability condition of J, given in [14, Theorem 3], becomes
4
al—b1—262:2a1:—;7§0, ag — by + 2¢1 = 2a0 = 0. (9)

Thus, J does not satisfy (9), and hence it cannot be integrable.

Finally, the domain 2% > 0 (or 2* < 0) in R?*, where the Einstein metric
¢ in (5) and the nonintegrable J in (8) exist, must be noncompact. We thus
obtain a counterexample of noncompact and neutral type to the Goldberg
conjecture, as discovered by Haze.

Remark. In a recent paper [9], we exhibited several families of counterex-
amples of noncompact and neutral type, which are constructed also on
Walker 4-manifolds. Haze’s counterexample is of course contained in one of
these families.

4. Counterexamples of compact type for almost
pseudo-Hermitian Walker 8-manifolds

This section is the main part of the present note. The counterexamples
reported in [16] are the topic of the present section, since these are the first
ones of compact type.

By considering 8-dimensional Walker manifolds, we are able to exhibit
almost Kéhler-Einstein neutral structures, which are not Kahler, initially
on R® and then on an 8-torus. Thus, the neutral-signature version of Gold-
berg’s conjecture fails.

Let (M, g, D) be an 8-dimensional Walker manifold, where g is a metric
of neutral signature and D a field of parallel null 4-planes. From Walker’s
theorem [22], there is, locally, a system of coordinates (z,...,2%) so that
g takes the canonical form

9=1[9i] = [Ii Ig] : (10)

where I is the unit 4 x 4 matrix and B is a 4 X 4 symmetric matrix whose
entries are functions of the coordinates (z!, ..., z%). Note that g is of neutral
signature (++++————), and that D = span{d1,...,04} (9; = 0/0").
In this article, we consider the specific Walker metrics on R® with B of the
form:

(11)

cooR
o o o O
o 3 OO
o o o O
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where p, r are arbitrary functions of the coordinates:

p=p',..., 2%, r=r(' ... 2%). (12)

We can construct various g-orthogonal almost complex structures J
(abbr. almost complex structures) on a Walker 8-manifold M with the
metric g as in (10), (11) so that (M,g,J) is almost (neutral) Hermitian.
The following J is one of the simplest examples of such an almost complex
structure.

Jal = 63’ J82 = 847 Ja?) = _817 Ja4 = _827
1
JO5 = i(p_ )03 + 07, JOs = Os,

J87 = (p - r)81 — 85, Jag = —86. (13)

N~

8
If we write the above action as J0; = Z JJ 0;, then we can read off the
j=1
nonzero components J; as follows:
B =-l=Jdy=-L=J=-R=J=-J§ =1,
1
T3 =07 =5p=1). (14)

Associated with the almost Hermitian structure (g,J) is the Kahler
form Q, given by Q(X,Y) = ¢(JX,Y) for arbitrary vector fields X, Y. The
coordinate expression for the Kahler form is:

Q= "0(0;,0;) da’ A da?
i<j 1
=da' Nda" + da® A da® — dad A da® — dat A da® + 3 (p47)dx® Ada”.
(15)
It is easy to see that {2 is nondegenerate by noting that

P =QAQAQAQ = 24da’ Ada® A dx® Ade* Ada® A daS A de” A daB.

(16)
The differential of €2 is easily computed:
1 1
Q) = §(p1 + 1) dat Ada® Adx” + 5(]92 + 1) dx? Ada® A dx”
1
+ =(ps +73)da® Ada® Ndx" + = (ps +7ra) dat Ada® AdxT (17)

2
1
— =(ps +76) dz® Nda® A da” + §(p8 + 1) dz® Adx" A da®,

— N =

[\
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where p; = dp/dz* and r; = Or/dz'. From this expression, we have the
following

Proposition 2. Q is symplectic if and only if the following PDE’s hold.

p1+711=0, pa+r2=0, pz+r3=0,

(18)
ps+1r4=0, ps+1r6=0, pg+rs=0.
Corollary 3. Q is symplectic if and only if

where & is any function of x° and x” alone.

The almost complex structure J is integrable if and only if the torsion
of J (Nijenhuis tensor) vanishes, i.e., the components

; 8Jk n O o 25
Nk_2z( oot~ gt~ i g+ Tk k) (20)

all vanish (cf. [12, p.124]), with J7 as in (14). Since Njj, = —Nj;, we need
only consider N;k (7 < k). By explicit calculation, the nonzero components
of the Nijenhuis tensor are as follows:

N115 = —Ns‘l7 = —N137 = —N335 =p1—T, N§7 = _% (p—7)(p1 — 1),
N215 = —N417 = —N237 = —N435 =Pp2— T2, N517 = % (p—7)(ps —13)
Ni; = N3z = Ni5 = —N37 = p3 — 13, (21)
N217:Ni5 :N235 = _Nf7=p4—7“4
Ny = —Ngg = —N3s = Ng7 = —pe + 76,
Njg = —Ng; = Nig = —Nis = —ps + 1s.

Proposition 4. J is integrable if and only if the following PDE’s hold.

p1—711=0, pa—12=0, p3—r3=0,

(22)
pa—1rs=0, ps—rs=0, ps—rs=0.
Corollary 5. J is integrable if and only if
r=p+mn, (23)

where 1 is any function of x° and z7 alone.
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The almost Hermitian structure (g, J) is Kdhler if £ is a symplectic
form and J is integrable.

Theorem 6. The almost-Hermitian Walker 8-manifold (M, g, J), with g
as in (10), (11) and J as in (13), is Kdhler if and only if p and r are each
arbitrary functions of (x5, 27) only.

On the basis of the above results, we can derive conditions for the triple
(g, J,Q) to be an almost Kéhler structure, which is not Kéhler. For p and

Pin (19), put fi= 5(p—7) = p— 36 =+ 3E

Proposition 7. The pair (g, J) is an almost Kdhler structure on RS, which
is not Kdahler, if at least one of the derivatives f1, fo, f3, fa, fo and fs does
not vanish.

We now turn our attention to the Einstein conditions for the }Nalker
metric (10), (11) with p and r given by (19). Now, as p = [ + 55 and

1
r=—f+ 55, B in (11) is written explicitly as follows:

f+%§o 0 0
0 0 0 0
0 0 —f4—%§ 0
0 0 0 0
where f = f(z!,...,2%) and ¢ = £(2°,27).

Let R;; and S denote the Ricci curvature and the scalar curvature of
the metric (10) with B given as in (24). The Einstein tensor is defined by

B= : (24)

Gij = Rij — §S gi; and has nonzero components as follows:

1 1 1 1
G25=§f12, G17:—G35=—§f13, G45=§f14, G56:§f16a
Gos =~ fiss Gar = fos, Gur= > far, Gor=—17f

58 = 5 J1s, 27 = 5 fas, a1 = —35 fa, 67 = — 3 f36;
1 1 1
Grg = —3 fas, Gis = 3 (3 f11 + f33), Ga2s = Gug = -3 (fi1 — f33),
1 1
G37=—§(f11+3f33), G57=§(f17+f1f3—f35), (25)

Gss5 = —fas — f37 — fas +§f(f11 — f33) + %5(3f11 +5 f33) — %f327

Gr7 = fi5 + fae + fas — gf(fn — f33) — %§(5f11+3f33)— %le
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The metric g with B as in (24) is almost Ké&hler-Einstein if all the above
components G;; vanish (G;; = 0: the Einstein equation). In the present
note, we do not try to find the general solution to the Einstein equations
but rather specific solutions which serve our purpose.

Since there are a lot of partial derivatives of f with respect to 2! and x*
among the nontrivial components of the Einstein tensor in (25), we assume
that f does not depend on z! and 22, i.e., f = f(2?,2*, 25, 25 27, 2%). Then
the Einstein equation G;; = 0 drastically reduces to the following PDE’s

G55 = —Gr7 = —fa6 — fas = 0. (26)
It is easy to find solutions to these PDE’s as follows.

Theorem 8. Let f be a sum of four functions F', F2, F3 and F*, each a
function of four arguments as follows:

f = f(m27x47x55$65x77x8)
:F1($2,$47x5,$7)+F2(x2,$57x7,$8) (27)

+F3(x4,x5,x6,x7) +F4(£C5,£C6,£C7,{ES),

with the property that at least one of the derivatives fo, f4, f6 and fs does
not vanish. Then f gives a class of solutions to (26). Moreover, p = f + 55

1
and r = —f + 55 satisfy (19) but not the J integrability condition (4). It
follows that the metric g as in (10) with B as in (24) and f as stated is

an almost Kahler-Einstein neutral structure, but not a Kdhler structure, on
R8. Note that g is a Ricci flat metric.

These examples of almost Kahler-Einstein structures which are not
Kihler are constructed on R®. Identifying a point (z!,...,2%) with a point
(@t,...,2%) iff 1 = 2t +1,...,3% = 28 + 1, we obtain an 8-torus T°.
Therefore, by choosing the functions f(z?, 2%, 2°, 25,27, 28) and &(2°, 27)
to be periodic with respect to their arguments, the metrics of the previous
theorem descend to the 8-torus, thus giving examples of almost Kéahler-
Einstein neutral structures, which are not Kéhler, on a compact manifold,
which was our goal.

We end with an explicit example of such a neutral almost Ké&hler-
Einstein structure, which is not Kihler, on an 8-torus: Put f = f(28) =
sin 2m2® and & = £(27) = 2sin27z”. Then the metric is
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0000 1 0 0 0
0000 0 1 0 0
0000 0 0 1 0
0000 0 0 0 1
9711 0 0 0sin2rz7 + sin 2728 0 0 0 (28)
0100 0 0 0 0
0010 0 0 sin 272" — sin 27z® 0
(0001 0 0 0 0]

5. Almost Norden manifolds

An almost Norden manifold of dimension 2n is a triple (M, J, g) of a 2n-
manifold M, an almost complex structure J and a J-skew invariant metric
g. That is, J and g satisfy the following

g(JX,JY)=—g(X,Y). (29)

Note that such a Norden metric ¢ is of neutral signature. For Norden 4-
manifolds, see [4].

The pair (J, g) defines, as usual, a rank two tensor §(X,Y) = g(JX,Y),
but § is symmetric (in fact another neutral metric), rather than a two-form.
For an almost Norden manifold (M, J, g), the conditions (GC1) and (GC2)
may, of course, still be imposed but, as the Norden pair (J, g) does not give
rise to a two-form, the third condition (GC3) has no immediate meaning.

It is a fundamental fact, however, that an almost complex structure J
on M solely gives a two-form on M (not unique). We denote it by 7, and
call it a J-compatible two-form. In terms of such a two-form ;, we can
replace the third condition (GC3) by

(GC3') the J-compatible two-form €2 is symplectic.

Let M = (M,J,g) be an almost Norden manifold, and choose a J-
compatible two-form ; on M. Then we can propose an almost Norden
version of Goldberg Conjecture as follows: If M is compact (GC1) and g is
Einstein (GC2), and if a J-compatible two-form Qy is symplectic (GC3'),
then J must be integrable.

6. Almost para-Hermitian manifolds

An almost product structure P on a manifold M is a linear endomorphism
of the tangent bundle TM of M, which satisfies P? = 1. We call the pair
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(M, P) an almost product manifold. The almost product structure P in-
duces a splitting TM into a sum TM+ & TM~ of two eigen subbundles,
where TM* are the 41 eigenspaces of P. An almost product structure
P is called an almost paracomplex structure if TM® are of the same di-
mension (= %dim M). For paracomplex structures and related topics, see
the excellent review articles [7,8]. It should be noted that an almost para-
complex structure is nothing but a GL(n,R) x GL(n,R)-structure, with
n = %dim M. Then the pair (M, P) with P an almost paracomplex struc-
ture is called an almost paracomplex manifold. An almost paracomplex
structure P is called a paracomplex structure if the GL(n,R) x GL(n,R)-
structure defined by P is integrable. (Note that an integrable almost prod-
uct structure is called an locally product manifold.) The integrability condi-
tion of an almost paracomplex structure P is known as follows: An almost
paracomplex structure P is the integrable if one of the following equivalent
conditions holds

i) the two distributions TM* defined by P are involutive,
ii) the Nijenhuis tensor N of P, defined by

N(X,Y)=[PX,PY] - P[PX,Y] - PIX,PY]+[X,Y],  (30)

vanishes, and
iii) there exists a torsion free linear connection with respect to which P is
parallel.

If an almost paracomplex manifold (M, P) admits a neutral metric g,
and if g is P-skew invariant, i.e.,

g(PX,PY)=—¢(X,Y), (31)

then the triple (M, P, g) is called an almost para-Hermitian manifold. The
para-Hermitian structure (P, g) defines a 2-form  as follows:

Q(X,Y) = g(PX,Y). (32)

An almost para-Hermitian manifold (M, J,g) is called an almost para-
Kahler manifold if d©2 = 0. Moreover, an almost para-Hermitian manifold
(M, J,g) is called a para-Hermitian manifold if P is integrable.

Then, we can consider an almost para-Hermitian version of the Gold-
berg conjecture as follows. For an almost para-Hermitian manifold M =
(M, P, g), if the manifold M is compact, the neutral metric g is Einstein
and the fundamental 2-form Q is symplectic, then P is integrable. Equiva-
lently, an almost para-Kéahler manifold M = (M, P, g) is para-Kéhler if the
manifold M is compact and the neutral metric g is Einstein.
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7. Odd-dimensional manifolds

There are some analogies between odd-dimensional manifolds and even-
dimensional manifolds. In fact, it is often said that a Sasakian manifold of
odd dimension corresponds to a Kéahler manifold of even dimension, and a
K-contact manifold of odd dimension to an almost Kahler manifold of even
dimension.

even dimension — odd dimension
Kéahler manifold +—  Sasakian manifold

almost Kahler manifold <« K-contact manifold

Therefore, the odd-dimensional version of the Goldberg conjecture states
that a compact Einstein K-contact manifold must be Sasakian. Boyer and
Galicki [5] proved this affirmatively, and another proof of this fact is given by
Apostolov, Draghici and Moroianu [3]. Such an odd-dimensional version of
the conjecture is nothing but the contact structure version of the Goldberg
conjecture.
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The aim of this article is to describe asymptotic profiles for the Kirchhoff
equation, and to establish time decay properties and dispersive estimates for
Kirchhoff equations. For this purpose, the method of asymptotic integration is
developed for the corresponding linear equations and representation formulae
for their solutions are obtained. These formulae are analysed further to ob-
tain the time decay rate of LP—L? norms of propagators for the corresponding
Cauchy problems.
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1. Introduction

This article is devoted to several aspects of Kirchhoff equations or Kirchhoff
systems, which were discussed in [12,13,15]. In particular, we will discuss
the asymptotic profiles and dispersion properties, or time decay of LP—
L4 norms of propagators for some relevant classes of hyperbolic equations.
These properties are well-known for the wave equations, but several aspects
of Kirchhoff equations still remain far from being understood. The global
well-posedness of Kirchhoff equations or Kirchhoff systems is known if the
data is sufficiently small in some suitable Sobolev spaces of L? type (see [3—
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6,8,10,11,26-28]). Up to now, if one takes any large data from these Sobolev
spaces, the problem of the global well-posedness is still open.

In this article the asymptotics and the global well-posedness are dis-
cussed for small data. The first topic was developed in [15] by relating the
problem to the asymptotic behaviour of the Bessel potentials (Theorem
from [12] is the anoucement of [15]). More precisely, the first author proved
that there exists a solution which is never asymptotically free. Here we say
that u = u(t,z) is asymptotically free if it is asymptotically convergent
to some solution of the free wave equation as the time goes to oo. From
the point of view of the scattering theory all solutions with data satisfy-
ing some fast decay conditions in space variables are asymptotically free
(see [7,8,26]), while the result of [15] states that if the data satisfy the op-
posite condition to [7,8,26], then the scattering theory is not possible. This
is stated more precisely in Theorem 2.2. For deriving these asymptotics, we
need a delicate analysis of an oscillatory integral associated with Kirchhoff
equation, which was introduced by Greenberg and Hu [8] in the one dimen-
sional case (see also [4,5,26]), and we will develop an asymptotic expansion
of this oscillatory integral.

For further investigations, for example, such as the nonlinear scattering
theory, the second topic is very important. This means that there exists a
scattering state for Kirchhoff equations or systems with nonlinear pertur-
bations, which can be discussed in the standard way but is quite lengthy,
hence we do not touch it (see e.g., [17]). Quite recently, the first author ob-
tained the dispersive estimates for the Kirchhoff equation (see [13]), which
will be introduced as Theorem 2.1. The essential point of the proof relies
on the stationary phase method together with Littman’s lemma.

Now let us give the precise formulation of Kirchhoff equations considered
problems. In 1883 G. Kirchhoff proposed the equation

L
Uy — (1 +/ ui dx)um =0 (1.1)
0

for u = u(t,z) on Ry x (0,L) (see [9]), which describes the nonlinear vi-
brations of one dimensional elastic strings having the natural length L.
For simplicity, all the physical constants are normalised. Generalising the
equation (1.1) to a multi-dimensional version, we can consider the Cauchy
problem for u = u(t,z) on Ry x R}:

2y — ul?de ) Au = :
92u (1+/Rn|V| d)A 0, (12)
u(0,z) = fo(z), Ow(0,2) = fi(x), (1.3)
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where 9, = &, V = (8%1, e %) and A is the standard Laplacian in R™

n
_ }: 2?
defined by A= = 8_:133
Higher order nonlinear equations of Kirchhoff type are also of great in-

terest, and they can be viewed as dispersion relations for Kirchhoff systems.
In particular, since higher order equations are influenced by the geometric
properties of characteristics (cf. [22-24]), in such problem it is important
to know how this phenomenon is affected by nonlinearities (this is contrary
to the LP—LP estimates, see [19] for a survey of such results).

Thus, let us consider the following nonlinear equation

L(t, Dy, Do, |Vull}2) = D"u+ > by (IVu(t,)|3) DLDIu =0,

vl+ji=m
lj\STgH (1.4)
for ¢t # 0, with the initial condition
DFu(0,z) = fr(z), k=0,1,....m—1, ze&R", (1.5)
where D; = %% and DY = (%a%l)ul ---(%%)V”, i = /-1, for v =
(v1,...,vn). We will assume that the symbol of the differential operator

L(t, D¢, Dy, ||[Vul|3 ;) has real and distinct roots @1 (t, 8;€), ..., @m(t, 5;€)
for £ #£0and 0 < s <J with § >0, i.e.

E(ta Ta€7 8) = (T - al(tv 875)) e (T - (Zm(ta 875))7
|95 (t,5:€) — @r(t, 5:€)] > 0.

inf
|¢]=1, teR,s€[0,0]
Jj#k

The detail analysis of the Cauchy problem (1.4)—(1.5) will be done in [16],
and we will consider only the Cauchy problem (1.2)—(1.3) of the second
order in this article.

We conclude the introduction by fixing the notation used in this article.
For s € Rand 1 < p < oo, let L? = LP(R™) and L? = L?(R") be the Riesz
and Bessel potential spaces with semi-norm or norm

ir = IF P Lr@ny = 11D ull Lo@ny,
rr = |FHE T Le®ny = (D) ull Lo@ny,

respectively. Here ~ denotes the Fourier transform, F~1! is its inverse, and
(&) = /14 |€]?. Throughout this article, we fix the notation as follows:

H* =12 H =L

[l

[[ul

We also put, for s > 1,
X*(R) = C(R; H*) N CY(R; H*~) N C%(R; H™2).
Finally we shall denote by S = S(R™) the Schwartz space on R™.
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2. Results

In this section we survey the results of [13] and [15] on the Cauchy problem
(1.2)—(1.3). In order to state these asymptotics for the solutions to Kirchhoff
equation, we refer to a general theorem of Yamazaki (see [26]). For this
purpose, let us introduce the set

Vi = {{g, 0} € H* x H'?; |{¢, ¢}y, <0}, k>1,

where

|{¢a ¢}|Yk = Sup(l + |7—|)k
TER

/ e”f|f|3|$<s>|2d5\
]Rn

+ sup(1+ |’7’|)k
TER

/ e”'“l&II@Z(E)IQdE‘
Rn

+ sup(1+ |’7’|)k
TER

[ eeligre (3(0)00)) dé}.
Rn
Then we have the following:

Theorem A ([26]). Let n > 1 and so > 3. If the data uo, uy satisfy
ug € H** N H', uy € H*~', and

61 = || Vuo |22 + |lurl|22 + |[{uo, ur Y|y, <1 for some k > 1, (2.1)

then the problem (1.2)~(1.3) has a unique solution u(t,z) € X (R) having
the following property: there exists a constant c4oo = Cxoo(Ug,u1) > 0 such
that

L+ [[Vu(t, )32 = oo + O(Jt|*)  ast — £oo

Furthermore, if (2.1) holds with k > 2, then cioo = C_co ‘= Coo and
each solution u(t,z) € X (R) is asymptotically free in H® x H°~' for all
o € [1,s0) ast — %o, i.c., there exists a solution v+ = vy (t,z) € X (R)
of the equation

(8,52 — czoA)vi =0 onRxR"
such that
lult, ) = v (8, )l o + [0ru(t, ) = O () gras — O (¢ — £00).
The inclusions among the classes Y} are as follows:
YiCcY, fk>4>1, and SCY, forallke (1,n+1].

The latter inclusion can be shown by using the asymptotic expansion of

oscillatory integral I(¢(t),0) which was proved in [15]. The definition of Y}
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is somewhat complicated. There are some examples of spaces contained in
Y. For more details see [15].
Keeping in mind Theorem A, we have LP—LY estimates:

Theorem 2.1 ([13]). Let n > 2 and let 1 < p < 2 < g¢ < +oo and
%—l—% = 1. Then each solution u(t,x) in Theorem A with k =n+1 has the
following properties for all § > 0:

. _(nz1_syi_1
loagu(t, )liee < CA+ )T G0 3 luillyg,
i=0,1

where N, = %(% — %), 71=0,1,2, and o is any multi-index.

Based on Theorem 2.1, we can develop the nonlinear scattering prob-
lems for the Kirchhof equation. But here, we want to exhibit the opposite
phenomenon; for this, we will find the asymptotic profiles for the solutions

o0 (1.2)—(1.3). Let us present the definitions of free and non-free waves.

Definition. (i) We say that vy = vy (t,z) = {v4 (¢, z),v_(t,z)} is a free
wave if it satisfies the equation
(8? - ciooA) vy =0 on R xR".
(ii) Let o > 1. We say that v = v(t,z) is asymptotically free in H° x HO~!
if it is asymptotically convergent to some free wave vy in H% x H°™!, i.e.,
[o(t,-) = va(t, )l go + 10w0(t, ) = v (t, )l o — 0 (t — F00).

(iii) Let o > 1. We say that w = w(t, z) is a non-free wave in H? x H7~!
if it is not asymptotically free.

Theorem A states that each solution u of (1.2)—(1.3) with initial data
satisfying (2.1) with k& > 2, is asymptotically free. On the other hand, the
next theorem states that the bound & > 2 is sharp. More precisely, we have
the following:

Theorem 2.2 ([15]). Assume that
eitherm>2and 1 <k<2, orn=1and1 <k <2.

Then there exists a solution u(t, ) € Ng>1 X*(R) of (1.2)~(1.3) with data
satisfying (2.1), which is a non-free wave in H® x H°~1 for all o0 > 1.

The proof of Theorems 2.1-2.2 relies on the representation formulae for
the corresponding linear equation. In §3 we will introduce the represen-
tation formulae for more general strictly hyperbolic equations. Moreover,
the argument of Theorem 2.2 is relating with the asymptotic behaviour of
Bessel functions (see [1]).
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3. Representation of solutions to linear Cauchy problems

In this section we introduce the representation formulae for more general
equations than previously considered by using the asymptotic integration
method along the argument of [16]. Let us consider the Cauchy problem for
an m'™ order strictly hyperbolic equation with time-dependent coefficients,
for function u = u(t, z):

L(t,Dy, Dy)u=D"u+ Y ay;()DsDiu=0, t#0, (3.1)

lv|+j=m
j<m—1

with the initial condition
DFu(0,z) = fr(z) € CR™), k=0,1,---,m—1, zcR" (3.2)

Denoting by B™~1(R) the space of all functions whose derivatives up to
(m — 1)*" order are all bounded and continuous on R, we assume that each
a,,j(t) belongs to B™1(R) and satisfies
OFa, ;(t) € LY(R) for all v,j with || +j=m,and k =1,...,m — 1.
(3.3)
Moreover, following the standard definition of equations of the regu-

larly hyperbolic type (e.g. Mizohata [18]), we will assume that the sym-
bol of the differential operator L(t, Dy, D,) has real and distinct roots

01(;€), .., om(t;€) for € # 0, and
L(t, T, f) = (T —e1(t8) - (T — om(t:€))s (3.4)
o 93 (t:€) = wn(t:€)] > 0. 3.5

1€l= 1 t
£k
By applying the Fourier transform on R? to (3.1), we get
D'+ Y hi(t6)D! v =0, (3.6)
j=1

where

Zavm ;()E”, £eR™

lv|=3j

This is the ordinary differential equation, homogeneous of m'™ order,
with the parameter & = (&1,...,&,). As usual, the strict hyperbolicity
means that the characteristic roots of (3.6) are real and can be written
as ©1(t;€), ..., pm(t; €) satisfying (3.4)—(3.5). Notice that each o, (¢;£) has
a homogeneous degree one with respect to £. In this section we will estab-
lish the representation formulae for solutions of the Cauchy problem (3.1)
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in the form of the oscillatory integrals. Let @(t;£) be the solution of (3.6)
with the intial data fx(§) (K = 0,...,m — 1). Let vi(¢;§) be the solution
of (3.6) with (D]vy)(0;&) = 8y, for j,k=0,1,...,m — 1. We set

vo(t;€) vi(t€) o vme1(B€)

W) = DtUO.(t;f) Dtvll(t;é) Dtvmi1(t;£)

DIt (t:€) DIy (5€) - DI o (156)

Hence, W(t; €) is the fundamental matrix of (3.6). Defining

t

ﬁ](t;g):/(p,](s;&-)ds7 j:17"'7m7

0

we introduce the matrix
eiﬂl(t;f) e ei'ﬂ'm(t;ﬁ)

D158 ... D,etm(tE)
Y(t€) = . :

D;nfleiﬂl(t;ﬁ) o Dznfleiﬂm(t;ﬁ)

Matrix Y(¢;€) is the fundamental matrix of a perturbed ordinary differen-
tial equation of (3.6):

(D = 1(t:6)) -+ (Di — om () w = 0.

Then we can write this equation as

DMw+ Y hi(t:) D Tw+ > hy(t: €)D" w =0, (3.7)
j=1 =2
where i~Lj (t; &) satisfies

0, J=1

hy(t:€) = S Gy 90 (D) (D7 ),

I 1<|y|<j—1

(VQ,...,VJ')#(O,...,O)

j1=2,...,m,

with some constants ¢,,..,, # 0. This means that each e™¢(:€) satisfies
(3.7), and €150 eWm(t8) are linearly independent for & # 0 and
t € R. It can be checked that the coefficient hi(t;€) of D" 'w always



Dispersion and asymptotic profiles 241

vanishes for every m, by an induction argument on m. Then it follows from
Proposition 2.4 of [16] (cf. [2,25]) that there exists the limit

im Y (1) TW(t:€) = L), (3.8)

where we set

Ry(t:6) =Y ()7 'W(t;€) — L (€) (3.9)
g0+ (t:8) el L(:6) - el 4 (8€)
1 (t:8) el L(:€) - el 4 4 (8:€)

R (66) L6 o el s (156)
we have
W(t;§) =Y (t;€) (L+(§) + RL(t6)) .

Thus we arrive at

3

Divn(t;€) = Y (o, +(6) + &, L (5:€)) Dfe!™s 9
j=1

(ai,i(é) +eb o (4 5)) pe(ip;(£; €)™ (5

j=1

for k,£ =0,--- ,m—1, where each py(¢;(t;§)) is determined by the equation
Diet?i(58) — pe(ipj(t;€))e™i B8,

We note that for the second order equations we have m = 2 and the
next theorem covers the case of the wave equation as a special case, also
improving the corresponding result in [13-15]. The result is as follows:

Theorem 3.1. Assume that the characteristic roots @1 (t;€), ..., pm(t;€)
of (3.6) are real and distinct for all t € R and for all £ € R™\0, and that
they satisfy (3.5). Then there exists oy, (&) and e, , (t;€) determined by
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(3.8) and (3.9), respectively, such that the solution u(t,x) of our problem
3.1 .2) is represented by

~—
/‘ﬂ
w
[\

|
.Mg

F (0], 1. (&) + e 1 (1:0)pe(i0 (£€))e™ B9 ()] (), 2 0,
for£=0,...,m—1, where
. ) too
o ()] < ele ™, |el, (:6)] < clél ™ /| s

and ¥(t) is given by
Uty =D |Oay ()] |07 ()]

|v|+j=m
j<m—2

For the higher order derivatives of amplitude functions, we have, for|u| > 1,
|Df o, . ()] < cle| ",
; 11 (1 48) 4D (5) dis | 0| —
|Deel (6] < celo THITWE SR e > 1,

| DEad, . (€)] < cle| 7w,
|DEe], (1) < colo! (ke W) ds e =k=lul g < je| < 1.
If we further assume that
(1+th) ™ oFa, ;(t;€) € LY (R)

for some p with |u| > 1, and for all v,j, and k = 1,...,m — 1, then the
bound of each Dfey, . (t;€) is uniform in t.
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A statistical manifold is a generalization of a Riemannian manifold with the
Levi-Civita connection. On a statistical manifold, duality of affine connections
naturally arises. In the present paper, basic properties of statistical manifolds
and dual affine connections are given. In addition, generalizations of statistical
manifolds and dual affine connections are given. This generalization turns out
to be a generalization of Weyl manifolds.

Keywords: Statistical manifold; Dual connection; Information geometry, Affine
differential geometry; Weyl manifold; Semi-Weyl manifold.

Introduction

Information geometry begun in 1980s, which studies natural geometrical
structures of sets of probability distributions. Information geometry has
rich applications in the field of mathematical sciences, then the study has
been developing widely [1]. On the other hand, affine differential geometry
studies hypersurfaces immersed into an affine space. Though affine differ-
ential geometry is a classical research topic in differential geometry, it has
been redeveloping since 1980s [2].

A key fact is that duality of affine connections arises naturally, then in-
formation geometry and affine differential geometry have common geomet-
ric ideas. In particular, a statistical manifold is a natural manifold structure
on a set of probability distributions in information geometry. Besides, a sta-
tistical manifold structure is induced from an equiaffine immersion in affine
differential geometry.

In the present paper, basic formulas for dual connections and statisti-
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cal manifolds are given. Then we consider a generalization of dual affine
connections and statistical manifolds. We can see that this generalization
is also regarded as a generalization of a Weyl manifold.

1. Dual connections

We assume that all the objects are smooth throughout this paper. In addi-
tion, we may assume that a manifold is simply connected since we discuss
local geometric properties on a manifold.

At the beginning of this paper, we introduce the notion of dual affine
connections.

Let (M, h) be a semi-Riemannian manifold, and let V be an affine con-
nection on M. We define another affine connection V* by

Xh(Y,Z) = MV xY,Z) + h(Y,Vi Z).

We call V* the dual connection or the conjugate connection of V with
respect to h. It is easy to check that (V*)* = V.

Proposition 1.1. Denote by R and R* the curvature tensors of V and
V*, respectively. Then the following formula holds.

MR(X,Y)Z,V)=—h(Z,R*(X,Y)V)

Proof. From straightforward calculations, we obtain
WMVxVyZ,V)=XYh(Z,V)-h(VxZ,VyV)=h(VyZ,V5V)
hMVyVxZ,V)=YXh(Z,V)—h(VyZ,VxV)—-h(VxZ,VyV)
h(V[X,Y]Z7 V) = [Xa Y]h(Za V) - h(Za V[X,Y]V)'

These equations imply that h(R(X,Y)Z,V) = —h(Z, R*(X,Y)V). m|

Proposition 1.2. Set V' := (V+V*)/2. Then V° is a metric connection,

namely, V°h = 0.

Proof. Since the metric h is symmetric, we have the following relation.

(Vxh)(Y, Z) = XW(Y, Z) = h(VXY, Z) = h(Y, VX Z)
1 1
=XnY,Z)- §h(VxY + VY, Z) - §h(Y, VxZ+VxZ)

1 1
= Xh(Y,Z) = 5XW(Y,Z) = 5Xh(Z,Y) = 0.
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This implies that V° is a metric connection. O

We remark that V° is not the Levi-Civita connection of h in general.
The connection V® may have a torsion.
We define a (0, 3)-tensor field C, and a (1, 2)-tensor field K by
C(X,Y,Z):=(Vxh)(Y,2),
KxY :=VxY - V%Y.
The (0, 3)-tensor field C is called the cubic form of (M, V, h) and the (1, 2)-

tensor field K is called the difference tensor field. (The tensor C is also
called the skewness in statistics.)

Proposition 1.3. Denote by C' and K the cubic form and the difference
tensor field of (M,V,h), respectively. Then the following formulas hold.

(i) KxY =V%Y — V4Y = (VxY — V4 Y)/2.
(il) C(X,Y,2) = —2n(KxY,Z) = —2(Y, Kx 7).

Proof. Since V = 2V — V*, we obtain the formula (i).
From the definition of the dual connection, we have

1 1
WExY.Z) = 5h(VxY = VXY, Z) = 5h(Y.VxZ = Vi Z)

= h(Y,Kx2),

C(X,Y,Z) = (Vxh)(Y,Z) = XW(Y, Z) — l(VxY, Z) — h(Y,VxZ)
=h(Y,VxZ) - h(Y,VxZ) (1)
= 2n(Y,KxZ). O

For the cubic form of the dual connection, we have the following relation.

Proposition 1.4. Denote by C the cubic form for (M,V, h), and by C*
for the cubic form for (M,V* h). Then C = —C*.

Proof. From Equation (1) and the definition of the dual connection, we
obtain

CX,Y,Z2)=h(Y,VxZ)—h(Y,VxZ)
=h(Y,V%2Z)+ h(V%Y,Z) - Xh(Y, X)
=—(Vxh)(Y,2) = -C*(X,Y, 2). |
For geometry of dual affine connections, similar formulas have been ob-

tained in previous papers [3-6]. However, we remark that Propositions 1.2—
1.4 hold even if V has a torsion.
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2. Statistical manifolds

In this section, we introduce the notion of statistical manifolds. Statistical
manifolds was originally introduced by Lauritzen [4], then the definition
was modified by Kurose [7]. Hence we show that the two definitions are
equivalent.

Let (M, h) be a semi-Riemannian manifold, and let V be an affine con-
nection on M. Denote by V* the dual connection of V with respect to h.

Proposition 2.1. If we assume two conditions from the followings, then
the other conditions hold.

(1) V is torsion-free.

(2) V* is torsion-free.

(3) C = Vh is totally symmetric.

(4) VO = (V +V*)/2 is the Levi-Civita connection with respect to h.

Proof. Let us show (2) and (4) under the assumptions (1) and (3), for
example.
From Equation (1), we have

(Vxh)(Y,Z) = h(Y,VxZ) = WY, Vx Z),
(Vzh) (Y, X) = h(Y, V3 X) - h(Y,VzX).
Since Vh is totally symmetric and V is torsion-free, we obtain
MY,VxZ -V, X)=hY,VxZ —-VzX) = h(Y,[X,Z]).

This implies that V* is torsion-free.
The connection VO is torsion-free because

1
(V&Y -V X, Z) = 3 {(h(VxY = VyX,Z)+h(VyY - V3 X, 2)}
= h(X,Y], 2).

From Proposition 1.2, we obtain V°h = 0. This implies that the connection
V0 is the Levi-Civita connection with respect to h. O

If V and V* are torsion-free, we can define a totally symmetric (0, 3)-
tensor field. Conversely, for a given totally symmetric (0, 3)-tensor field, we
can define mutually dual connections.

Proposition 2.2. Let (M, h) be a semi-Riemannian manifold and let C be
a totally symmetric (0,3)-tensor field. Set

h(VxY,Z)=hV%Y,Z) - %C(X, Y, Z), (2)
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MV, 2) = W(V}Y. Z) + 5C(X.Y, 2), (3)

where V° is the Levi-Civita connection with respect to h. Then ¥V and V*
are torsion-free affine connections mutually dual with respect to h, and the
derwatives Vh and V*h are totally symmetric, respectively.

Proof. From Equations (2) and (3), we obtain
WV XY, Z) + h(Y, Vi Z) = h(VY, Z) + h(Y, V% Z) = Xh(Y, ).

This implies that V and V* are mutually dual. The torsion tensor of V is
given by

h(VxY —VyX — [X,Y], 2)
=hnV%Y - VX — [X,Y],Z) %C(X, Y,Z)+ %C(Y, X,7)
=nT°(X,Y),Z) =0.

This implies that V is torsion-free. We can show V* is torsion-free from a
similar calculation.

From Proposition 2.1, we obtain Vh and V*h are totally symmetric,
respectively. O

Now we give the definitions of statistical manifold.

Definition 2.1. Let (M, h) be a semi-Riemannian manifold and let C be
a totally symmetric (0, 3)-tensor field. We call the triplet (M, h,C) a sta-
tistical manifold.

This definition followed to Lauritzen’s formulation [4]. This geometric
structure naturally arises in geometric theory of a set of probability density
functions [1,4].

Definition 2.2. Let (M,h) be a semi-Riemannian manifold, and let V
be a torsion-free affine connection on M. We call the triplet (M,V,h) a
statistical manifold if Vh is totally symmetric.

This definition followed to Kurose’s formulation [7]. This geometric
structure naturally arises in affine differential geometry. In fact, any nonde-
generate equiaffine immersions induce a statistical manifold structure [2,7].

Remark 2.1. Lauritzen’s definition and Kurose’s definition are mutually
equivalent. Proposition 2.2 shows that Kurose’s definition is obtained from
Lauritzen’s definition. The converse is obtained from Proposition 2.1.
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3. A generalization of statistical manifolds

In this section, we consider a generalization of dual connections and statis-
tical manifolds.

Let (M, h) be a semi-Riemannian manifold, let V be an affine connection
on M, and let w be a 1-form on M. We can define the generalized dual
connection V* [5] by

Xh(Y,Z)=hVxY,Z)+h(Y,V5Z) —w(X)h(Y, Z).
For the generalized dual connection, similar calculations in Proposi-

tion 1.2 show the following proposition.

Proposition 3.1. Let V be an affine connection on a semi-Riemannian
manifold (M, h). Denote by V* the generalized dual connection of V by a
1-form w. Set VO := (V + V*)/2. Then the followings hold.

(i) (V) =V.

(i) (V&h)(Y,Z) +w(X)h(Y,Z) = 0.

We consider geometry of generalized dual connections. At first, we define
a (0,3)-tensor field C by C(X,Y,Z) := (Vxh)(Y,Z) + w(X)h(Y, Z). We
call C the generalized cubic form or generalized skewness tensor field. The
role of the generalized cubic form C is similar to a cubic form on a statistical
manifold. For example, C' gives the difference between the given connection
V and its generalized dual connection V:

C(X,Y, Z) = Xh(Y, Z) = h(VxY, Z) - h(Y,Vx Z) + w(X)h(Y, Z)
= WY, V% Z - VxZ).

Let us recall the definition of a Weyl manifold. Suppose that (M, h)
is a semi-Riemannian manifold, and V is a torsion-free affine connection
on M. We call the triplet (M,V,h) a Weyl manifold if there exists a 1-
form w such that (Vxh)(Y,Z) + w(X)h(Y,Z) = 0. This implies that the
generalized cubic form characterizes a Weyl manifold if the given connection
V is torsion-free.

Proposition 3.2. Let (M, h) be a semi-Riemannian manifold, and let V
be an affine connection on M. Denote by C(X,Y, Z) the generalized cubic
form on (M, ¥V, h). If V is torsion-free and C(X,Y,Z) =0, then (M,V,h)
is a Weyl manifold.

For generalized dual connections and generalized cubic forms, we have
the following theorem.
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Theorem 3.1. Let (M,h) be a semi-Riemannian manifold, let V be an
affine connection on M, and let w be a 1-form on M. Denote by V* the
generalized dual connection of V by w. If we assume two conditions of the
followings, then the others hold.

(1) V is torsion-free.

(2) V* is torsion-free.

(3) C(X,Y,Z) = (Vxh)(Y,Z) +w(X)h(Y, Z) is totally symmetric.

(4) VO = (V+V*)/2 is a Weyl connection, namely, (M,V°, h) is a Weyl

manifold.

Proof. Suppose that the conditions (1) and (3) hold. Since C is totally
symmetric, we obtain

WY, Vi Z - V5X)=h(Y,VxZ - VzX).

This implies that V* is torsion-free since V is torsion-free. Hence the con-
dition (2) holds.

It is easy to show that V© is torsion-free since VY = (V + V*)/2. This
implies that, from Proposition 3.1, V° is a Weyl connection. Hence the
condition (4) holds.

In the case we assume the condition (3) in addition to (2) or (4), similar
calculations hold.

Suppose that (1) and (2) hold. Then we obtain

C(X,Y,Z)=hY,VxZ —-VxZ)
=h(Y,VyX —VzX)
=C(2,Y,X).

In the second equality, we used the conditions V and V* are torsion-free.
Since the second and the third arguments of C' are symmetric, the condition
(3) holds. Then the condition (4) also holds from the first part of the proof.

In the case we assume two conditions from (1), (2) or (4), similar cal-
culations hold. O

Let (M,h) be a semi-Riemannian manifold, and let V be a torsion-
free affine connection on M. We call the triplet (M,V, h) a semi- Weyl
manifold [8] if there exists a 1-form w such that (Vxh)(Y, Z)+w(X)h(Y, Z)
is totally symmetric. In this case, the given connection V is said to be semi-
compatible [9].

A semi-Weyl manifold is regarded as a natural generalization of a Weyl
manifold and a statistical manifold. Semi-Weyl manifolds arise naturally
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in affine hypersurface theory. Any nondegenerate affine hypersurface has a
semi-Weyl manifold structure [8].
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the basic classes of almost contact manifolds with Norden metric. Curvature
properties of the constructed manifold are given.
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Introduction

The almost contact manifolds with Norden metric are classified [2] into
eleven basic classes F; (i = 1,2,...,11). Examples of some classes of these
manifolds are obtained. Examples of manifolds of the classes Fg, F7, Fs, Fo,
Fio have not been found yet. In this paper we construct an almost contact
structure with Norden metric on Lie groups as 5-dimensional manifolds,
which belong to the class Fy.

1. Almost contact manifolds with Norden metric
1.1. Preliminaries

Let (M, p,&,m,g) be a (2n + 1)-dimensional almost contact manifold with
Norden metric, i.e. (¢,&,n) is an almost contact structure [1] and g is a

*Partially supported by Scientific researches fund of “St. Cyril and St. Methodius” Uni-
versity of Veliko Tarnovo under contract RD620-02006.
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metric [2] on M such that
X =—id+net  nE) =1
9(pX, oY) = —g(X,Y) + n(X)n(Y),
where id denotes the identity transformation and X, Y are differentiable
vector fields on M, ie. X,Y € X(M).
The tensor § given by g(X,Y) = g(X,¢Y) + n(X)n(Y) is a Norden
metric, too. Both metrics g and g are indefinite of signature (n + 1,n).
Let (V,p,&,m,9) be a (2n + 1)-dimensional vector space with almost
contact structure (p,&,n) and Norden metric g. For an arbitrary X € V
we have p?X = — X +7(X)€ <= X = —¢?X + n(X )£ Hence V' admits a
decomposition into a direct sum of vector subspaces:

VZDGB{{}, (2)

where D = Kern, {{} = (Imn)&. Then for an arbitrary X € V' it follows
X =z +n(X)E, where z € D, n(X)¢ € {£}. Denoting the restrictions of
g and ¢ on D with the same letters we obtain the almost complex vector
space (D, @, g) of dimension 2n with a complex structure ¢ and Norden
metric g.

Let V be the Levi-Civita connection of the metric g. The tensor field F'
of type (0,3) on M is defined by

F(X5Y7Z):g((vX‘P)YaZ)' (3)

(1)

It has the following symmetries
F(X,)Y,Z)=F(X,2)Y), (1)

A classification of the almost contact manifolds with Norden metric with re-
spect to the tensor F is given in [2] and [11] basic classes F; (i = 1,2,...,11)
are obtained.

1.2. Curvature properties
Let R be the curvature tensor field of V defined by
R(X,Y)Z =VxVyZ —NVyVxZ —Vxy1Z. (5)
The corresponding tensor field of type (0,4) is determined as follows
R(X,Y,Z,W)=g(R(X,Y)Z,W).

The Ricci-type tensors p, p*, p and scalar curvatures 7, 7%, 7 of R are
defined by:
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2n-+1 2n+1

p(Ya Z) = Z R(eiaYa Za 61‘), T = Z R(eivejaejaei);

i=1 ij=1

2n-+1 2n+1
p*(K Z) = Z R(eiaYa Za (,061‘), T = Z R(eivejaeja(pei);
i=1 i,j=1

JF
p(Y,Z) = R(¢,Y, Z,8), %=Z (& eiei,€),

where {e;, eant1 =&}, (1 =1,2,...,2n) is an orthonormal basis.

A decomposition of the space of curvature tensors R over an almost con-
tact vector space with Norden metric into 20 mutually orthogonal factors is
obtained in [4]. Let us recall the decomposition R = hR @ vR & wR, where
the subspaces AR, vR, wR have the following orthogonal decompositions:

AR =hR1 ®hR{ ®hRy @ hRy =wi Dwa @ - O wi1,
R = vRq @va‘@ij‘ = v P vy B s P vy P s,

wWR = w1 ® wa D w3 P wy.

2. Lie groups as almost contact manifolds with Norden
metric

Let V be a real vector space. We consider the set VC = {X +iY, X,Y € V}
with the following two operations on V:
X+iVY+(Z+iT)=X+Z+i(Y +T);
(a+ib)(X +1iY) =aX —bY +i(aY +bX), a,beR.
Then VC is a complex vector space and VC is called a complexification of

V. It is well known, if g is a real Lie algebra then the complexification g©
of g is a complex Lie algebra with commutator defined by:

(X +4Y, Z +iT) = [X, Z] — [V, T) + i ([Y, Z] + [X,T]).

Let g be a real Lie algebra (dim g = 2n+1) supplied with an almost contact
structure (¢, &,n). Taking into account (2) we have g = D @ {{}. Then the
natural complexification of the real Lie algebra g is the direct sum

€ =D {¢}.

From ¢? = —id on D it follows a decomposition of D® into a direct sum
D€ = D' @ D where D' and D' are he eigenspaces of ¢. We have
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Dlo:span{Za:ea—igpea}ael, I=A{1,...,n},
sl I={1,...,n},
c_ _ _

g = Spa’n{ZA}AEIUfUIO’ IO - {O}’ ZO - fa

where {e,, peq, &} is a @-basis of g. Let G be a real connected Lie group
with a real Lie algebra g (dimg = 2n + 1) and (p,&,7n,9) is an almost
contact structure with Norden metric on g. In this way, the induced man-
ifold (G, ¢,€,n,g) is an almost contact manifold with Norden metric. The
complex-linear continuations of the fundamental tensors for almost contact
manifolds with Norden metric in terms of the essential (i.e. non-zero in gen-
eral) complex components are descriebed in [3]. Characterization of each
basic class by the essential complex equations for the fundamental tensors
is obtained, too. Further we give some basic facts from [3] which we will
need.
The generalized Nijenhuis tensor field of type (1,2) is

DO = span{Z@ =€y + igpea}

N =[p,p]+dn®¢,
where
[0, 0] (X,Y) = ¢ [X, Y] + [pX, 0Y] = 9 [pX, Y] — ¢ [X, o]
is the usual Nijenhuis tensor field of type (1,2), formed by ¢ and
dn=(Vxn)Y — (Vyn) X.

The corresponding to N tensor field of type (0,3) is N(X,Y,Z) =
g(N(X,Y), Z). The complex components with respect to the complex basis
{Za} acruiug, of the complex-linear continuations of the tensors F, g, dn,
N are denoted by:

Fapc = F(Za,Zp,Zc) = Fape ;

9aB =9(Za,ZB) = Ja5;

nag =dn(Za,Zg) =Mip: L

N(Za,Zp) = N§p.Zc and Nz = —N§, = N¢_;

AB _
e Napc = NEB'QSC :NABC‘v A B, C e {1,...,71,1,...,’77,,0}.

We put [Za,Zg] = CSp.Zc and CSp = —C§, = CEB . We have the
following equalities for the commutators of the basis vector fields of D@ {¢}
Zas )\ (Cay —3NDy —3N%:\ (7

[Zou Zﬁ} = C{Zﬂ— CZB “Nap || 4] (6)

[ZOHZO] 030 _%NZO _Ngo ZO
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Let us recall:

Definition 2.1 ([5]). The almost contact structure (¢,&,n) (resp. the al-
most contact manifolod) is said to be partially integrable if the contact dis-
tribution D is involutive and the restriction ¢|p to each integral manifold
D for D is an itegrable almost complex structure.

Definition 2.2 ([5]). The almost contact structure (¢,&,n) (resp. the al-
most contact manifolod) is said to be integrable if (v,&,n) is partially in-
tegrable and the components cpg of ¢ with respect to an adapted local co-
ordinate system (Up;{z®,y* = 2"t t = const, « € I}), for any integral
manifold D of D, immersed in M, does not depend on t.

It is known:

Proposition 2.1 ([6]). The almost contact structure (p,&,n) is partially
integrable iff Ngﬁ =N_5 =145 =0.

Proposition 2.2 ([6]). The almost contact structure (p,&,n) is integrable
W N=0,dn=0.

Proposition 2.3 ([3]). The class of partially integrable almost contact
manifolds with Norden metric is exactly F1 ® Fo D F4 D F5 D Fo ® Fo ®
Fi1o0 P F11 and the class of integrable almost contact manifolds with Norden
metric is exactly F1 B Fo ® Fy & F5 D Fs.

Having in mind Proposition 2.1, Proposition 2.2 and (6) we have:

Proposition 2.4. Let g be a real Lie algebra, supplied with an almost
contact structure (¢,&,n) and Norden metric g. Then (¢,&,n) is a partially
integrable iff for the complezification g© = D @ {&} of g the following
conditions are valid:

(i) D® is a complex subalgebra of g°;
(ii) the subspaces DO and D' of D are subalgebras of DT.

Proposition 2.5. If (p,&,n) is an integrable almost contact structure on a
real Lie algebra g and g is Norden metric on g then for the complexification
¢ = D€ @ {€} of g the following conditions are valid:

(i) D€ is an ideal of g°;
(ii) the subspaces D' and D' of D are subalgebras of DT.
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3. A Lie group as a 5-dimensional almost contact manifold
with Norden metric of the class Fg

Let V be a 5-dimensional real vector space and consider the structure
of the Lie algebra defined by the brackets [E;, E;] = CZ.Ek, where
{E1, Ey, E3, Ey, B} is a basis of V and Cf; € R. Let G be the associ-
ated real connected Lie group and g be the real Lie algebra of G with a
global basis of left invariant vector fields { X1, Xo, X3, X4, X5}, induced by
the basis of V. Then the Jacobi identity holds
Xi, X:], Xx] = 0. 7
thxk[[ J] k] ( )
Next we define tensor field ¢ of type (1,1), vector field £, metric g and
1-form n on G by the conditions:
0Xi = Xoyi, ©Xopi=-X;, ¢X5=0, (i=1,2) (8)
9(Xi, Xi) = —9(Xoqi, Xo4i) = 9(X5, X5) =1, (i =1,2); ©)
g(vaXk’):Oa (]#ka j)k:152735475)'

We denote X5 = €. Then the structure (¢, &, 7, g) defined by (8), (9) is an
almost contact structure with Norden metric on G and (G, ¢,£,n,9) is a
5-dimensional almost contact manifold with Norden metric.

Now, we consider the complexification g€ of the 5-dimensional real
Lie algebra g of G, which is a 5-dimensional complex Lie algebra. Let
{71,735, 71,73, Zy} be a complex basis of g*, where Z; = X; — iX3,
ZQ = XQ — iX4, ZT = Z_l, ZQ = Z_Q, Z() = X5 = f From (8) and (9)
for the complex basis we obtain

©Z;=iZj, @wZ;=—iZ;, 9Zo=0, (j=1,2); (10)
g1 =022 =2, g11=913=012=923 =9g10=920=0, goo=1. (11
Using the well known condition
29(VxY,2) = Xg(Y, Z)+ Yg(X,Z) - Zg(X,Y) + g([X.Y], Z) (12)
+9(2,X],Y) +9([2,Y], X)

for the Levi-Civita connection V of g and (11) we get the following equation
for the tensor F' defined by (3)

1
F(Za,Zp, Zc) = 5{9([ZA, ©Zp) —¢lZa, ZBl, Zc)

+ 9(lZc, Za) — (020, Za), ZB) (13)
+g([207§0ZB] - [(pZC,ZB],ZA)}, A,B,C € {1,2,1,?,0}.



258 @G. Nakova

We determine the commutators [Z4, Zg] = C{5.Zc of g€ such that the
manifold (G, ,&,n, g) is of class Fg and the Jacobi identity holds. Accord-
ing to Proposition 2.3 the class Fy belongs to the class of partially inte-
grable almost contact manifolds with Norden metric. The characterization
conditions of the class Fy in local components given in [3] are:

i
fg : Faﬁ_O = _FBaO = ENOQB'
From the last equalities it follows
Nowp = Noga <= Nig = N§) (14)

and the rest components of the Nijenhuis tensor and of the tensor F' are
zero. Then the commutators (6) become:

(Ze, Z) Clg 0 0\ (2,
[Za,Z5] | = |Cl; Cl 0|25, oBye{l,2}. (15)
Zas Zo) Clo —3NL 0/ \Z

Taking into account that for the class Fg Fi17 = Fl13 = Floi = Floz =
Fo11 = Fy15 = Fye1 = Fhes5 = 0 and Jacobi identity we obtain a system for

the structural constants C7 5, CL;YB’ CZE from (15). Using (10), (11), (13),
(15) we give one solution of this system:

0121 = _0112 = _Cléi = Clii = a, 0122 = 0122 = —Cglg = —ng =1a, a € R;
Cly=Cl; =Cl3=Ch = C3, = C3; = 0.
From (14) we have:

N3y =N}l eC; Nl =N, =Nl = N}, N} eR; -
szo = Nézo = NQQO == N2§0a Nézo eR.

Having in mind that for the class .7:9 F110 = F120 = F210 = FQQQ = F001 =
Fooz = Foi1 = Foia = Fooz = 0 and Jacobi identity we obtain a system for
the structural constants C,, N, from (15). Using (10), (11), (13), (15),
(16) we give one solution of this system:
Cllo = 0220 = N1io :Nilo :NQQO = NQQO =0; 0210 = _Cfo =m, meR.
Finally, for the commutators of the basis vector fields of g€ we have
[Zl, ZQ] = —aZy +ials, [Zl, ZI] =aly — als,
[Z1, Z5] = iaZs + aZ3, [Z2, Z5) = —iaZy —iaZ7, (17)
[Z1,8) = —mZa+mZs, [Z2,§]=mZy+mZ; a,méeR.
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From the equalities (17) for the commutators of the basis vector fields of
g® we obtain the commutators of the basis fields of the real Lie algebra g

(X1, Xo] = —[X1, X3] = aXy, [Xo, X3] =aXs+aXs,
(X3, Xu] = —[Xo, Xu] = aXy, [Xo, € =2mXy, (18)
[Xg,f] = —2mX4, [Xl,X4] = [Xl,f] = [X4,§] = 0, a,me R.

The non-zero components of the tensor F are Fiy5 = Fozs = —F395 =
—Fy15 = m, where Fjjr = F(X;, X, X)). Then F(X,Y,Z) = m(zly*2® +
alyPat 4 a2yB20 4 a2yB2 — aBy22d — 2%y52? — atyle® — atyS2l), where

X =2'X;, Y =y'X;, Z=2'X;, (i =1,2,3,4,5). We verify that
F(X,Y,Z)=F(oX,pY,Z)+ F(oX,Y,0Z)=—-F(Y,Z,X) - F(Z,X,Y),

which is the characterization condition of the class Fy in global variables
given in [2].

So, for the manifold (G, p,&,7n,g) constructed above, we establish the
truthfulness of the following

Theorem 3.1. Let (G, p, &, 1, g) be a 5-dimensional almost cotact manifold
with Norden metric, where G is a connected Lie group with corresponding
Lie algebra g determined by the global basis of left invariant vector fields
{X1, X9, X3, X4, X5}; @ is a tensor of type (1,1) defined by (8), £ = X5, g
is a Norden metric defined by (9) and n(X) = g(X,€). Then (G, ¢,&,n, g) is
of class Fg if and only if the Lie algebra g of G belongs to the 2-parametric
family determined by (18).

Let us recall that a Lie algebra g is said to be solvable if its derived series
given by

D’g=g, D'g=lg.g],..., D""'g=[D"g, D", ...
vanish for some k € N. Then, having in mind the equalities (18) it is easy

to check that D?g = {0} and therefore the Lie algebras g constructed by
us are 2-step solvable.

4. Curvature properties of the constructed manifold

Let R be the curvature tensor of type (0,4) on the manifold (G, ¢, &,7,9)
constructed in previous section. We denote its components by Rjrs =
R(X;, X, X, Xs) (3,5, k,s € {1,2,3,4,5}). Using (12), (8), (9), (18) we
receive the non-zero components of R as follows

Rozia = Rosiz = Rauuz = —Russa = Riss1 = m?, (19)
Rosos = —Rasas = 3m?, m e R.



260 G. Nakova

Taking into account (19) we find
R(X,Y,ZW)=hR(X,Y,Z,W)+wR(X,Y,Z,W).
The curvature tensor hR satisfies the following equation
R(z,y,z,w) = R(pz, py, z,w) + R(pz,y, pz,w) + R(pz,y, 2, pw),
which is the characterization condition of the class
hR2 ® hR1 ® hRi = ws @ we ® wr ® ws.

The curvature tensor R(&, y, z, £) satisfies the following equation R(, y, z, §)
= R(&, gy, 92,€) — 2m?g(y, 2). Finally

R € w5 ® wg ® wy D wsg ®wR.

Further, we give the non-zero components p;; = p(X;, X;), Py =
p*(Xi, X;), pij = p(Xi, X;5) (4,5 € {1,2,3,4,5}) of the Ricci-type tensors
as follows

pi1 = —p2 = paz = —paa = 2m?>,  pss = —4m® = p(Y, Z) = p(Z,Y);
Pls = P34 = P51 = pip = m* =>
p(pY,p2) = —p"(Y,2), p(Y,Z)=p"(2,Y);
P11 = —pas =m>,  paz = —pa =3m> = p(Y,2) = p(Z,Y).

So, the scalar curvatures are: 7 = ¥ = —4m?, 7* = 0.
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In 1999, Ken Loo used Nonstandard Analysis and provided a rigorous com-
putation for the harmonic oscillator Feynman path integral. He computed it
without having prior knowledge of the classical path. Usually such kind of cal-
culation is done using the classical behavior. He emphasized that the time is
real-valued in his paper . We extend his result to the case the time is valued
in the complex number field, that is, we complexify his calculation. The com-
plexified Feynman path integral connects the integral kernel for Schrodinger’s
equation and the propagator for the heat equation. The complex analyticity
in the nonstandard world can be push down to the standard world. We will
assume that the reader is familiar with Nonstandard Analysis.

0. Introduction

A heat equation and a Schrodinger equation are formally very similar. If we
put ¢ ¢ instead of ¢ in the Schrédinger equation, then it becomes a heat equa-
tion. Physicians call it a complex time. When the initial function at ¢t = 0
is the delta-function in the two equations, the solutions are called propaga-
tors. In order to calculate the propagators, we have two methods: using a
stochastic Wiener measure for the heat equation and a Feynman path inte-
gral for the Schroedinger equation. One of the most fundamental examples
is the case of a harmonic oscillator, whose potential is a constant multiple
of 2. The propagators are obtained from many kinds of calculations. Using
Nonstandard Analysis, Ken Loo provided a rigorous computation for the
harmonic oscillator Feynman path integral. Especially we remark the Loo’s
calculation that does not use the knowledge how the harmonic oscillator
moves in the subject of the classical mechanics.

Our purpose is to connect the two propagators using the complexified
calculation. We use the same kind of path integral with a complex parameter
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t. We do not use Wiener measure for calculating the propagator of heat
equation. The convergence is absolutely uniform for the heat equation’s
case, and it is conditional for the Schrédinger equation’s case. We shall
extend Loo’s calculation to a complex time case. His calculation can be
generalized and the propagator for the harmonic oscillator can be treat for
a complex number ¢ . Most of Loo’s calculations are useful, but some parts
are quite different. We mention these different parts from his calculation.
We use nonstandard argument, but it is not essential for our calculation.

1. Preliminaries, notations (cf. [2,3])

In Feynman’s formulation of quantum mechanics ([1]), the propagator of
the one-dimensional harmonic oscillator is the following path integral:

(n+1)/2
Rn

n—oo 27Tih€
ienH m/T; —Ti_1\2 m
exp(EZ(E (%) - Ex\zx?))dxldxg---dxn,
j=1

_ _ _ 1
where xo = qo, Tny1 =¢q, € = .

In nonstandard analysis, it is known that

. kL
lim a, =a iff *ay, ~a
n—oo

for any infinite natural number w € *N — N, where *a,, is the *-extension of
{an}nen, and ~ means that *a,, — a is infinitesimal, that is, the standard
part of a,, is a, usually denoted by st(*a.,) = a. The path integral is written

LG
s «Rw \2Tihe

w—+1

exp(%e ]Z:; (% (ij_l)z — %A%?))dwldm s dTy.

By extending ¢ to a complex number, we complexify the path integral
to the following:

o)
s «rw \2mihe

. w1
i€ m/T; —XTi_1\2 m
eXp(ﬁ >(F (=) - va;))dm@ - dow,

as

where € € C.
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Now let T, be the (n + 2) x (n + 2) matrix as (Tp)o0 = 1, (Th)is =

2-X 1 <i<n, (Th)asipner = 1= X% (Th)j 41 = (Tn)j+y = —1,
0<j<n, (Th); =0, (i,j): otherwise. Then we have

ie O /m Tj—Tj-1)\2 M2, m
= (=Y N2 = T
h j_1(2 (B2 - g¥ad) = g o

where © = *(xg, 71, ,Tny1) and we write A,, B, for the n x n matrices
as (An)1] = 25i,j — 5i,j+1 — 5i+1,j; (Bn)i,j = 5ij and An — 62)\23n as Sn

2. Complexification
Since the matrix S, is parametrized by ¢, the inversability of S,, depends

on the parameter t.

Proposition 2.1. Lett € C. Fort#i@ 1-— cos%, k=1,2,...,n,

S, 1s invertible.

Proof. Since

t/. km | 2krw . nkm
A, (sm—,sm—,---,sm )
n+1 n+1 n+1
kr Nt/. km . 2km . nkmw
:(2—2cos ) (sm—,sm—,---,sm—),
n+1 n+1 n+1 n+1
k= 1 2,...,n, eigenvalues of the n by n symmetric matrix A,, are 2 —
2 cos kT +1’ k = 1,2,...,n. Hence, the n distinct eigenvalues of S,, are 2 —
2 cos = n+1 /\2( ) k=1,2,---,n. Therefore S, is invertible if and only if
t is not equal to £¥2n —cos .k =1,2,. O

n+l

We transform Proposition 2.1 into *C. From now on, we put the bar
when we represent *-transformed objects.

Theorem 2.2. For any w 6 *N —N and t € *C, S,, is invertible if and

only if t # :I:@,/l — cos W-‘rl , k=1,2,...,w, where the bar denotes an

x-transform.

Proof. s-transforming Proposition 2.1 and setting n = w, we have Theo-
rem 2.2. O

Let w(s) be an arbitrary path for 0 < s < ¢t with w(0) = qo, w(t) = q.
We separate a path into a classical one and a quantum fluctuation one:
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x; = w(nﬂ) +y; = w; +y;. We fix the boundaries w(0) = zo = qo
and w(t) = xn+1 = q. Because of it, yo = 0,yn41 = 0. Let T;, be the
(n + 2) x (n + 2) symmetric matrix defined by (T)o0 = 1, (Th)1,0 =
(T )0 1= (Tn)n+1,n = (Tn)n,n+1 =—1, (Tn)n+1,n+1 =1- 62)‘27 (Tn)i,O =
(Tn)O,i =0, (2 <n+ 1)7 (Tn) = (Tn)n+17j = (Tn)j,n+1 =0, (O <j< n)a

(Sn)ki, (1 < k,l <n). For y, w, we define n-dimensional vectors
g, W, ’LZ] as (:‘))1 = Yi, (w)l = Wy, (1 <i< TL) (uﬁj)l = Wo, (’LZ])TL = Wn+1,

Lemma 2.3. Under the assumption on t, t € C, whose tmaginary part is

negative, or t € R, t;é:t\/_”,/l—COb +1,k—12 ,n. Let e = L.

Then
m o\ ie X~ ym Tj—Tj—1\2 M. o o
/Rn(zmm) eXP(ﬁ 2(7(7) N %))dm@'“dﬂcn
=
=z (i =570) (55) Vs,

Proof. By Proposition 2.1, S, is invertible under the assumption of ¢. Since
Sy is symmetric, the following holds:

Y9Sni + 29 =" + S, p) S+ S, p) — 05, p.

We write §+ 5, 1p = 2, that is, y; +(S,, ' p); = 25, (1 < j < n). The integral
in the left hand side of the equation is

n+1

e Cu=50'0)) || (575) e (g5'5507)

— (*wT,w — — dz1d “dzy,.
eXp(he(w w="p5.") /R amine) P 25ne)dardz
The n distinct eigenvalues of 25, are 2 %(2(1 — cos nk—fl) — F N, k=

1,2,...,n. When we write t = t1 + itg, t1,t2 € R, by a simple calculation,

the real part o 7351(2(1 cos nk_:l) n2t2) is 2ﬁ|t\2 (2(1 cos nkL) 2—z|t|2)t2

for each k. In this, the terms 1- ki

TR cos 775 and ﬁ|t|2 are positive.
Hence the real part of each eigenvalue of 2heS" is negative if and only
if the imaginary part tgof t is negative. When the imaginary part of ¢ is
zero, all eigenvalues of 575, are pure imaginary ,and nonzero under the
assumption of t. We have the statement after diagonalizing of \S,, and doing

the integrals. O

We transform Lemma 2.3 into *C.
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Corollary 2.4. Under the previous definition of w(s) and the assump-
tion on t, t € C, whose imaginary part is negative, ort € R, t # :l:@

+/1 —cos = er, k=1,2,...,w, the one-dimensional harmonic oscillator in-

ternal functional mtegml is well-defined. It is equal to exp(%—’?(twfww -
t=g—1- /2 [
pSuJ p))(?ﬂ?ﬁw) det S, °

Proof. Lemma 2.3 directly implies the statement through the *-trans-
formation. O

We recall that € is . We denote A;,, and Cj, with 0 < j < n to be
thej byj matrices defined as (Aj,n)i,i = 2, (Ajﬂ’b)i-i-lﬂ' = (Aj,n)i,i+1 =
-1,1 <i<j-1, (4n)i =1, (Ajn)ik = 0, (i,k): otherwise and
(Cim)ii = 1,1 <i < j—1,(Cjn)ir = 0, (i,k): otherwise. We define
DJ'JL = det (AJ'JL — 62/\201‘7”).

We shall calculate the standard part of the obtained internal functional
integral in Corollary 2.4.

Proposition 2.5. After x-transforming of D; n, we have that for w € "N —
N, Dkw ~ *cos kff = *cos k;

Proof. By the definition D; ,, satisfies
Dj,n = (2 — 62)\2)Dj71,n — Djfg’n, 2 S ] S n.
We denote a4 by the solutions of a? — (2 — €2A\?)a + 1, that is ,

2— XN+ eV — N2 ;
at = ¢ 62 ¢ ~ 14 el A et

for 0(e?). For some constants Ay, Dj,, = Ay(at)’™' + A_(a—)?~'. The
initial conditions imply that D1, =1=A;+A_, Do, = 1—€* 2 A (ay)+
A_(a_). Hence Ay = 1:&12\/7”2 ~ 1 for 0(¢?). Let n be w and let k be in
*N. Then € = £ is infinitesimal. Hence Diw=Ai(ap) 1+ A _(a_ )1~
%(ei(k—l)d + e—i(k—l)eA) ~ %(eikd + e—ikeA) — cos(kex\). 0

For S,,, we obtain the following:
Theorem 2.6. cdet S,, is infinitesimally close to w
Proof. Let S;,, = det(A;, —e* \?B;,,), where 1 < j < n. Then expanding
S; n on the bottom row, we have S; , = Dj n+(1— 62)\2)5'] 1,n. Hence S, ,,—
Sin = Ej 9oDjn —¢€ )\22] 9 Sj—1,n, and €S, p, = 651n+62j 9 Djn —
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e3\2 Z?_l Si—1,n. We transform n to w, then D, = cos(mel) + hp,
where h,, is infinitesimal, 1 < m < w. We remark that e is not only real
but complex.

w w w
mit\
€Suw = €516+ E € cos " ecos(eX) + ¢ E [— E €Sm—1,w-
m=1 m=2 m=2

Now €51, is €(1 — €2)?), which is infinitesimal, and |cos(me)| < e~
where t; is the imaginary part of ¢, and [€ Y7 _, | < |€|w maxi<m<w [Am ]
= |t| maxi<m<w |Am| &= 0. We have |Dy | = |cos((k — 1)8)| = | cos(kAe)]

< e 2 and |E2X2YY L €eSmo10] < ENS1u| + N0 _, [tle A
+t]|S1,w]) & 0. Furthermore, since cos(Az) is holomorphic, Y"1 _; € cos 2
R fot cos(Az)dz = sin(At). O

We calculate the exponential part in Corollary 2.4.

Proposition 2.7. The exponential in Corollary 2.4 satisfies the following:
My = ,—_1,) (zm A 2 2 . )
T — ~ —2qq0) ),

exp( > ( wT,w — tpS, p) exp| 7 = ((qo + q°) cos At qqo)

where qo = o and ¢ = Ty41-

Proof. 1("wT,w — S, 'p) = Wl(sn)(q%(s‘m = Sn—10) + P2(Snn —
Sn—1,n) — 2qq0) — €A?q®. When we transform n to w, and use Theorem 2.6,
we obtain % (thw’w — t,éS_l,E) = m (qg(SW,w - Sw—l,w) + pQ(Sw,w -
So-1) = 2q90) — eN*¢* = 525 (a3 + ¢%) cos At — 2qq0). O

We write the standard part of a as st(a). Proposition 2.7 implies the
following:

w—+1
or t € C, whose imaginary part is negative. The complexified one-
dimensional harmonic oscillator standard functional integral is given by

(2:;7’1) 2 \/ %m?kt) exp(l;f{l §111>\At ((qo +q ) cos At — 2qu)) :

Theorem 2.8. Lett € R, t # st(ﬂ:@,/l — cos K ) k=1,2,...,w

Proof. If t # st(:l:@ 1—cos(u+1)) k=1,2...,w, then t # :I:@

1- COS(WH) k=1,2,...,w, for arbitrary infinite number w. The theo-
rem is followed from Corollary 2.4, Theorem 2.6 and Proposition 2.7. 0O
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For the d-dimensional harmonic oscillator, we write qg, q are d-
dimensional vectors and |qo|?, |q|? are the square norms and qoq is the
inner product of qp and q. We have:

Corollary 2.9. For the complezified d-dimensional harmom'c oscillator
2

d
standard functional integral, we have (52)? (Sinz‘)\t)) exp (22 2= ((|ao
+ |a|?) cos At — 2qqy)).

Proof. Factorizing Theorem 2.8 into a product on d dimensional, we have
the corollary. O

We shall calculate the trace of the propagator obtained in Theorem 2.8.
In order to do it, we prepare the following lemma.

Lemma 2.10. Let o, ’s be a convergent sequence of complex numbers whose
limit is «, satisfying the following condition (i) or (ii).

(i) The real parts of both u,’s and a are negative.

(ii) an’s and a are non-zero pure imaginary.

Then
tin [ explanidg = [ lim exp(ang®)da (= [ explag®)da).

Proof. We denote the real parts of «,, a by a,,, a. For positive real numbers

M, N, the absolute value ’f__ojz exp(ang®) + [4; exp(ang?®)| is less than the

sum of f__O]Z exp(ang?)+ [y, exp(anq®). Hence the sequence of the improper
integrals ffooo exp(a,q?)dg is absolutely and uniformly convergent for o,
to A. Hence lim, .o [*o_ exp(ang®)dg = [T limp o exp(ang?)dg =
ffooo exp(aq?)dq. O

We obtain the following:

+1
or t € C, whose imaginary part is negative. The trace of the complexified

one-dimensional harmonic oscillator standard functional integral is given

Theorem 2.11. LettER,t#ist(@,/l—cosw ) k=1,2,... w,

by = sin%)\t/Q) ‘

Proof. We put ¢o = ¢ in (%)%’/im(m exp(Zn qm)\t((qo + ¢?) cos A\t —
2qqo)). The trace is the following integral:

¥ m o\ A im A
_——9 -1 2
/—00(27”71) sin(At) exp( h sin At ((cos Xt = 1)g ))dq
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1
~ 2isin(\t/2) =

For the d-dimensional harmonic oscillator, we have:

Corollary 2.12. For the trace of the complezified d-dimensional harmonic
llator standard functional integral, we h L)

oscillator standard functional integral, we have (W) .

Proof. Factorizing Theorem 2.11 into a product on d dimensional, we have

the corollary. O

Further problems

In [5] and [6] we construct a theory for path integral for fields. It is a further
problem whether the calculation of the d-dimensional harmonic oscillator
can be extended to the case of harmonic oscillator for field or not, that is,
d can be an infinite number co or not.
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In this paper, we discuss critical points of the functional # ,,(J, g) = jM AT+
ut*)dMy (7 is the scalar curvature, 7 is the %-scalar curvature and (X, pu) €
R2\(0,0)) on the space AK (M, [Q]) of all almost Kahler structures (J, g) whose
Kahler classes coincide with [©2] on a compact symplectic manifold (M, ), and
show that (J, g) is a critical point of Zy , if and only if (u— X)p is J-invariant,
where p are the Ricci tensor. This result itself can be obtained by the result of
Koda and the Moser’s stability theorem. In the present article, we shall give
another direct proof for the same result without using Moser’s theorem taking
the variational problems in more general situation into consideration.

Keywords: Almost Kéhler manifold.

1. Introduction

Let M be a compact orientable manifold of dimension m. We denote by
M(M) the set of all Riemannian metrics on M and R(M) the set of all

2000 Mathematics Subject Classification. 53C15, 53C55.



270 T. Oguro, K. Sekigawa and A. Yamada

Riemannian metrics of the same volume element. It is well-known that a
Riemannian metric ¢ € R(M) is a critical point of the functional </ on
R(M) defined by

#(g) = /MTdMg 1)

if and only if ¢g is an Einstein metric, where 7 is the scalar curvature of g
and dM, is the volume form of g.

Now, let M be a compact manifold of dimension m = 2n admitting an
almost complex structure. We denote by AH (M) the set of all almost Her-
mitian structures and AH (M, Q) the set of all almost Hermitian structures
with the same Kéhler form Q. An almost Hermitian manifold M = (M, J, g)
with the closed Kéhler form Q (dQ = 0) is called an almost Kéhler man-
ifold. Let M = (M, J, g) be a compact almost Kéhler manifold and € the
corresponding Kéahler form. Then, we may note that any almost Hermitian
structure (J, g) € AH(M,Q) is an almost Kéhler structure on M. In this
case, we denote AH(M, Q) by AK(M, ). In [2], Blair and Ianus studied
critical points of the functional .# on AK(M, Q) defined by

F(J.g) = /Mw — ) dM,, (2)

where 7* is the #-scalar curvature of (M, J, g). They proved that (J,g) is
a critical point of # on AK(M,Q) if and only if the Ricci tensor p is
J-invariant.

We denote by AK(M, [€2]) the set of all almost K&hler structures on M
with the same Kéhler class [Q] in the de Rham cohomology group. It is
well-known that AK(M, Q) is a contractible Fréchet space. However, the
space AK(M, [Q]) might be disconnected in general.

In [5,6], Koda studied critical points of the functional %), on
AH(M, Q) and AK(M,[9]) defined by

Fauld,g) = /M()\T + put*) dMy, (A, 1) € R?\(0,0). (3)

and gave a necessary condition for (J, g) € AK(M, []) to be a critical point
of #».,,. The purpose of the present paper is to improve his result. Namely,
we will give a necessary and sufficient condition for (J, g) € AK(M,[]) to
be a critical point of %) ,.

The diffeomorphism group Diff (M) of a compact symplectic manifold
(M, ) acts on the space AK(M,[Q]) in the natural way. Let .# be a
functional on the space AK(M,[Q?]) which is invariant under the action
of the group Diff (M). Then, by applying the Moser’s stability theorem,
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we may easily show that (J,g) is a critical point of the functional % on
the space AKC(M, [Q]) if and only if (J, ¢) is a critical one of .# along the
space AKC(M, Q) corresponding to the Kéhler form Q of (J,g). Now, we
may easily check that the functional %, is Diff (M)-invariant. Apply-
ing the above observation to the functional .%) ,, on the space AK(M, [Q])
and taking account of the result of Koda ([5]), we may easily show that
(J,9) € AK(M,[Q]) is a critical point of the functional .%) , if and only
if (u — A)p is J-invariant, where p is the Ricci tensor of (M, J,g) (Theo-
rem 3.1).

In the present article, we shall give another direct proof for the same
result without using the Moser’s stability theorem.

2. Preliminaries

Let M = (M, J,g) be a 2n-dimensional compact almost Kédhler manifold
with almost Hermitian structure (J, g) and Q the Kéhler form of M defined
by Q(X,Y) = g(X,JY) for X,Y € X(M). We assume that M is oriented
by the volume form dMy; = ((—1)"/n!)Q". We denote by V, R, p and 7
the Riemannian connection, the curvature tensor, the Ricci tensor and the
scalar curvature of M, respectively. The curvature tensor R is defined by
R(X,Y)Z = [Vx,Vy|Z = Vxy)Z for X,Y,Z € X(M). A tensor field p*
on M of type (0,2) defined by

1
p*(x,y) = trace (z — R(z, J2)Jy) = 3 trace (z — R(x, Jy)Jz) (4)

is called the Ricci *-tensor, where z,y,z € T,(M) (the tangent space of
M at p € M). We denote by 7* the s-scalar curvature of M which is the
trace of the linear endomorphism Q* defined by g(Q*z,y) = p*(z,y). We
may remark that p* satisfies p*(JX, JY) = p*(Y, X) for any X,Y € X(M).
Thus p* is symmetric if and only if p* is J-invariant.

In this paper, for any orthonormal bases (resp. any local orthonormal
frame field) {e;}i=1,. 2n at any point p € M (resp. on a neighborhood of
p), we shall adopt the following notational convention:

Rijie = g(R(eis ej)ens ee), - - -, Rigrg = g(R(Jei, Jej) Jey, Jey),
pij = plei, ej), ... PG = p(Jei, Jej),
Pfj =p"(ei,€5), ... ,p% = p*(Jei, Jej),
Jij = g(Jei,e5), Vidp = g((Ve,J)ej, ex),

and so on, where the Latin indices run over the range 1,...,2n. Then, we
have Jij = —in, Viij = —Vika and Vﬂ;;; = —Viij. The condition

(5)
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dQ = 0 is equivalent to &; x ViJjix = Vidjr + V;Jdr + Vi Jij = 0. Further,
since M is a quasi-K&hler manifold and a semi-K&hler manifold, we have
Vidjk + ViJs, = 0 and ), VaJai = 0. The following curvature identity
due to Gray ([4]) is known:

2> (Vadij)Vadi = Rije — Rijiz — Riju + Rijia (6)
+ By + Ry + Bij + R
From this equality, we have

o+ 05— pis — P = Y _(Vadin)Vadjp, (7)
a,b

and further |[VJ||? = 2(7* — 7). Therefore, M is integrable if and only if

TN =1T.

3. Critical point of .7 ,

Let M = (M, J,g) be a 2n-dimensional compact almost Kéhler manifold.
We denote by Q the Kahler form of M and by AK(M, [)]) the set of all al-
most Kéhler structures on M with the same Kéhler class [Q2]. Let (J(¢), g(t))
be a curve in AK(M, []) such that (J(0),g(0)) = (J,g). Since the K&hler
form Q(t) corresponding to (J(t), g(t)) satisfies [Q2(t)] = [Q], there exists a
1-parameter family of 1-forms «a(t) satisfying Q(t) = Q + da(t). We denote
by V), R(t), p(t), p*(t), 7(t) and 7*(t) the Riemannian connection, the cur-
vature tensor, the Ricci tensor, the Ricci *-tensor, the scalar curvature and
the %-scalar curvature of (M, J(t),g(t)), respectively. Let (U;x1,...,%2n)
be a local coordinate system of a coordinate neighborhood U of M. With
respect to the natural frame {0; = 0/0x;}i=1, . 2n, We put

9(t)(0:,05) = g(t)ij., J(£)(0;) = J(t)i70;,
(V9 70)0; = (VO T(0);)0k,  R(8)(0:,0;)0 = R(t)ij0 0%,
p(t)(0:,05) = p(t)ij, p"(t)(9i,05) = p* ()i,

and let (g(t)¥) = (g(t);;)~'. In particular, g(0);; = g, J(0);7 = J7,
VO J(0),% = Vidi*, RO’ = Rig’, p(0)ij = pig, p*(0)i; = p};.
Now, put

d d . . d
- ii = his, _ iJ:KiJ7 — ;= A;.
p t:Og(t) ;= hij dt|,_, J(1) dt|,_, a(t) (8)
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Then, h = (hy;) is a symmetric (0, 2)-tensor on M and

d

Sl g = —n, o)

t=0

where we may use standard notational convention for tensor analysis: thus
hii means h" = g'gi®hg,. We denote by dMy() the volume form of M
with respect to g(t). Then, we have

d

1, .
7| M) = 5(97hij) dMy. (10)

=0
From (9), we see that the connection coefficients F(t)fj of V() satisfy

d

) 1 .
T F(t)k = —g’“‘(%haj + Vjhia — Vohij).

i 2

t=0

Therefore, the differential of R(t);;x¢ and p(t);; at t = 0 are given respec-
tively by the following ([9]):

d 1
= R(t)ii" = 5(_Rijkaha£ + Rija hi® (11)
t=0
+ ViVihi® = ViVihi® = ViV + V; Vi),
d 1 by a a
% —o p(t)m - 5(_Ral] hb + pmh] (12)
+ Vanhl'a — Vl'thaa — V“Vahij + VNahj“),
d o .
| T(t) = —pish" + V'VIhi; = V'V, (13)
t=0

where h = h,®. Further, since (J(t),g(t)) € AK(M, [?]), we have

Ko 'J;% + J, ' K;* = 0, (14)
hij = hapJi"J;" + Kio ;" + Jia K%, (15)
K;' = —ho'J;* — Aj', (16)
hij = —hasz'anb + Ji%Ag; + J% Agi, (17)

where Aij = dA(@l, (9]) = VlAJ — V]Al

Conversely, let (h, A) be the pair of a symmetric (0,2)-tensor h and
a l1-form A satisfying (17) and define a (1,1)-tensor K by (16), then the
equalities (14) and (15) hold ([6]).

From (16) and (17), we have

K" =h;*J," — Ay J, ' J,0. (18)
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From (16), (17) and (18), we have
d

— | J)Y = —hJ) 4 g K, = Ay J I, (19)
dt|,_o
4 *()ij = piahs” L Rt e, (20)
dt t:OP ij = Pially 2 iua Yj be
1 1
— 5Jabevivam,c + §J“bchvcvahbi
L1
5 (275707 — J;* TP T Rivab) Apq,
d
o TH(t) = piph® = T IV Vhiy — 207 pr ALY (21)
t=0
d 1 ,
= VO I(1),5 = —ho*ViJ;* + 573 (Vahi® = Viha* = V*hia)  (22)
t=0

——J F(Vih;® + Vih® — V%) — Vi A%

We are ready to compute the first variation of (2). We shall use the
notational convention (5) with respect to a (local) orthonormal frame field
{ei}i:17...,2n. From (10), (13) and (21), we have

4
dt

Foau(J(t), 9(t)) (23)
t=0

1
= / Z(—)\pij + ,upfj — uz Vavb(JmJjb) + —()\T + MT*)(Sij)hij dMg
M55 a,b 2

+ 2u/ D P Ay dM,
M5
Here, we get

Z VaVb(JmJjb) = Z(vaVina)Jjb + Z(Vb']ia)vanb' (24)

a,b a,b a,b

Moreover, from (7),

Z(Vavbjia)Jjb - - Z(Rabista + RabasJis)Jjb = —Prj + ﬁﬁa

a,b a,b,s

1 * *
> (Vedia)Vadjp = —3 D (Vidav) Vi Jas + pi; + 05 — pig — P
a,b a,b

Therefore, from (23), we obtain

FauJ / Z (Tijhij + sij Aig)d My, (25)

dt

t=0
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1 ,
Tij = (1= Npij + 5 (AT + pr7)835 + %Z(ViJab)ijab, (26)
a,b
Sij = 2005 (27)
We note that T;; and s;; define a symmetric and a skew-symmetric (0,2)-
tensor fields T" and s on M, respectively. Since A;; = V;A; — V;A4;, we
have

Ajzsiinj dMg =-2 /JWZ&AZ dMg, S; — Zvasm‘. (28)
1,J i a

Summing up above argument, we obtain

Lemma 3.1. Let (M, Q) be a compact symplectic manifold. Then, (J,g) €
AK(M, [Q)) is a critical point of the functional F , if and only if

/M (3" Tighiy =23 sidi ) ang, = o, (29)
ij i

holds for any pair (h, A) of a symmetric (0,2)-tensor h and a 1-form A =
(A;) satisfying (17), where T = (T3;) and s = (s;) are the symmetric (0,2)-
tensor field and the 1-form given by (26) and (28), respectively.

We here recall the following fact due to Blair and Ianus:

Lemma 3.2 ([2]). Let B be a symmetric (0,2)-tensor on M. Then,
/ > BijDijdM, =0
M5

for all symmetric (0,2)-tensor D satisfying DJ + JD = 0 if and only if B
is J-invariant.

Let (M,Q) be a compact symplectic manifold and suppose (J,g) €
AK(M, [Q]) a critical point of the functional .#, ;. Then, from Lemma 3.1,
if A =0, we have [, > Tijhij dMy = 0 for any symmetric (0, 2)-tensor
h satisfying hJ + Jh = 0. Thus, by virtue of Lemma 3.2, we conclude that
T is J-invariant. Next, let A = (4;) be an arbitrary 1-form on M and
define a symmetric (0,2)-tensor h = (hy;) by hi; = (4;; + A;;)/2, where
Aij = V;A; =V ;A;. Then, we have h;; + h;; = A;; + A;;, and thus the pair
(h, A) satisfies (17). Since T;; is symmetric and J-invariant, we have

/ > Tijhi dMg:/ > T;A; dMg:2/ > (V,T5,) A dM,,.
M i M ij M ij
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We put £; = Y, VT, Then, (29) becomes 2 [,, s;)A; dMy = 0,
and hence

ti—s;=0 (i=1,...,2n). (30)

Conversely, for a given (J, g) € AK(M, [Q)]), if T = (T;;) is a symmetric
J-invariant (0,2)-tensor field and (30) is valid for i = 1,. .., 2n, then we may
easily observe that the equality (29) holds for any pair (h, A) satisfying (17).

Therefore, we here conclude that (J,g) € AK(M,[R?]) is critical point
of the functional %, , if and only if the symmetric tensor T = (T3;) is
J-invariant and the equality (30) holds for each i =1,...,2n.

Now, we assume that T is J-invariant. Then, we have

fi=—t;,  ti=)» VaTu. (31)

fori=1,...,2n. By direct computation, for each ¢ (1 <i < n), we have

t; (b =NVt + = (/\VT—F,UVT)

l\JI»—A

% %
+5 Z(vava.fbc)vi.fbc +5 2 (Vadie) VaVidue

a,b,c a,b,c
* /J/ *
= uVit" + 5D 205 = Py + os)Vidve + 1) (Vadbe) Ry
b,c a,b,c

Since,
szgvinc == szcvi']bca ZprVinc = Zpl_)cvi']bc = 0’
b,c b,c b,c b,c

we obtain

t; =uV;T Z PapVidab + 1t Z (Vadve) Ryjpe- (32)

a,b a,b,c

On one hand, we have

S; = ZuZJabVap;v = —U Z Jabv J’LCRbC’LLU']’LLU)

a,b a,b,c,u,v
=—pu Z(Vi,]ab)pj;b —uV;T = Z R ;.5 Vaduw.
a,b a,u,v

Thus, if T is J-invariant, the condition (30) automatically holds. Further,
from (26), we observe that the J-invariance of T and (11— \)p are equivalent.
Therefore, we finally obtain

Theorem 3.1. Let (M,Q) be a compact symplectic manifold. Then,
(J,9) € AK(M, [Q)) is a critical point of the functional Fy , if and only if
the symmetric (0,2)-tensor field (u — A)p is J-invariant.
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This theorem is an extension of the result by Blair and Tanus ([2]).

Corollary 3.1. Let (M,Q) be a compact symplectic manifold. Then, the
functional Fxx (A # 0) is constant on each connected component of

AK(M, Q).

Remark 3.1. Let (M,Q) be a 2n-dimensional compact symplectic mani-
fold. Then, we have the following formula (cf. [1]):

ar
(n—1)!
for any (J,g) € AK(M,[Q?]), where ¢; is the first Chern class of (M, J). By

Corollary 3.1 and (33), we see that (c; - [Q](*~D)(M) is constant on each
connected component of AKX(M, [€Y]).

Z11(Jg) = (1 - [ D) () (33)
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This paper deals with the (micro)local C'*° hypoellipticity of the solutions of
some classes of overdetermined systems of pseudodifferential operators having
simple and double characteristics. The results in the case of double character-
istics do not depend on the lower order terms. As an application we study the
hypoellipticity of systems of complex valued vector fields forming locally inte-
grable m-dimensional Frobenius-Lie algebra. We also propose a short survey
on some recent results on the hypoellipticity of this system of vector fields.

Keywords: Hypoellipticity; Subellipticity; Overdetermined systems.

1. Introduction

1. In the paper under consideration we study the (micro)local C* hypoel-
lipticity of two classes of pseudodifferential systems with simple and double
characteristics. As our systems are consisting of several scalar operators act-
ing on the same complex-valued scalar function u many methods developed
in the scalar case can be used. At the beginning we give another proof of the
well-known Hoérmander’s theorems 1.1.5 and 1.2.3 from [1] — sufficiency.
The proof is elementary, short and the same idea can be used in other situa-
tions, for example, in proving C'*° hypoellipticity of overdetermined systems
with double characteristics. The loss of regularity of the corresponding so-
lutions of the systems under inverstigation is equal to 1/2, respectively to 1
in both classical and microlocalized Sobolev spaces Hj (1), respectively
H? ., (p), p € T*(Q). The theorems here proved enable us to study the

m
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C*° hypoellipticity of complex vector fields integrable system of Frobenius-
Lie type having simple and double characteristics. Some of our results in
the simple characteristic case — local version — give elementary proofs of
theorems due to Bouendi-Treves [4,5] and Kwong-Song [6]. Our assertions
are microlocal in contrast with those in the above mentioned papers and
the (micro)local loss of smoothness here obtained /1/2, 1/ is optimal. At
the end of the Introduction of this paper and for the sake of completeness
a short survey on some recent results on the subject is given. It includes
results of J.J. Kohn [15] and Journé-Trépreau [16]. Classical and modern
results on the local solvability and hypoellipticity mainly for the scalar case
can be found in [2,11,12].

Because of the lack of space we omit the standard definitions of classi-
cal homogeneous pseudodifferential operators, C* wave front set WF (u)
and microlocalized Sobolev spaces HE ,(p°), u € D'(Q). The operator
P(x,D) is called C* hypoelliptic iff sing supp Pu = sing supp u and
P is microlocally hypoelliptic at the characteristic point p° € Char P iff
P’ € WF(Pu) = p° € WF(u) /u being assumed a Schwartz distribution,
i.e. u € D'(?)/. The corresponding definitions and properties can be found
in [7] and [9].

We are going to formulate the main results of this paper.

2. Consider the overdetermined system of pseudodifferential operators

Jydo/:
Pju:fj, ].S]Sd OI'de:t, (1)

u is a scalar function and P;(z, D) is a classical ¢do.

In [1] a necessary and sufficient condition for hypoellipticity of (1) with
a loss of regularity equal to 1/2 was found. We shall reformulate and prove
in an elementary way the sufficiency of the same result. To do this we
introduce the characteristic set Char P of P = (Py, ..., Py):

Char P = { p = (z,€) e T*(Q) :pg(p)zo, 1<j<d}, QCR"™

As usual, o(P) = p® = (pY,...,pY) is the principal symbol of P. Put

p? = a; +1ibj, a; = %p?, b = %p?, 1 < j < d. Evidently, p° € Char P
implies the microlocal ellipticity of some symbol: p%(p°) # 0 and therefore
we have microlocal hypoellipticity of (1) at the point p°. By {-, -} we denote
the Poisson bracket of two smooth functions.

Theorem 1.1. Consider the system (1) and assume that p° € Char P.
Then:



280 P.R. Popivanov

a) If the following condition holds:
(NS) There exist 1 < jo,ko < d and such that |{ay,,a;,}(p") —
{bkov bjo}(p0)| + Hakov bjo}(po) - {ajov bko}(p0)| >0,
then the system (1) consisting of the principal symbols p°(x, D) only
is microlocally hypoelliptic at p° with loss of reqularity equal to 1, i.e.
Pu=f = (fi,....fa) € Hypuq(p®) = u € Hy 7' (00), Yu € D,
Vs € R

b) (S) The matriz ||{aj,bk}(p0)|\jk,:1 is symmetric and has at least one
positive eigenvalue. Then the system (1) is microlocally hypoelliptic at
p° with a sharp loss of smoothness equal to 1/2, i.e. f € HS, ,(p°) =
u € Hs+t_1/2(p0), Vs € RL.

mel

The condition (NS) is equivalent to:

(PR 05, 3(0") # 0 <= > [{pl, p7}(p")| > 0.
¥

Corollary 1.1. The system (1) is hypoelliptic if for each p°® € Char P one
of the following two conditions hold:

(i) The matriz ||[{ak, b; }(°)|| is not symmetric.
(ii) The matriz ||{ax,b;}(p°)| is symmetric and possesses at least one
positive eigenvalue.

Certainly, in case (ii) the result does not depend on the lower order terms
Ji.e. they can be arbitrary /.

Following Bouendi-Tréves [5] we consider a locally integrable m-
dimensional Frobenius-Lie algebra L of C*° smooth complex valued vector
fields on an open domain Q@ C R™*! m + 1 = n. This means that:

c) at each point zg = (tg, 7o) € R™ x R! the system L is spanned by m
linearly independent vector fields Li(zp), - - ., Lm/(20)-

d) L is closed under the operation [-, -] commutator of two vector fields.

e) L is locally integrable, i.e. for each zp € €2 there exists a neighbourhood
U; zg € U, and a smooth function Z, such that LZ = 0, dZ(z9) # 0; Z
can be complex-valued.

As Frobenius theorem is not valid in the complex C'*° case, conditions ¢),
d) do not imply e) as in the real or in the analytical cases.

As it is shown in [5,6] and without loss of generality in studying the
hypoellipticity of the system of vector fields L we can assume that we are
working in a neighbourhood U of zp = 0 with local coordinates z = (¢, )
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for which:
0 0
Li—= 2 4a(t o) —
J atj+ ](7x)axa
Z(t,x) = x+i®(t,x), ®(0,0) = 0, D is real-valued C* function near the
origin. Moreover, [L;,Ly] = 0 in U for each 1 < j, k < m. Then one can
easily see that

1<j<m, (2)

o0
—1 . Od * (3)
14+ lm

Put Char L = { (t,z;7,§) €U x 8™ 1 1 1, =0, 0®/0t(t,x) =0, 1 <j <
m, € # 0}, C = projection,Char L and suppose that C' # 0, /z = (t,z)/.
Certainly S"~! = {5 eR™ ¢ =1 }

The following result is a generalization of Theorem 2.1 from [6] but with
a better result concerning the loss of regularity of the solution /1 in [6], 1/2
here/. The main idea of the proof used here is rather different from this
one in [6].

A\ =

Theorem 1.2. The system of C°° complex-valued vector fields L defined by

c), d), e) is microlocally hypoelliptic with a loss of smoothness equal to 1/2

(ie. Lyju € HE ,(p°), 1<j<m,se R, p°c CharL = u € H. /?(p0))

(iii) p° = (to, 0,0, —1) € Char L implies that the partial Hessian of ® with
respect to t: Hy®(tg,x) = ||82<I>/8tj8tk(to,xo)H;V_Lk:l has at last one
positive eigenvalue and p° = (to,x0,0,1) € Char L = H,®(to, x0) has
at least one negative eigenvalue.

Corollary 1.2. The system of C'*° complex-valued vector fields L is hy-

poelliptic with sharp loss of regularity 1/2 if at each point zo = (to,x0) €

C = {(t,x) : 09/0t;(t,x) = 0} the condition (iv) holds:

(iv) The Hessian Hy®(29) has at least one positive and one negative eigen-
values.

Remark 1.1. Condition (iv) can be reformulated in the following way.
(iv)" At each point zo € C: rank H;®(z9) > 2 and [sgn H;®(z)| <
rank H;®(zg) — 2.

At the end of this paper we shall study the C° (micro)hypoellipticity
of a second order overdetermined system of complex-valued vector fields
belonging to L, namely:

LiLyu+ljgu = fjr, 1<j<k<m, (4)
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u € D'(2), where L; are the same as in ¢), d), e) and [, are arbitrary C*>
smooth complex-valued vector fields.

Theorem 1.3. The system (4) is microlocally hypoelliptic at p° € Char L
with a sharp loss of reqularity equal to 1 if the condition (iii) holds.

Corollary 1.3. The system (4) is locally hypoelliptic with loss of regularity
equal to 1 if the condition (iv) is fulfilled. The hypoellipticity does not depend
on the vector fields L.

The proof of the (microlocal) hypoellipticity in Theorem 1.3 relies on
the following result proved in [3] /see also [10]/.

Theorem 1.4. Consider the classical scalar v¥do P with full symbol of the
form:

p(a, &) ~ p2(2,€) + p2m—1(2,&) + -

and suppose that py,(p°) =0, p° € T*(Q) and {Rpm, Spm}(p°) > 0. Then
P(x, D) is microhypoelliptic at p° with sharp loss of smoothness equal to
1, i.e. Pue H? ,(0°) = u e H™1(p0), Vs € RY. The result does not
depend on the lower order terms but only on py,.

Remark 1.2. The principal symbol p,, possesses the microlocal form (£; +
ix1£,)|€|™ 1 near the point p° = (29 = 0,;0,...,0,1).

3. As we mentioned at the beginning of this paper a short survey on some
recent results on the hypoellipticity of several classes of complex valued
vector fields forming locally integrable m-dimensional Frobenius-Lie algebra
will be proposed. We shall follow closely [16].

Thus, put L; = 0/0t; +i0®(t)/0t;0/0x, 1 < j < m, i.e. in vector form
the system Lju = f; takes the form

Lq;.’U, = f7 (5)
where V=V, = (9/0t1,...,0/0ty), Lo = Vi +i(V:P)9/0x, u = u(t, x).

Evidently, [L;, Li] = 0.
We shall denote by ¥X¢ the characteristic set of Lg, i.e.

Yo = { (t,x;O,{), 57& 0, V(I)(t) = 0}

Certainly, V®(tp) # 0 implies that Lg is an elliptic system over the point
(to, o), o € R!. Consider (5) in a neighbourhood of the point (¢,%). The
standard changes x — —x +,t >t —t = 9/0z — —0/dz, 8/t — 0/ 0K,
T — 0, t — 0 reduce the study of the microlocal hypoellipticity of (5) to its
investigation in a conical neighbourhood of the point 61 = (0,0;0,1) € Lq.
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Proposition 1.1 ([16]). Assume that the real-valued function ® € C*
in a neighbourhood of the origin O € R™ and the system (5) is microlocal
hypoelliptic at the characteristic point 93 . Then one can find an open neigh-
bourhood V-3 O, V.C R™ and such that ® does not have local mazima in
V.

Contrary to Proposition 1.1 we have the well known result of Maire [14].

Theorem 1.5 ([14]). Suppose that @ is real-valued analytic function in an
open neighbourhood of the origin in R™ and ® does not have local maxima
there. Then the system (5) is microlocally hypoelliptic at H(J)r .

“In general” and for m > 2 Theorem 1.5 is wrong in the case & € C'*°
/see [14]/.

The system (5) is called microlocally hypoelliptic at 6 with loss of
regularity /smoothness/ 6 > 0 if Lou € HS ,(0f) = u € H;;tll_‘s(ﬁar),
Vs € RY, Vu e D'(R™), n=m+ 1.

Equivalently, we shall say that (5) is microlocally regular of order p < 1
at 0 iff Lou € H?,,(05) = ue HTP(0F), Vs, Yu € D'(R™).

Certainly, p = 1—§. We shall say that (5) is subelliptic at 65 if 0 < § < 1
/0 =0 <= p =1 corresponds to the elliptic case, i.e. it implies that
05 & Ya/.

A very interesting theorem — necessary condition for regularity of the
system (5) of order p > (—m + 1)/4 is proved in [16].

Theorem 1.6 ([16]). For each m > 2 and p > —(m — 1)/4 there exists
a real-valued analytic function ®(t) without any local mazimum in some
neighbourhood of the origin in R™ and such that Lg is not regular of order p
at 0F . The function ® can be taken in the form: ®(t) = —|t'|>" —[¢/|?t2P +-t9,,
where t = (t',tm), 7 > 1, p >0, ¢ > 2 are integers.

This is a more precise version of Theorem 1.5, proved in [16].

Theorem 1.7 ([16]). The real-valued analytic function ®(t) does not pos-
sess local mazxima in some open neighbourhood V' of the origin O € R™.
Then the system (5) is microlocally hypoelliptic at 0 with (microlocal) or-
der of regularity p = —m/2, i.e. with loss of regularity § = (m + 2)/2.

We shall say several words about the proof of Theorem 1.7. It is based on
the L2 — L subelliptic type estimates. Thus, denote by @(t,£) the partial
Fourier transform of w with respect to x:

a(t, &) = / e" @yt x)dx  Ju(r,€) = / / e 7T (¢ 2) dida) .
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Then for each u € CY(V,&'(R;)), V 2 O,V — open, V C R™, the system
(5) takes the form:

F(t,6) = (Lu)(t,€) = e£2OV, (e7*q(t, €)). (6)

Definition 1.1. Let s € R!, K cC V. Then
HMﬁx=ﬁm/ €25 i(t, ©) de. (7)
teK J1

Lojasiewicz proved that if the real-valued analytic function ® does not
possess local maxima in some open neighbourhood Vi of O € R™ and
®(0) = d®(0) = 0, then there exist a sufficiently small neighbourhood V' of
0, V .cC V4 and a number p € (0,1] such that

Vo(t)| > |o@t)|'", VieV. (8)

Therefore, the integral curves of the vector field V® located in V' are uni-
formly bounded.
This is a corollary of Lojasiewicz estimate (8).

Proposition 1.2 ([16]). Assume that the analytic real valued function
®(t) does not possess local mazima in some neighbourhood of the origin
O € R™. Then one can find two constants p,k > 0, p € (0,1] and such
that for each sufficiently small open neighbourhood V' of O and eacht € V
there exists a rectifiable curve c : [0,0] — V with the following properties:
c(0) =t, c(o) € OV,

0<s<o=®c(s)) — D(t) > ks'/?, (9)

s being the natural parameter of ¢ /the length of the corresponding arc/.

The curve c is piecewise smooth and according to (9) its length is uniformly
bounded.

Below we give the proof of the following a-priori estimate.

Proposition 1.3 ([16]). The analytic function ®(t) does not possess local
mazxima in a neighbourhood of the origin O € R™. Then there exists p €
(0,1] and such that for each sufficiently small open neighbourhood V of
O, each compact K CC V and every sg, s € R one can find a constant
C(V,K,s,sg) for which

ulll2y, /2. < CUNlE, 5 + I Loulll? ), Vue CH(V,E'(R)).  (10)
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The proof of (10) is not difficult. In fact, put t* = ¢(o) € OV and apply
Proposition 1.2. Then

0
v(t) = v(tY) —|—/ %v(c(s)) ds, veCHV) (11)

and d/dsv(c(s)) = (Vo(c(s)),d(s)), | (s)] = 1, ie. |d/dsv(c(s))] <
[Vo(e(s))], 0 <s<o.
Multiplying (11) by e*®® we obtain VA > 1:

|(AP)(2)] < XPO=TED|(AP) (7))

+/ MEO=L()) (APTy) (¢(s))] ds. (12)
0

o0
Evidently, / e~ gs — ¢/AP. Suppose now that the compact K CC

0
V,t € K. Then the length o of the curve ¢, joining ¢ and t* is > o9 > 0.
Combining (12) and (9) we get

K&@wan<eMﬁ“ué¢w@ﬂryﬁzf“*”K@¢vw@@»M&

Put kaé/ ? = ¢/2 and apply the Cauchy-Schwarz inequality to the previous
integral. Thus, with some constant C' > 0 and for each A > 1 we have:

|@”mmw<ceMw”www%4»pﬂﬂ@”wm4mﬁ@.aa

Going back to our system (5) we assume that u € C*(V,&'(RL)).
Having in mind (6) we write v = e *®®q(¢,£), A = ¢ in (13) and we
get

la(t, €)1* < Ce ¢ [a(t",&)]* + C/OU E7°1F(c(s), &) ds. (14)

We multiply (14) by €257 then we integrate w.r. to ¢ € [1, 00) and according
to (7) and the fact that o is uniformly bounded we obtain the desired
estimate (10).

The proof of Theorem 1.7 relies on Proposition 1.3 /the estimate (10)/
and on the bootstrap arguments. We omit it.

We shall complete our survey by formulating a recent result of
J.J. Kohn [15].

Consider the operator F = Zf X7 X, where {Xi,..., X4} are smooth
complex valued vector fields in 2 C R"™.
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Theorem 1.8 ([15] and see also [13]). If the vector fields {X;,[X;, X;]}
span the complex tangent space at the origin then E is hypoelliptic near the
origin with a sharp loss of reqularity equal to 1.

2. Proof of the main results

Proof of Theorem 1.1. One can see that (1) implies: The commutator
[Pk, Pj]u = Pkfj — ijk~ (15)

If we denote by o(P) the principal symbol of the ¥do P(z,D), then
a([A, B]) = 1/i{c(A),o(B)} and therefore the principal symbol of the clas-
sical ¥do participating in the left hand side of (15) is given by:

o([py, p})) = —i({ar, a;} — {br, b;}) + ({ar, b;} — {aj, br}). (16)
Assuming that condition (NS) holds at the point p we prove Theorem 1.1
a).

In order to prove Theorem 1.1 b), i.e. (S) being fulfilled, we are looking
for real numbers ¢, 1 < j <d, E‘f lej| > 0 and such that:

d d

Qu = Z(Ejaj +igbj)u = Zajfj. (17)

1 1

Obviously, ord@ = t and p° € CharP = p° € Char@. According
to Hormander [1,7], the necessary and sufficient condition for the (mi-
crolocal) hypoellipticity with loss of regularity 1/2 of the scalar ¥do
Q is the following one: Q(p°) = 0, {RQ,IQ}(p") > 0. So we have:
0 < {37 eja;, 1 ebi ) = 3541 ejenfas, b} (o). Having in mind
that ||{a;, bx }]|(p°) is a symmetric matrix we prove Theorem 1.1 b). In fact,
if A is real valued matrix and A = A then there exists a nondegenerate
matrix B s.t. (Ae,e) = ("BABy,y) = Y5, Njyj, where s = rank A < d
and say \y > 0; ¢ = By. Taking yo = (1,0,...,0), e = Byo we get:
(Agg,e0) = A1 > 0 etc. O

Proof of Theorem 1.2. If L; are defined by (2) then L;Z = 0 = (3).
Moreover, [Lj;, L] =0, 1 < j,k < m implies that locally near the origin

0N 0N Ok O\ .

AL Wi < ik <m.
ot; Oty A oz Ak oz 0. 1sjksm (18)
In order to find out Char L = { (t,z;7,£) € T(Q) : 7+ XE=0,1<j<
m }, we compute: 0 = 7; + \;§ = 7; — %%5/(1 + ®2) — igTq;f/(l + ®2).
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Therefore, Char L = {(t,2;7,£) : 0®/0t; =0, 1<j<m, 7; =0, £ #0}.
Obviously, A; = a; +ibj, Ajjoparr = 0, a5 = 75 — %%f/(l+¢%),
b, = —%ﬁf/(l—i—@%). To prove Theorem 1.2 we shall apply Theo-
rem 1.1 b). So we must compute ||{aj,bk}(p0)|\?,k:1, p° € Char L. Then

{aj, b} cnar . = {75 + RA;E SAE Y char L = §(0SAE)/(0t))|char 1 and in a
similar way {ax,b;}|charz. = §0I\;/Otk|char L. According to (18) we get
{ak,bj}ichar . = {aj, bk} char 1 and therefore |[{ax, b;}|(p°) is symmetric.
We can easily see that ||[{a;, bi}|||charr = —&/(1 + ®2) ||62<I>/6tk8tj|||c.
Condition (iii) enables us to apply Theorem 1.1 b) and to conclude that
the corresponding system L ¢), d) e) is (micro)hypoelliptic with sharp loss
of regularity 1/2. O

Corollary 2.1. Suppose that A; = X;(t), 1 < j < m. Then according to
(18) 8Ak/8tj = 8)\j/8tk = 88‘%)\j/8tk = 83‘%Ak/8tj, 8%)\j/8tk = 5%)\;@/5@,
1 < j,k < m. Therefore, there exists in a tiny neighbourhood of the origin
a smooth complez-valued function A(t) and such that A\; = OX/0t;, 1 < j <
m. So we can take in (3) & = O(t) = A\; = —i0@/0t; = ON/0t; = @ =
iA(t). Then the system L c), d), e) is hypoelliptic in some neighbourhood
of the origin if at each critical point to of the real-valued function ®(t),
i.e. V®(tg) = 0, we have that rank || P}, (to)| > 2 and |sgn||P%(to)||| <
vank | (to) | - 2.

Proof of Theorem 1.3. We are looking for real numbers ¢;, 1 < 5 < d,
2?21 lej| > 0 for which (Z?Zl eij)z + lu = F(z), where Pj(z,D) are
classical scalar ¥do of order m and

P;jPyu+ ljgu = fir(x), (19)

ordljx(z,D) =2m —1, ordl(z,D) =2m—-1,1<j <k <d,z € Q CR™
Consider the identity

d d
2
(E sij) u= E gjer P Pru = E gjerP; Pou + E gjerP; Pru
1 Jik=1 j<k i>k

= Zifjf‘?k(fjk — ljku) + Zﬁjﬁk(PkPju + [Pj, Pk]u) (20)
Jj<k >k
d
= Z gjerfin —lu=F(z) — lu,
jik=1
where | = Zikzlé‘jé‘kl]‘k + 2 op<jPe, Py, orderl = 2m — 1, F(z) =
> k1 Eenfrye Put o(p)) = pY = a; +ib;, a; = Rpf, b; = pf and
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assume that p° € Char P = {p € Q) - pjo-(p) =0,1 <j <d}.
Let us denote Q = Z?Zl gip; = o(Q) = Z;l:1 gja; + iZ?:l €5b;.
Consequently: p° € CharP = p° € Char@. One can easily see that
{RQ°, SQ°}(p°) = Z;{k,:l ejen{az, by }(p®). We shall assume further on
that [|[{a;,br}(p")|| is symmetric at each point p’ € Char P and possesses
at least one positive eigenvalue at p”. Applying Theorem 1.4 we conclude
that the scalar operator (20) is microlocally hypoelliptic at p° with microlo-
cal loss of regularity equal to 1 and without any importance of the lower
order terms. On the other hand, p° & Char P = pj, (p") # 0 for some jo.
So Pj, Pjou + Ljpjou = fiojo € Hﬁncl(po) =uc€ Hrsntlzm(po)' This way we
have proved the (micro)local hypoellipticity of the overdetermined system
(19) under the condition (S).

The proof of Theorem 1.3 is now trivial as if a; = RL;, b; = SL; and
(3) holds, then [|{aj, by} is symmetric at Char L and |[{a;, bx}|l|charz =
—&/(1 4 @2))|0%®(t, ) /0t 0ty |, € # 0. The fulfillment of condition (iii)
verifies the stated result on local hypoellipticity. A very delicate problem is
the investigation of the local solvability of the system (4). These problems
are beyond the scope of this paper. /In the simple characteristic case see

[8]/. O

The idea in the proof of Theorems 1.1, 1.2 enables us to propose several
examples of hypoelliptic systems of type (2), A;(t) = i0®(¢t)/0t;, which are
subelliptic ones. Subelliptic systems of the same type (2) are studied in [17].

Example 2.1. Consider the system of vector fields Ly = 9/9t1 + ita0/0x,
Ly = 0/0ty + it10/0x in R? x RL. Then the scalar operators Ly, Ly are
not microhypoelliptic at (0,0;0,41) = 6F, while the system (Ly, L) is
microhypoelliptic at 03[ with sharp loss of regularity § = 1/2. In fact,
® = t1t5 and we can apply Theorem 1.1, (S).

Example 2.2. Consider the system L; = 9/0t; 4+ i(0®/0t1)0/0x Lo =
0/0ta +i(0®/0t2)0/0x in R3, where ®(t1,t2) = t3/3+bt1t2 +ct3/3, ¢ > 0,
b<0,1—+1+4+4c<2b<0and a, b, c are real constants. Then Ly, Lo are
not microlocally hypoelliptic at 03:, while the system (Lj, L) is microhy-
poelliptic there and consequently, the system (Li, L) is hypoelliptic near
O € R3. The sharp loss of regularity is § = 2/3.

It is easy to see that ¢ = 0 is the only critical point of ® and ® does not
have local maximum /minimum/ at O as ®(¢1,0) changes sign at t; = 0.

Example 2.3. Ly, L, are the same as in Example 2 but b < 0, ¢ < 0,
0> 2b>1—+/1—4c. Then the same results as in Example 2 are valid.
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Example 2.4. The system (5) is studied with ® = £t2*"1 /(2k + 1) +-a(t'),
t' = (t2,...,tm), da(0) = 0. Then (5) is microhypoelliptic at 6 with sharp
loss of regularity § = 2k/(2k + 1), k € Ny.

Example 2.5. Put in (5) ® = +t2*"1/(2k +1) + ¢/ /(1 + Da(t'), t' =
(tay...,tm), k,1 € N. Suppose that one of the following conditions hold:

5.1) 1> 2k

5.2) 1 =2k, a(0)=0

5.3) | —even, I < 2k, a(0) #0

Then (5) is microlocally hypoelliptic at G(jf with sharp loss of regularity

§ = 2k/(2k + 1) in the cases 5.1), 5.2) and 6 = /(I + 1) in the case 5.3).
The proofs here are based on Chapter XXVII from [7].
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Two examples of four-dimensional Riemannian product manifolds are con-
structed by means of Lie groups and Lie algebras. The form of the curvature
tensor for each of the examples is obtained.

Introduction

Almost product manifolds are originally introduced in [5], where these man-
ifolds are classified into six basic classes. Equivalent characteristic condi-
tions for each of the classes are obtained in [6] in the case of 2n-dimensional
Riemannian almost product manifolds with tr P = 0 . Examples of the class
Wy (Riemannian P-manifolds) are given in [8] and examples of the basic
classes W; (i =1,2,...,6) are presented in [4].

In this paper our purpose is to construct examples of two classes of inte-
grable almost product manifolds. All examples are of four-dimensional man-
ifolds and are obtained by constructing four-parametric (or two-parametric)
families of Lie algebras corresponding to real connected Lie groups. The
manifolds obtained in this way are characterized geometrically. The form
of the curvature tensor for each of the examples is found.

1. Riemannian almost product manifolds

Let (M, P, g) be a 2n-dimensional Riemannian almost product manifold,
i.e. P is an almost product structure and g is a metric on M such that
PIX =X,  g(PX,PY)=g(X,Y) 1)
for all differentiable vector fields X, Y on M, i.e. X,Y € X(M).
Further, X, Y, Z, W (z,y, z, w, respectively) will stand for arbitrary dif-
ferentiable vector fields on M (vectors in T, M, p € M, respectively).
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Let V be the Levi-Civita connection of the metric g. Then, the tensor
field F' of type (0,3) on M is defined by F(X,Y,Z) = g(VxP)Y,Z). It
has the following symmetries

F(X,Y,Z)=F(X,Z,Y)=—F(X,PY,PZ). (2)

Let {e;} (i = 1,2,...,2n) be an arbitrary basis of T, M at a point p
of M. The components of the inverse matrix of g are denoted by ¢“ with
respect to the basis {e;}. The Lie form « associated with F is defined by

Oé(Z) :gijF(eiaejvz)' (3)
The Nijenhuis tensor field NV of the manifold is given as
N(X,Y)=[PX,PY]+[X,Y] - P[PX,Y]| - P[X, PY]. (4)

It is known [5] that the almost product structure P is product if it is
integrable, i.e. if N = 0.

A classification of the Riemannian almost product manifolds is intro-
duced in [5], where six classes of these manifolds are characterized according
to the properties of F'. Three of the basic classes Wy, Wa, W5 and the class
Wy @& Ws are given as follows:

Wo : F(X,Y, Z) = 0;

Ws: F(X,Y,Z) = F(PX,Y,Z), a(Z)=0;
Ws: F(X,Y,Z) = —F(PX,Y,Z), a(Z)=0;
WQEBW5:04( ) =0;

(5)

Let R be the curvature tensor of V, ie. R(X,Y)Z = VxVyZ —
VyVxZ — Vixy)Z. The corresponding tensor of type (0,4) is denoted
by the same letter and is given by R(X,Y, Z, W) = g (R(X,Y)Z,W).

The Ricci tensor p and the scalar curvatures 7 and 7 of R are defined
by:

p(y,Z) :g”R(ehyazae])v T:g”p(elae])v ;:g”p(elapej) (6)

We consider the following curvature-like tensors of type (0,4):

(XY, Z, W) = g(Y,Z)g(X, W) — g(X, Z)g(Y, W);
m(X,Y, Z,W) = g(¥, PZ)g(X, PW) = (X, PZ)g(Y, PW);
m3(X,Y, Z,W) = g(Y, Z)g(X,PW) — g(X, Z) g (Y, PW) ()

+g(YaPZ)g(X7W) —g(X,PZ)g(Y, W)
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Let o = {z,y} be a two-plane spanned by vectors z,y € T,M, p € M.
Then, the sectional curvatures of « are given by:

R(xay7yax) *

R(z,y,y, Px)
, viagp) = —F———
w1 (z,y,y, )

via; =
( p) Wl(mayvy)m)

. 8)

2. A Lie group as a four-dimensional Riemannian
P-manifold

Let V be a four-dimensional real vector space and consider the struc-
ture of the Lie algebra defined by the brackets [E;, E;] = Cf; Ey, where
{E1, Ez, B3, E4} is a basis of V and Cf; € R. Then, the Jacobi identity

ClCL, + CF.Cly + CECL; =0 (9)

holds.

Let G be the associated real connected Lie group and { X1, X2, X3, X4}
be a global basis of left invariant vector fields induced by the basis of V.
We can define an almost product structure on G by the conditions

PX,=X3, PXo=X,, PX3=X;, PX,=X, (10)
Further, let us consider the left invariant metric defined by
9(X;, X;) =1 fori=1,2,3,4, ¢(X;,X,;)=0 fori#j. (11)

The introduced metric is a Riemannian metric, that satisfies (1). In this way,
the induced four-dimensional manifold (G, P,g) is a Riemannian almost
product manifold.

Definition 2.1 ([1]). An almost product structure P on a Lie group G is
said to be bi-invariant if

[X,PY]=P[X,Y] foral X,Y €g, (12)
where g is the Lie algebra of G.

The condition (12) implies N(X,Y) = 0 for any X,Y € g, i.e. P is
a product structure (paracomplex structure because tr P = 0). Therefore
(G, P, g) is a Riemannian product manifold.

Let P, defined by (10), be a bi-invariant product structure. Then, by
(12) we obtain the following conditions for the commutators of the basic
vector fields:

[X1, X4] = —[X2, X3] = P[X1, X2] = P[X3, X4,

(X1, Xa] = [X2, 4] = 0, (13)
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and thus we can put the non-zero Lie brackets:
[Xl, XQ] = [Xg, X4] = aX1 + bX2 + CX3 + dX4,
[Xl,X4] = —[XQ,Xg] = CX1 + dX +aX + bX4,
where a, b, ¢, d are real parameters.

By direct computation we prove that the commutators (14) satisfy the
Jacobi identity. Therefore, the conditions (14) define a four-parametric fam-
ily of four-dimensional real Lie algebras g.

Let us recall that a Lie algebra g is said to be solvable if its derived
series

(14)

Dg=g, D'g=g.g],...,D’g = [D" g, D" g],...

vanishes for some p € N. Then, having in mind (14), it is easy to check that
D2g = {0} and thus the Lie algebras g are solvable.
We establish the validity of the following

Theorem 2.1. Let (G, P, g) be the four-dimensional Riemannian product
manifold constructed by (10), (11) and (12), and let g be the associated
Lie algebra of G introduced by (14). Then, (G, P, g) is a Riemannian P-
manifold, i.e. (G, P,g) € Wy.

Proof. Let V be the Levi-Civita connection of g. Then, the following well-
known condition is valid

+9(X,Y], Z2) + 9([2, X],Y) + 9([2, Y], X).
Applying (10), (11) and the fact that P is a bi-invariant product structure
to (15), we obtain

29 (Vx,P)X;, Xi) = g([Xi, PX;] — P[Xi, X;], X)
+g([XkaPXj] - [PkaXj]in) +g([Xk7PXi] - [PkaXi]an) =0

foralli,j,k =1,2,3,4,i.e. VP = 0 on g and therefore, by (5), the manifold
(G, P, g) belongs to the class Wy. O

(15)

Let us remark that the Killing form [3] of the considered Lie algebra g
B(X,Y) =tr(ad XadY), X,Y €g, (16)
has the following form
>4+d®> —ab—cd 2bd —ad—be
—ab—cd >+ —ad—be 2ac
2bd  —ad —bc b?+d?> —ab—cd
—ad —bc  2ac —ab—cd a®+ 2

B =2
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It is easy to prove, that det B = 0, i.e. the Killing form is degenerate. Thus,
the Killing form B can not be a Riemannian metric.
Next, by (11), (14) and (15) we find the components of the Levi-Civita
connection on the considered manifold as follows:
VXle = VX3X3 = —aXs — cXy, VX1X2 = VX3X4 =aX1 + cX3,
VX1X3 = ngXl = —cXy —aXy, VX1X4 = VXSXQ =cX1 4+ aXs3,
Vx, X1 =Vx,X5=-bXs—dXy, Vx,Xo=Vx,X4=0X1+dXs,
VX2X3 = VX4X1 = —dXs — bX4, VX2X4 = VX4X2 =dX; + bXs.
(17)
Let R be the curvature tensor of (G,P,g). From the condition
VP = 0 it follows that R(X,Y)PZ = PR(X,Y)Z and thus we have
R(X,Y,PZ PW) = R(X,Y,Z, W) for any X,Y,Z, W € g, ie. R is a
Kihler tensor. We denote its components by Rjjrs = R(X;, X;, Xi, Xs)
(4,5, k,s = 1,2,3,4). Then, by (17) we get the following non-zero compo-
nents of R:
Riso1 = Riaa1 = Rozso = Rawuz = Risaz = Riaoz = —(a® + 0> + 2 + d?),
Ri203 = Ri2a1 = Riaa3 = Rogza = —2 (ac + bd) .
(18)
By (6), (11) and (18), we obtain the non-zero components p;; =

p(X;, X;) of the Ricci tensor and the scalar curvatures 7 and 7 as follows:
P11 = P22 = P33 = P44 = —2(a2+b2+02—|—d2),
p13 = p2a = —4 (ac + bd) , (19)
T=-8(a®+b*+* +d?), T = —16 (ac+ bd) .
Let us consider the characteristic two-planes «;; spanned by the basic
vectors {X;, X;} at an arbitrary point of the manifold:
e totally real two-planes — ags, 14, (a3, 34;
e P-holomorphic two-planes — a3, aog.
Then, having in mind (7), (8) and (18), we obtain the corresponding
sectional curvatures:
V(Oqg) = Z/(O434) = V(Oé14) = Z/(Oégg) = — (CL2 + b2 + (32 + d2) s
U(enz) = v(aza) = v(aw) = va) = —2 (ac + bd), (20)
V(alg) = 1/(0@4) = ;(alg) = Ij(a24) = 0,
ie. (G, P,g) is of constant totally real sectional curvatures.
It has been proved [6] that a Riemannian P-manifold (M, P, g) (trt P = 0,
dim M = 2n > 4) is of constant totally real sectional curvatures v and v, ie.
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v(o;p) = v(p), (s p) = v(p) for any non-degenerate totally real two-plane
o in T, M, if and only if

R=v{m +m} +vms. (21)

Both functions v and v are constant if M is connected and dim M > 6.
Then, by the last statement and (20), we obtain

Theorem 2.2. The curvature tensor R of the Riemannian P-manifold
(G, P, g) has the form (21).

It is clear that the equations (20) and (21) immediately imply VR = 0,

i.e. the manifold (G, P, g) is locally symmetric. From (21) we get
1 - -

p:Z{Tg—FTg}, V= V:g. (22)

T
8 )
Theorem 2.2 and the equalities (19) and (22) imply the next

Corollary 2.1. The following conditions are equivalent for (G, P, g):
(i) R=g(m +m2), 7 <0;

(ii) 7 =0;

(iii) ¢ = Ab, d = —Xa, a,b,A #0;

(iv) c=Xd, b= —MXa, a,d,A#0;

(v) p= 79, i.e. the manifold is Einsteinian.

3. A Lie group as a four-dimensional Riemannian product
Ws-manifold

Let G be a real connected Lie group, and let g be its Lie algebra. If
{X1, X9, X3, X4} is a global basis of left invariant vector fields of G, we
define an almost product structure P and an invariant Riemannian met-
ric g on G by the conditions (10) and (11), respectively. Then, as in the
previous section, (G, P, g) is a Riemannian almost product manifold.

Definition 3.1 ([1]). An almost product structure P on a Lie group G is
said to be abelian if

[PX,PY]=—-[X,Y] foradlX,Y €g. (23)

From (23) we immediately derive that the Nijenhuis tensor vanishes on
g, i.e. P is a product structure. Thus, the manifold (G, P, g) is a Riemannian
product manifold.
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Now, let us consider the Lie algebra g of G. If P, given by (10), is an
abelian product structure we obtain

Proposition 3.1. Let (G, P, g) be a four-dimensional Riemannian product
manifold admitting an abelian product structure P defined by (10), (11) and
(23). Then, the Lie algebra g of G is given as follows:

(X1, Xs] = —[X5,X4], ie. Cf=-Ch,
(X1, X4] = [Xo, X3], ide CF, =C, (24)
(X1, X3] = CfBka (X2, X4] = C3, Xk,

where ij eR (i,5,k =1,2,3,4) must satisfy the Jacobi identity.

It is know that a Lie algebra g is said to be nilpotent if its descending
central series

Dg=g,D'g=g,g,...,Dg=[g, D" 'g],...

vanishes for some p € N A Lie algebra g is said to be two-step nilpotent, if
D%g = {0}. If a Lie algebra is nilpotent, then it is solvable.

Let us construct our example by putting Cf, = C5¥, =0, (k=1,...,4)
n (24). In this case, for the non-zero Lie brackets of g the Jacobi identity
(9) implies

[X27X4] - )\_Q[Xla X3] - _)\_1[X1) X4]

25
= A" [Xo, X3] = p(X1 4+ AXo + X3+ AXy), (25)

where A, € R. Thus, the conditions (25) define a family of four-
dimensional real Lie algebras g, which is characterized by two parameters.
By direct computation we establish that the Lie algebras (25) are two-step
nilpotent. In this case the Killing form B, defined by (16), is zero.

Now, let us study the above constructed four-dimensional manifold
(G, P, g), where the Lie algebra g of G is defined by (25) in the case A = 1.
Having in mind (11), (17) and (25) we obtain the following non-zero com-
ponents of the Levi-Civita connection of the manifold (G, P, g):

Vx, X1=-Vx,Xo=—uX3+puXy, Vx,X3=-Vx,Xy=pX1—puXo,
Vx, X3 =—-Vx,Xo=puXq +pXy, Vx,Xo=-Vx Xy=pX1+puXs,

ngXl = —VX2X4 = —uXo — puXs, VX4X1 = —VX2X3 = uXo + puXy.
(26)
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Next, taking into account (2) and (11) we get the non-zero components
-Fijk = F(Xi, Xj, Xk) of F:
Fi11 = —Fi33 = F311 = —F333 = Fhop = —Foyy = Fugg = —Fayq = 2y,
Fi14 = F314 = —F1923 = —F303 = Fho3 = Fyo3 = —Fh14 = —Fy14
= P19 = —F319 = Fi34 = F334 = —F312 = —Fy12 = Fhzy = Fy34 = pu,

a; =0, fori=1,2,3,4.
(27)
Let R be the curvature tensor of type (0,4) of (G, P, g). Having in mind
(26), we get the following non-zero components R; ;s of R:

Ri223 = Rigo4 = Riog1 = Rioa1 = 11,

Riz21 = Riz13 = Risia = Raosos = Rooa = Rawus = 2447,

Rigsz = Riza1 = Rissy = Rosus = 34, Risos = Rugos = 4p°,  (28)
Rissa = Riaas = Rossa = Rowus = pi°.

Then, according to (10) and (28) we obtain

Theorem 3.1. The curvature tensor R of the manifold (G, P,g) has the
form

R(X,Y,Z, W)= R(PX,PY,PZ PW), if XA=1. (29)
Proof. Because A = 1, the equations (28) imply (29). m|
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DIFFERENTIAL FORMS OF
MANY DOUBLE-COMPLEX VARIABLES
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In this paper we develop a calculus of exterior double complex diferential (1, 1)-
forms. The term double-complex variables is used in [1]. In fact the double-
complex algebra C(1, j) is algebraically isomorphic to the algebra of bi-complex
numbers B. (see for instance [2]). Our treatment is of elementary character, a
pure coordinate method over the algebra C™(1,j) of double complex n-vectors
(for further details see [3]). The operators 9, 8*, d and 99* are defined. We
study the solutions of the equation 00* f = 0, i.e. the double-complex plurihar-
monic functions, and respectively the solutions of the double-complex Laplace
equations A, f = 0, Agrf = 0, i.e. the double-complex harmonic functions
f and complex harmonic ones. Examples of double-complex harmonic surfaces
are given.

Keywords: Double-complex n-vectors; Double-complex (1, 1)-forms; Separate
holomorphicity; Double-complex pluriharmonic and n-harmonic functions;
Quadratic geometries; Double-complex harmonic surfaces.

1. Elements of the calculus of double-complex differential
1-forms of many double-complex variables

1.1. We recall differential 1-forms w = ¢(a)da + ¥ (a)da* on the double-
complex algebra C(1,j), a € C(1, j). These 1-forms generalizes the formula

for the differential of a double-complex function f(«) = fo(z,w)+j f1(z,w),

j? =1, i€ C, namely

df =0f/0ada+ 0f/0a*da™, (1)
where o* = z — jw (the conjugate of & = z + jw) and

Of Jda := 1/2(8f |9z — jidf |ow), Df /Oa* := 1/2(Df |dz+ jidf [ow), (2)

MS Classification: 30G35
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with
0f 0z := 0fo/0z+ jOf1/0z, Of/0w:=0dfo/0w+ jOf1/0w.
Replacing f by fo + jf1 we receive too
Of /0o =1/2(0f0/0z + 0 f1/0w) — ji/2(0fo/Ow + iD f1/0z), (2)
of/0a* =1/2(0fo/0z — Of1/0w) + ji/2(0fo/ 0w — i0f1/0%), (2")
da =dz + jdw, da* =dz— jdw.
The operator of exterior differentiation is defined as ordinary
dw = dp(a) A do+ dip(a) A do™. (3)
By definition da A da = da* A do* = 0, and da A da* = —da* A da.

1.2. Now, we take a double-complex valued function of n double-complex
variables

f(al,...,an):fo(a17...’an)—|—jf1(051,...,05n)’ (4)
where a := (al,...,a") € C"(1,5), f(a) = f(al,...,a") € C(1, 7).
In this case we have df = >, {0f/9arda* + 0f/0(a*)kd(a®)*}, or

df =) {0f/0arda*} + {0f/0(a*) d(a”)"}. (5)
k k

Setting Y, {0f/0akda*} =: 0f and Y, {0f/0(a*)*d(a*)*} =: 0* f we can
write shortly

df =0f + 0" f. (5)
A differential 1-form over C"(1, j) has the following coordinate representa-

tion

w=" prda® + Wpd(a®)", (6)
k k

where g = pi(al,...,a") = pp(a) and ¢y, = Pp(a’, ..., ") = Yi(a) are
double-complex valued functions of n double-complex variables. For the
differential of the 1-form w we calculate that

dw = (Db /da* — Dy, /O(a*)")da® A d(a)*. (7)
k

So, w is a close double-complex 1-form iff
O /Oa® — Do /O(aF)* =0 forall k=1,...,n. (8)

In the case w = dg(«a), @ € D, D being the domain of the function g, w is
an exact double-complex form on D.
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Proposition 1.1. Each exact double-complex 1-form w(a), o = (o), is a
close double complex 1-form.

Proof. If w(a) = dg(a) = > {0g/0a*da* + dg/0(a*)*d(a*)*} evidently
0/9(a*)(99/0(a*)") — 8/0(a*)*(89/8(a")) = 0.

According to (8) the double-complex 1-form w(a) is closed. O

Example 1.1. Taking ¢, (a) = o and 9y (a) = (a*)* we obtain the form
w = 1/2d(>,.[(®)? + ((a*)*)?]) = d(3_,[(z%)? +i(wk)?]), which is an exact
double-complex form on C(1,j) and, of course, it is a closed one.

In the case

w= Z or(a)da®, (9)

k

with coefficients ¢ () which are double-complex holomorphic functions
with respect to each double-complex variable o on a common open domain
D,k =1,...,nwesay that w is a holomorphic double-complex 1-form on D.
When df =Y 0f/0a*da* on an open domain D, we say that f = f(a)is a
separately holomorphic double-complex function. This means that 9* f = 0,
or

of0(a*)* =0, k=1,...,n,
and, respectively, the Cauchy-Riemann equations

0fo)dz — Of1/0w =0, 8fo/dw —idf1/dz = 0. (9')

2. The equation 99*f =0

According to the above introduced notations we have
00" f = _0/dak (Z af/a(al)*d(al)*>dak,
k 1

where of = 2F + jw”, (o!)* = 2! — jw!.
It is easy to see that 00* f +9*0f = 0. We see that the (1, 1)-form 99* f

is expressed in terms of double-complex partial derivatives as follows

00°f =Y 9f/oaka(a) da Ad(a)", (10)
k l
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or using the matrices [|0%f/9ad(a!)* ||k we can write
d(al)*

D0 f = (dat, ..., da™)||0%f /0ad(al)* ||k ; : (10"
Proposition 2.1. The (1,1)-form 00* f can be represented by partial com-
plex derivatives of the type 0/0zF, 8/0w*, 92 /0zF0w' etc.

00" f =1/4> > {Aufo+ 0*f1/0: 0wk — 9* f1 /0" ow!

+ (A fr — (0% fo/0zF0w! — 9 fo /02 0w Ydak A d(al)*, (11)
with do® A d(a!)* = dzF A d2! — idwF A dw! — §(d2! A dwF + dzF A dut),
where Aklf() = 62fo/6z’“6zl + i82f0/6w’“8wl, Aklfl = 82f1/8zk8zl +

i0%f1 /0wFow!, fq is the even part, and f is the odd part of the double-
complez function f.

Proof. It is enough to calculate 0%f/0a*d(al)* = 1/20/0a*(0f /02" +
§idf /Ow'), (using (2)). One obtain the formula

D% f/0a*d(at)* = 1/4(8%f /92702 + id* f Jow* Ou'

— ji(9%f |0 ot — 92 f J92 ow”). (12)
It remains to use (2), (2) and (2”). The expresion for da* A d(at)* is
obtained directly. O

In the case | = k we receive

00" flir = 1/4 07 f/0a*0(a*)*da® A d(a)*, (13)
k
00" flik = 1/4> {Dkrfo + j(Awrfr}do® Ad(a)*, (13"
k

where
Apgfo = 8% fo/ (02°)2+i0” fo/D(w*)?, Awrfr = 0° f1/(92")*+i0” fo /O(w")?.
For a function of two complex variables h(z,w) the operator

h(z,w) — 82h/(02%)? +i0*h/d(w")?

is called a double-complex Laplace operator. The above received operator
fo — Agkfo and fi — Agrfi is double-complex Laplace operator with
respect to the double-complex variable of = z* + jw*.



Differential forms of many double-complex variables 303

Setting A, := Y Ay, we present (13') as follows
00" f = 1/4(Anfo + jAnf1)da" A d(a®)*. (13"

The solutions of the equation d0*f = 0 on an open domain D are called
double-complex pluriharmonic functions on D. The solutions f = fo + jf1
of the equation

Anfo+ijAnfi =0, (14)
or equivalently of the system
Anfo=0, A,f1 =0, (14%)

are called double-complex n-harmonic functions. The even part and the
odd part are called n-harmonic functions of many complex variables and
the corresponding surfaces are complex harmonic surfaces.

Corollary 2.1. The even part and the odd part of a double-complex holo-
morphic function are plruiharmonic functions. Clearly, each double-complex
pluriharmonic function is a double-complex n-harmonic one. The class of
double-complex n-harmonic function is larger.

An example of a double-complex separately holomorphic function F(«)
is given below in double-complex coordinates (a*) and respectivelly in com-
plex coordinates

Za Zzz—i—lww +]sz+wz
k,l

The even part Zk’l(zkzl +iwFw') and the odd part Y, (w*2! + w'z¥) give
examples of double-complex pluriharmonic functions.

Having a given double-complex pluriharmonic function h(z,w) we can
construct the corresponding double-complex holomorphic one by integrat-
ing a system of two equations. Indeed, for one double-complex variable or,
equivalently, for two complex variables, let f(a) = h(z,w)+j f1(z,w) be the
mentioned corresponding double-complex holomorphic function. According
to Cauchy-Riemann system we have

Of1/0w =0h/0z, 0Of1/0z= —i0h/Oow. (15)
Now we take the differential of f;
dfy = 0f1/0zdz + 0 f1/0wdw = —i0h/Owdz + Oh/0zdw, (16)

and integrate it. For many double-complex variables we follow the same
way.
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3. Quadratic geometry on C™(1,j)

A scalar product over the algebra C™(1,7) is defined first for the units 1
and j, considered as double-complex numbers: 1 =1+ j0, 1 € R, and the
hyper-complex number j joint to C x C ( j =0+ j1, j ¢ C). We have in
mind

(Ly=1, (1,5)=(,1)=0, {(j,5)=14, i€C. (17)
Let a, 0 be a pair of double-complex numbers. By definition

(. 8) =) (a". ), kil=1,.. n (18)

k,l

s

According to (17)
(aF, BY = 2F2! +iwFut. (19)
and, we receive that (a, 3) is a complex number, namely
(o, B) =) ("2 +iwkuh). (20)

Especially, the equation of the isotropic cone for this scalar product seems
as follows

(o 0) =) ((2F)? +i(w*)?) =0. (21)

k
The complex quadratic form in the left side in the above written equation
just determines the mentiond quadratic geometry [4] over C™(1, 7).

Proposition 3.1. We have that

A (UG i) o,

k
i.e. the surface defined by the quadratic form of isotropic cone (o, ) = 0 is
a complex harmonic surface.

Proof. In wiev of A,, := > Ay we obtain
S A, (Z((zk)2 + i(wk)Q)) =3 A ((29) +i(wh)?).
Evidently
Ape((2%)? +i(w®)?) =2+ i(2i) = 0. O

Remark 3.1. In an other quadratic geometry on C™(1, j), namely this one
defined by the following scalar values for the units 1 and j

<1a1>:17 <1a.j>:<.j71>207 <]a]>:15 1eR,
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the scalar product is (a, ) = > (2%2! + wFw'), and the isotropic cone
is defined by the equation (a, ) = > ((z%)? + (w*)?) = 0. Our remark
says that the quadratic form w = Y~ ((2%)? + (w*)?) does not satisfies the
equation (14).

Remark 3.2. If we consider a complex algebra in which the Cauchy-
Riemann equation are du(z,w)/0z = 0v(z,w)/0w, Ju(z,w)/dv =
—0v(z,w)/0z (i.e. they are the same as the known ones du(z,y)/0x =
ov(x,y)/0y, du(x,y)/0y = —0v(x,y)/Ox obtained by replacing the real
variables z, y by the complex ones, we see that quadratic form (2*)% 4 (w*)?
does not satisfies the corresponding Laplace equation, which is 9%u/0(22)%+
0%u/0(w?)? = 0.

This means that the surface of the isotropic cone is not a harmonic
surface in the quadratic geometry defined in Remark 3.1.

4. Complex-hermitian double-complex quadratic forms

We shall consider complex-Hermitian quadratic canonical forms [3]
Q=Q(a,a) Z)\ka (aF)* 22/\k(zl+jwl)(zk—jwk).
It is easy to calculate the even part Qo(«, «), and the odd part Q1 («, @)

Z)\k 2 _iwh?), Qi(a,a)=0.

Clearly, the considered form @ is not double-complex holomorphic form.
Setting Qor = M\.((2%)? — i(w¥)?) and Q1% = 0, we can write

Qo(a ZQ% and  Q1(a, ) = ZQlk—O

We set also A, = 02U/(02%)? — i0*U/o(wk)?, Af = 02U/ (92%)?
i02U/0(w*)?, (In fact, we have A = Ayy), and

=) AL AT=D AL (22)
k k

Proposition 4.1. The complex valued functions Qo(c, ) and Q1 (o, ) =
0 satisfy the following equations

A~ (U)=0, andalso AT(U)=0 if Z)\k—O
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Proof. It is easy to see that A;(Qm@) = 4), and A, (Qor) = 0. This
implies

(Qo) =4 Z Ak, A—(Qo) = 0.
It remains to take in view the definitions of A~ and A™, (22). O

We shall consider the products AfA,(U) = (0°U/(0z%)%)% +
(Q2U/o(w*)*)2, k=1,...,n, and

=[[ara; ) =[{©@°U/(0:5)*) + (9*U/aw™)*)*}.  (23)
k k

By HP(p,q) is denoted the space of the homogeneous polynomi-
als of the double-complex variables al,a?,...,a"
(ab)*, (@?)*, ..., (a™)*, of total degree p for ¥, and respectively, of total
degree ¢ for (a*)*. Clearly, HP(1,0) coincides with the space of double-

complex linear forms of n complex variables, and HP(p,0) is the space of

and its conjugates

double-complex homogeneous polynomials of degree p. Analogically, H(0, q)
can be considered as the space of double-complex anti-holomorphic poly-
nomials.

Example: A\jal(al)* + Xoa?(a?)* + -+ + A\, (a™)* is an element of
HP(1,1), \; € C. The space HP(1,1) is just the space of complex-
Hermitian quadratic forms.

We shall present here some observations about the spaces HP(2,1),
HP(1,2) and HP(2,2). Let P = 3 \(a¥)?(a*)* be an element of
HP(2,1), P = Py + jP1. In complex coordinates we have the following
two complex ternary forms

Py = Z Me((2%)2 —izF(w*)?) and P, = Z e ((29)2wF — i(w*)?).

It is easy to see that P is not a double-complex holomorphic polynomial. We
have AT (Py) = 83 A2k, AT (P) = 83 \pwh and A= (Py) = 45 \p2F,
A= (P) = 43 \pw”. So, the restriction of the polynomial Py on the com-
plex hyperplane Z = Y~ A\x2* = 0, defines a double-complex harmonic sur-
face as AT (P]Z) = 0 and A~ (Py|Z) = 0. It coincides with the intersection
of the complex hyperplane Z with the quadratic complex surface S, defined
by the equation Y A\r(2%)2 = 0. For the polynomial Py, restricted on the
hyperplane W = >~ A\yw” = 0 the situation is similar.

Analogous statements hold for the polynomials of HP(1,2).

In the space HP(2,2) we have P = Y \.(aF)?((*)*)? in double-
complex coordinates, and in complex coordinates: Py = > Ap((2F)? —
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i(w®)?)2, P, = 0. The polynomial P is not a double-complex holomorphic
polynomial. Calculating we receive

AT(P) = (3+14) > Ml((z")? = (w")?) and
A™(Py) = (3+1) > Ml(2F)” + (w")?),
2

concluding that A*(Py) annihilates on the complex surface > Ap((2%)? —
(w*)?) = 0, but A~(Py) does not annihilate on the same complex surface,
as of course we suppose that Py # 0. This means that the restriction of the
polynomial Py (of complex degree 4) on the considered complex surface (of
degree 2) defines a double-complex harmonic surface.

Analogous statement can be formulated for A~(FP) and the complex
surface Y \p((2F)? + (wF)?) = 0. As a corollary we obtain that the
equation defined by the operator A (see (23)), annihilates on the surface

2 Ak((z)* = (wh)*) = 0.
Proposition 4.2. All element of H(2,2) satisfy the equation

AW) =[] a¢ar W) = [TH@*0/(0:5))? + (9*U/0(w")?)*} = 0,
k k

on the surface \p((2%)* — (w*)*) = 0.
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‘We study isometric immersions which preserve the “order 2” property or cur-
vature logarithmic derivatives of smooth curves without inflection points. We
give a report on characterization of totally umbilic immersions and isotropic
immersions from this point of view.

1. Introduction

Let f: M — M be an isometric immersion between Riemannian manifolds.
For a smooth curve v on M, we call the curve f oy on M the eztrinsic
shape of v through f. It is an interesting problem to study how proper-
ties of isometric immersions are reflected on properties of extrinsic shapes
of curves and how properties of curves characterize isometric immersions.
In this paper we study immersions which preserve “order 2” property of
curves and immersions which preserve logarithmic derivatives of curvature
for some curves. There are many results on characterizing some immersions
by properties of extrinsic shapes of “nice” curves (for example see [2, 4]
and papers in their references). In our results we do not stick on “nice
curves” but we consider what kind of properties of curves are preserved by
immersions. In the first half, sections 2, 3, 4, we study immersions by “or-
der 2”7 properties of curves, and in the second half, sections 5, 6, we study
immersions by logarithmic derivatives of curvatures.

2. Totally umbilic immersions and order 2 property

For a smooth curve v : I — M parameterized by its arclength, we define
a positive function k, by ky = ||V+9| and call it the (first) curvature
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function of . We say this curve v does not have inflection points if k., does
not vanish along . For such a curve vy, we define a unit vector field Y, along
~ which is orthogonal to 4 by Y, = (1/k+)V+7. We then find it satisfies

Vi = kRyYy, VY, =—ryg + 2,

with some vector field Z, along v which is orthogonal to both 7 and Y.
We say a smooth curve v without inflection points is of proper order 2 at
v(to) if Z, vanishes at this point. When k., is a positive constant function
and Z, = 0, this curve is called a circle of positive curvature. We say a
geodesic to be a circle of null curvature.

We here give a relationship between curvatures of curves and their ex-
trinsic shapes. Let f: M — M be an isometric immersion. We denote by
V and V the Riemannian connections of M and M , respectively. Their
relations are given as Gauss and Weingarten formulae

VxY =VxY +0(X,Y), Vx&=—AcX + Vié,

for vector fields X, Y on M tangent to M and a vector field £ on M normal
to M. Here, o is the second fundamental form, A is the shape operator,
and V¢ denotes the normal component of v x&. We define the covariant
differentiation V of the second fundamental form ¢ with respect to the
connection of TM @& TM~* by

(Vxo)(Y,Z2) = Vx(o(Y,Z)) = o(VxY,Z) - 0(X,Vx Z).

For a smooth curve v on M we denote by k- the curvature function of the
extrinsic shape 7 = f oy of 4. By use of Gauss and Weingarten formulae,
we can obtain the following by direct calculation (see [5]).

Lemma 2.1. Curvature functions of a smooth curve v on M and its ex-
trinsic shape f o~y satisfy E% = IQ?Y + lo(5,%)||?. Hence f o~ does not have
inflection points if v dose not have inflection points.

Lemma 2.2. If we decompose Zfoy along f oy into tangential and normal
components as ZT + Zj-, we have the following:
Kiykin Yy — R34 + B2 ZT = Ry (foy Yy — K24+ 86y 2y — Ag(y.5)7), (2.1)
0(3.9) = Ry {30,030, Y,) + (V30)(7,9) — 2L}, (2.2)
We denote by h the mean curvature vector for an isometric immersion
f which is defined as

1 n
M > — ir€i) €Ev(M),
x»—>n1;a(e e;) € v(M)
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where {e;} is an orthonormal basis of tangent space T,,M and v(M) is the
normal bundle of M. We say M is umbilic at a point x if o(u,v) = (u,v)h
holds for orthonormal basis u,v € T,M at x € M. We call M totally
umbilic when all points are umbilic. A Riemannian submanifold is called
an extrinsic sphere if it is totally umbilic and has parallel mean curvature
vector. We here recall a characterization of extrinsic spheres due to Nomizu
and Yano [4], which is a foundation of our study.

Nomizu-Yano’s Theorem. A Riemannian submanifold M is an extrinsic
sphere in M if and only if all circles on M are circles on M.

For a standard sphere 52 in a Euclidean space R?, geodesics and circles
on S? can be seen as circles in R3. Nomizu-Yano’s Theorem shows such a
property holds for general extrinsic spheres. We generalize their result in
the following manner. For a smooth curve vy without inflection points, we
denote by £, the logarithmic derivative of ., that is £, = K’ /k~.

Theorem 2.1. An isometric immersion [ : M — M is umbilic at a point
x € M if for each orthonormal pair (u,v) of tangent vectors of M at x
there exist two curves 1,72 : (—€,€) — M parameterized by their arclength
which satisfy the following four conditions:

i) 7, 2 do not have inflection points,

) ( ) =, 71(0) =u, v'yf)/i = ( 1)i71l€71 (0)’[},
iii) their e:vtrmszc shapes f oy and f o~y are of proper order 2 at f(x),
) £

71(0) = £, (0).

iv

Outline of proof of Theorem 2.1. Under the condition of Theorem 2.1,
we have

{:: Eg; + /5;1(2;) <U(’U/,U),U(u,v)>}a(u7u)

= (—1)1'_13/@,1 (0)o(u,v) + (Vyo)(u,u), (i=1,2)

by Lemma 2.1. We hence obtain o(u,v) = 0 for every orthonormal pair
(u,v) of tangent vectors of M at x, and get the conclusion. O

(2.3)

Our condition that an immersion preserves the order 2 property of
curves tells not only umbilic property on this immersion but more on the
mean curvature vector. We call a point geodesic if the second fundamental
form vanishes at this point. We set H = ||h|| and call the mean curvature
of an immersion f. We say f has parallel normalized mean curvature vector
if either it is minimal (H = 0) or it satisfies H # 0 and V(h/H) = 0. As a
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consequence of Theorem 2.1 we can characterize totally umbilic immersions
with parallel normalized mean curvature vector by the property that they
preserve the order 2 property of curves.

Theorem 2.2. For an isometric immersion f : M — M the following
conditions are mutually equivalent:

1) f is totally umbilic and Y/H is parallel on outside of the set My of
geodesic points of f;

2) For every orthonormal pair (u,v) of tangent vectors of M at an arbi-
trary point x € M, there exist two curves 1,72 : (—€,€) — M parame-
terized by their arclength which do not have inflection points and satisfy
the four conditions mentioned in Theorem 2.1.

We here make mention on how the conditions in Theorem 2.1 is related
to the geodesic property of an immersion f. For a unit tangent vector
u € U,M, we denote by F(u) the family of all smooth curves which are
parameterized by their arclength, do not have inflection points, and satisfy
the following conditions;

i) their initial vectors are u,
ii) their extrinsic shapes are of proper order 2 at f(x).

We put A(u) := {£,(0) | 7y € F(u)}(C R). Under the conditions in
Theorem 2.1 we see f is umbilic at . Hence we may suppose f is umbilic
at  when we consider those conditions.

Theorem 2.3. Let f : M — M is an immersion which is umbilic at a
point x € M. Then f is geodesic at x if and only if the set A(u) contains
at least two distinct numbers for some (hence all) u € Uy M.

By this theorem we see under the second condition in Theorem 2.2 the
set A(u) consists of a single value for every unit tangent vector u at a
point in the outside M \ My of the set of geodesic points. If we denote as
A(u) := {a(u)} and define a 1-form w on M \ My by w(v) = a(v/||v|])|v]],
we find it is closed. We take a function ¢ with w = dy. When f is an
embedding and My = (), by changing metrices conformally as e?¢{ , ) we
find M is an extrinsic sphere in M with respect to these new metrices.

3. Kahler isometric immersions and order 2 property

In this section we study totally geodesic Kahler immersions by the order 2
property on curves. We shall say a smooth curve v on a Kéhler manifold
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(M, J) is Kdhler at a point © = ~(0) if it is of proper order 2 at x and
either Y, (0) = J%(0) or Y,(0) = —J%(0) holds. That is, y satisfies

Vi4(0) = £4,(0)74(0), VY5 (0) = Fr, (0)3(0),

where double signs take the opposite signatures. For a Kahler immersions
between Kéhler manifolds we have o(u, Jv) = Jo(u,v) for an arbitrary pair
(u,v) of tangent vectors. By use of (2.3) we can conclude the following:

Theorem 3.1. A Kdhler isometric immersion f : (M,J) — (M, J) be-
tween Kahler manifolds is geodesic at a point x € M if for an arbitrary
unit tangent vector u € U, M there exist two curves v1,7v2 : (—¢,€) — M
parameterized by their arclength which satisfy the following conditions:

i) 71, 72 do not have inflection points,
it) 7i(0) =z, 7i(0) = u, Y5,(0) = (-=1)""" Ju,
iii) extrinsic shapes fo~y1, f o~ are of proper order 2, hence are Kdihler,

at f(z).

Corollary 3.1. A Kdhler isometric immersion f : (M,J) — (M, J) be-
tween Kdhler manifolds is totally geodesic if and only if the necessary con-
dition in Theorem 3.1 holds at every point x € M.

This gives a generalization of Maeda and Tanabe’s characterization of
totally geodesic immersions by Kéahler Frenet curves (see [3] for detail).

4. Immersions of rank one symmetric spaces into real space
forms

In this section we study isometric immersions of Kéhler and quaternionic
Kahler manifolds into real space forms by the order 2 property of curves.
We denote by M™(c¢;R) a real space form of constant sectional curvature
¢, which is a standard sphere S™(c), a Euclidean space R™ and a real
hyperbolic space RH™(c) according to ¢ is positive, zero and negative. An
isometric immersion f : M — M is said to be isotropic at x € M if the
norm of the second fundamental form ||o(u,u)|| does not depend on the
choice of unit tangent vector u € U, M. When f is isotropic everywhere on
M we just call it isotropic. For an isotropic immersion f we denote by A
the function of M showing the norm ||o(u,u)|| at each point of z and call it
the function of isotropy. When this function is constant, we call f constant
isotropic. Clearly, if f is umbilic at a point it is isotropic at this point, but
not vice versa when dim(]\Aj) > dim(M) + 2.
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Theorem 4.1. Let f be an isometric immersion of a connected Kdihler
manifold M of complex dimension n into a real space form M?>*"TP(&R).
Suppose for every unit tangent vector w € U, M at an arbitrary point x € M
there exist two smooth curves v1,72 : (—€,€) — M which are parameterized
by their arclength, do not have inflection points and satisfy the following
four conditions:

1) v1, 2 are of proper order 2 at x,
ii) 7i(0) = 2, 4i(0) = u, Y3,(0) = (=1)"" ' Ju,
iii) extrinsic shapes f o1, fova are of proper order 2 at f(x),
iV) é'Yl (0) = 672 (O)
Then f is parallel and constant isotropic, and is locally equivalent to one
of the following;
1) a totally geodesic f: C* — R*HP,
2) a totally umbilic f : C* — RH?"*P(¢),
3) an immersion which is given as a composition fao f1 of the first standard
minimal immersion

fi : CP™(c) — S+ ((n 4 1)¢/(2n))
and a totally umbilic
fo 2 ST (04 1)e/ (2n) — M (ER),
where ¢ > 2né/(n+ 1).

If we give more information on curvature logarithmic derivatives, we
can characterize totally geodesic immersions of complex Euclidean spaces.

Theorem 4.2. An isometric immersion f : M — M?"*P(&R) of a Kdihler
manifold s equivalent to a totally geodesic C* — R*™P if and only if for
every unit tangent vector uw € UM has two smooth curves v1, o satisfying
the conditions in Theorem 4.1 and £.,(0) # 0.

These theorems can be extend to quaternionic K&hler manifolds. A
quaternionic Kéahler structure J on a Riemannian manifold M of real di-
mension 4n is a rank 3 vector subbundle of the bundle of endomorphisms
of the tangent bundle T'M with the following properties:

i) For each point « € M there is an open neighborhood G of z in M and
sections Ji, Ja, J3 of the restriction J | such that
(a) each J; is an almost Hermitian structure on G , that is, J? = —id
and (J; X,Y) + (X, J;Y) = 0 for all vector fields X and Y on G,
where (, ) is the Riemannian metric of M;
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(b) JiJiJrl = Ji+2 = —J1‘+1Ji (Z mod 3) for i = 1, 2, 3;

ii) The condition that Vx.J is a section of J holds for each vector field X
on M and section J of the bundle J, where V denotes the Riemannian
connection of M.

We call a Riemannian manifold of real dimension 4n equipped with quater-
nionic Kéhler structure a quaternionic Kéahler manifold.

Theorem 4.3. Let f be an isometric immersion of a connected quater-
nionic Kahler manifold (M, J) of quaternionic dimension n (> 2) into a
real space form M*"*P(&R). Suppose for every tangent vector u € U, M at
an arbitrary point & € M there exist linearly independent JV J2) JG) ¢
Je with || JD|| =1 (i = 1,2,3) and smooth curves v; : (—e,¢) — M
(1 < j <6) which are parameterized by their arclength, do not have inflec-
tion points, and satisfy the following five conditions:

i) v; is of proper order 2 at x for 1 < j <6,

ii) v;(0) =2 and 4;(0) =u for 1 < j <6,

iii) Y5,(0) = JWDu and Y;,,,(0) = —JDu for 1 <i < 3,

iv) the extrinsic shape f o-y; is of proper order 2 at f(x) for 1 < j <6,
v) £y,(0) = £y,,,(0) for 1 <i<3.

We then find f is a parallel and constant isotropic immersion and is locally

equivalent to one of the following;

1) a totally geodesic f : H™ — R*"*P of a quaternionic Euclidean space,

2) a totally umbilic f : H" — RH*P(¢),

3) an immersion which is given as a composition foo f1 of the first standard
minimal tmmersion

fi i HP™ () = 8§24 (0 + 1)c/(2n))
and a totally umbilic immersion
f2 . 52n2+3n71((n+ 1)0/(2n)) N M4n+p(5; R),

where ¢ > 2né/(n+1).
Theorem 4.4. An isometric immersion f : (M,J) — M*"*P(&R) of a
connected quaternionic Kahler manifold is equivalent to a totally geodesic
H" — RA™*P if and only if for every tangent vector uw € TM there exist
linearly independent JV, J2) JG) € 7, with || JD|| =1 (i = 1,2,3) and siz

smooth curves v; (1 < j < 6) satisfying the same conditions in Theorem 4.3
and £, (0) # 0 for some jy.
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It should be noted that every quaternionic isometric immersion, an
immersion of a quaternionic K&hler manifold into a quaternionic Kéahler
manifold which preserve quaternionic Kéhler structure, is totally geodesic
because J1Jy = J3.

We can also characterize similar isometric immersions of subsets of a
Cayley projective plane into a real space form by use of order 2 property
of curves. We denote by QOP?(c) a Cayley projective plane of maximal
sectional curvature c. Being different from the cases of Kahler manifolds and
quaternionic Kihler manifolds, we restrict ourselves on subsets of QP?(c).
Therefore we can reduce the number of test curves in the following manner.

Theorem 4.5. Let f be an isometric immersion of an open subset M of
OP?(c) into a real space form M16+p(6). Suppose for every tangent vector
u € Uy M at an arbitrary point © € M there exist normal tangent vector v €
U.M and mutually exclusive smooth curves v; : (e,—€) — M (i = 1,2,3)
which are parameterized by their arclength do not have inflection points,
and satisfy the following four conditions:

i) 1(0) =z, 7:(0) = £u and it does not hold 41(0) = 42(0) = 43(0),

ii) V4,4:(0) is parallel to v, i =1,2,3,

iii) the extrinsic shape f o-y; is of proper order 2 at f(z),

iv) £1(0) = £2(0) = £5(0).
Then the immersion f is locally congruent to a parallel immersion fy o f1
which is a composition of the first standard minimal immersion

f1:0OP%(c) — S*°(3¢/4)
and a totally umbilic immersion
fo: S%5(3¢/4) — M'O+P(7),

where 3¢/4 > ¢.

5. Isotropic immersions and curvature logarithmic
derivatives

In our study for immersions which preserve the order 2 property of curves,
curvature logarithmic derivatives of curves play quite important role. In this
section we shall concentrate our mind on this quantity and study isotropic
immersions. Let f : M — M be an isometric immersion. For a smooth
curve without inflection points we denote by £, the curvature logarithmic
derivative of the extrinsic shape ¥ = f o . By Lemma 2.1 we see the
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following relationship between curvature logarithmic derivatives of curves
and their extrinsic shapes.

Lemma 5.1. For a smooth curve v which is parameterized by its arclength
and does not have inflection points, we have

"igy(gv —Ly) + 27”0(%"7)”2 = %?V(Z’Y —Ly) + 67”0(%7)”2
= 20, (0(%,9), (%, Y5)) + ((V50) (3, %), 0 (3, %))

For an orthonormal pair (u,v) of tangent vectors of M, we denote by
G(u,v) afamily of smooth curves defined by the following condition: A curve
v : (—€,€) — M parameterized by its arclength is an element of G(u,v) if
it does not have inflection points and satisfies the following conditions;

i) 4(0) = u and Y,(0) = v,
ii) the curvature logarithmic derivative at  is preserved by f, (i.e. £,(0) =
(0)).

We consider curvature logarithmic derivatives of such curves. We put

B(’U,,U) = {é'y(o) | Y € g(u,v) }a
B(u) := U { B(u,v) | v is a unit vector orthogonal to u }.

(5.1)

We can characterize isotropic immersions by the property that some cur-
vature logarithmic derivatives are preserved.

Theorem 5.1. An isometric immersion f : M — M is 1sotropic at a
point © € M if and only if B(u,v) N B(u,—v) # ¢ for every orthonormal
pair (u,v) € T, M x T, M of tangent vectors.

Theorem 5.2. An isometric immersion f : M — M s geodesic at a point
x € M if and only if the following two conditions hold:

i) B(u,v)NB(u, —v) # ¢ for every orthonormal pair (u,v) € Uy M xU, M,
i) B(u) contains at least two distinct numbers for every w € Uy M.

If we restrict ourselves on Kéhler immersions between Kéahler manifolds,
we can weaken the conditions. We put

Be(u) == { £,(0) | v € G(u, Ju) UG(u, —Ju) }.

Theorem 5.3. A Kdhler isometric immersion f : M — M is geodesic at x
if and only if the set B.(u) contains at least two distinct numbers for every
unit tangent vector u € U, M.
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6. Veronese embeddings

As an application of Theorem 5.1, we can characterize Veronese embed-
dings. We define a Kéhler full isometric immersion f; : CP™(¢/k) —
CPN (&) of a complex projective space of constant holomorphic sectional
curvature ¢/k into a complex projective space of holomorphic sectional
curvature ¢ by

ilo<i 11 (kol - kD) 2ko . k} ,
MOQS"H[ / (ko R P

where N = N(n,k) := (n+ k)!/(n!k!) — 1 and [*] denotes homogeneous
coordinates. We call this the k-th Veronese embedding. It is well-known
that it is constant isotropic with isotropy constant Ay = é(k — 1)/(2k).
We denote by M™(¢; C) a complex space form of constant holomorphic sec-
tional curvature ¢, which is a complex projective space CP™(¢), a complex
Euclidean space C™ and a complex hyperbolic space CH™(¢) according to
¢ is positive, zero and negative.

Theorem 6.1. Let f : M — MY (¢ C) be a non-totally geodesic Kdihler
isometric full immersion of a Kdahler manifold M of compler dimension
n > 2. Then the following conditions are equivalent:

1) There is a positive integer k satisfying that N = N(n, k), the ambient
space M™N (& C) is CPN (&), the submanifold M is locally congruent to
CP™(é/k) and f is locally equivalent to the k-th Veronese embedding fy ;

2) For every orthonormal pair (u,v) of tangent vectors of M, we have

B(u,v) N B(u, —v) # 0.

Since every holomorphic curve on M (¢; C) is isotropic, the same result
does not hold when n = 1. But we can say the following (c.f. [2]):

Proposition 6.1. Let f : M — CPN(¢) be a full isometric immersed
holomorphic curve. The set B(u, Ju) N B(u, —Ju) contains zero for every
u € UM if and only if there is a positive integer k satisfying that N =
N(1,k), the submanifold M is locally congruent to CP*(¢/k) and f is locally
equivalent to fi.

We should note that in these results in this section we only need the
ambient space only to be of constant holomorphic sectional curvature.
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An example of a four-dimensional conformal Kéahler manifold with Norden
metric is constructed on a Lie group. The form of the curvature tensor is
obtained and the isotropic-K&hler properties of the manifold are studied.

Introduction

Almost complex manifolds with Norden metric are originally introduced
in [7] as generalized B-manifolds. These manifolds are classified into eight
classes in [3], and equivalent characteristic conditions for each of the classes
are obtained in [4]. Examples of the basic classes of the integrable almost
complex manifolds with Norden metric are given in [1]. An example of the
only basic class of the considered manifolds with a non-integrable almost
complex structure is introduced in [6].

In this paper we present an example of a four-dimensional conformal
Kahler manifold with Norden metric which is obtained by constructing a
four-parametric family of Lie algebras. We obtain the form of the curva-
ture tensor and we study the conditions the given manifold to be isotropic
Kahlerian.

1. Almost complex manifolds with Norden metric

Let (M, J,g) be a 2n-dimensional almost complex manifold with Norden
metric, i.e. J is an almost complex structure and ¢ is a metric on M such
that

JX =-X,  g(JX,JY)=—g(X,Y) (1)
for all differentiable vector fields X, Y on M, ie. X,Y € X(M).
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The associated metric g of g, given by g(X,Y") = ¢g(X, JY), is a Norden
metric, too. Both metrics are necessarily neutral, i.e. of signature (n,n).

Further, X, Y, Z, W (x,y, z, w, respectively) will stand for arbitrary dif-
ferentiable vector fields on M (vectors in T, M, p € M, respectively).

If V is the Levi-Civita connection of the metric g, the tensor field F'
of type (0,3) on M is defined by F(X,Y,Z) = g((VxJ)Y,Z) and has the
following symmetries

F(X,Y,Z)=F(X,2,Y)=F(X,JY,]Z). (2)

Let {e;} (i = 1,2,...,2n) be an arbitrary basis of T, M at a point p
of M. The components of the inverse matrix of g are denoted by g%/ with
respect to the basis {e;}. The Lie forms 6 and 0* associated with F', and
the Lie vector €2, corresponding to 6, are defined by, respectively

0(z) = g F(e;, ej, 2), 0* =0o0J, 0(z) = g(z,Q). (3)

The Nijenhuis tensor field N is given as N(X,Y) = [JX,JY]—[X,Y] -
J[JX,Y] — J[X,JY]. It is known that the almost complex structure J is
complex, if and only if N =0 ([8]).

A classification of the almost complex manifolds with Norden metric is
introduced in [3], where eight classes of these manifolds are characterized

according to the properties of F. The three basic classes and the class
W1 @ Wy of the complex manifolds with Norden metric are given by:

1
L F(X,Y,Z) = —
Wi P(X,Y, Z) 2n
+9(X,IYV)0(JZ) + (X, Z)0(JY)];
Wy : F(X,Y,JZ)+ F(Y,Z,JX)+F(Z,X,JY)=0, §=0; (4
Wi F(X,)Y,Z)+F(Y,Z,X)+ F(Z,X,Y) =0;

W1 @Ws : F(X,Y,JZ)+ F(Y,Z,JX) + F(Z,X,JY) = 0.

[9(X,Y)0(Z) + 9(X, Z)0(Y)

The class Wy of the Kéhler manifolds with Norden metric is given by F' = 0.
Let R be the curvature tensor of V, ie. R(X,Y)Z = VxVyZ —
VyVxZ — V[X)y]Z and R(X, Y, Z, W) =g (R(X, Y)Z, W)

The Ricci tensor p and the scalar curvatures 7 and 7 of R are given by:
p(y.2) = g9 R(eiy. z,¢5), T =g"pleie;), T=g"plei, Jej).  (5)
It is well known that the Weyl tensor W on a 2n-dimensional pseudo-

Riemannian manifold (2n > 4) is determined by

1

W= {h) - grm ) ©
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where
Pi(p)(X,Y, Z,W) = g(Y, Z)p(X, W) = g(X, Z)p(Y, W)
+g(Xa W)p(KZ)—g(Y, W)p(X,Z), (7)
7T1(X’ Y, Z, W) = g(Y, Z)g(X, W) - g(X, Z)Q(Y’ W)

The Weyl tensor vanishes if and only if the manifold is conformally flat.
Let o = {z,y} be a non-degenerate two-plane spanned by the vectors
z,y € T,M, p € M. Then, the sectional curvature of « is given by:

R(z,y,y, =) (8)
US! (xv Y9, x) .

We consider the following basic sectional curvatures in T, M with respect
to the structures J and g: holomorphic sectional curvatures if Ja = a and
totally real sectional curvatures if Ja L a with respect to g.

The square norm ||V.J||? of V.J is introduced in [5] by

v(a;p) =

VTP = g"g"g (Ve T)ew, (Ve, T)er) - 9)
Then, the definition of F, (2) and (9) imply
VI = g7 9" 9" Fip Fjig,  Fikp = Flei, ek, €p). (10)

Definition 1.1 ([6]). An almost complex manifold with Norden metric,
satisfying the condition |VJ||?> = 0, is said to be isotropic Kéhlerian.

It is known ([9]) that the curvature tensor R on any almost complex

manifold with Norden metric satisfies the identity

(VxF)(Y,Z,JW)—(VyF)(X,Z,JW)=R(X,Y,Z,W)+R(X,Y,JZ, JW).
(11)
Further, by (2) and (3) we obtain the following properties:

(VxE)Y, 2, W) = (Vx F)(Y, W, Z);

(VxF)Y,JZ,W) = =(VxE)(Y, Z,JW) = g(Vx J)Z,(Vy J)W)
—9(Vx )W, (Vy J)Z); (12)

(Vx0")Y = (Vx0)JY + F(X,Y,Q);

0(2) = g% ¢" g((Ve, T)ew, (Ve; I)er).

Let us denote 7 = g% R(e;, ej, Jey, Jey). If R is a Kéhler tensor, i.e.

if R(X,Y,JZ,JW)=—R(X,Y,Z,W), we have 7 = —7.
Let (M, J,g) be in Wi @& Ws. Then, by (4) and (9) we get

29" g7 g (Ve D)ex, (Ve, D)er) = [|[VJ|2. (13)
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Theorem 1.1. On a complex manifold with Norden metric it is valid
*% ]-
T4+ T +60(Q) — 2div(JQ) = 5|\VJ||2, (14)

where div(JQ) = V,; JiQF.

Proof. By the properties (12), from (11) we obtain
(VxE)Y, 2, JW) + (Vy F)(X,W,JZ) + g(VxJ)Z,(Vy J)W)
+9(Vx W, (VyJ)Z) = R(X,Y,Z, W)+ R(X,Y,JZ,JW).

Then, taking into account (12), (13) and Vg = 0, the total trace of (15)
implies (14). m|

(15)

It has been proved that on a Wj-manifold with Norden metric it is valid
2
[VJ||? = =6(Q) ([10]). Then, Theorem 1.1 induces
n

Corollary 1.1. On a Wi -manifold with Norden metric we have
n—1
2
The equality (16) and Definition 1.1 immediately imply

T+ 7 —2div(JQ) = — V|2 (16)

Corollary 1.2. A Wi-manifold with Norden metric is isotropic Kdhlerian
if and only if T+ T = 2div(JQ).

Further, let us consider the class Wh. By (4) and (14) it follows
Corollary 1.3. On a Wh-manifold with Norden metric it is valid
2(r+7) = ||VJ|* (17)
Then, Corollary 1.3 and Definition 1.1 give rise to

Corollary 1.4. A Ws-manifold with Norden metric is isotropic Kdhlerian
if its curvature tensor R is Kdhlerian.

2. A Lie group as a four-dimensional conformal Kahler
manifold with Norden metric

Let g be a real four-dimensional Lie algebra corresponding to a real con-
nected Lie group G. If {X1, X, X3, X4} is a global basis of left invariant
vector fields on G and [X;, X;]| = ijXk, then the Jacobi identity is valid:
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We define an almost complex structure on G by the conditions:
JX1=X3, JXo=Xy, JX3=-X1, JX4=-Xo. (19)
Let us consider the left-invariant metric given by
9(X1, X1) = g(X2, X3) = —g(X3, X3) = —g(X4, Xu4) = 1, (20)
9(Xi, X;) =0 for i # j.

The introduced metric is Norden because of (19). Hence the induced 4-
dimensional manifold (G, J, g) is an almost complex manifold with Norden
metric.

It is known ([2]) that an almost complex structure J on a Lie group G
is said to be abelian if

[JX,JY]=[X,Y] foral XY eg. (21)
From (21) we derive that the Nijenhuis tensor vanishes on g, i.e. J is a com-

plex structure. Thus, (G, J,g) is a complex manifold with Norden metric.
The well-known equality
29(VxY,Z2)=Xg(Y,Z2)+Yg(X,Z) - Zg(X,Y) (22)
+9((X, Y], 2) +9([2, X],Y) + 9([Z,Y], X)
implies
2F(X;, X5, Xi) = 9([Xs, JX;] — J[ X5, X;], X&)
+ 9([( Xk, JXi] = [T Xk, Xi], Xj) + 9(J [ X, X;] — [T X, X;], X5).

Let (G, J, g) be a Wi-manifold. Then, by (3), (4), (21) and (23) we get

(23)

Lemma 2.1. If (G, J, g) is a four-dimensional W -manifold, admitting an
Abelian complex structure, the Lie algebra g of G is given by:
Cly = C}y — Ciy, Cf3 = Cly = Oy, Cfy = Ciy + Cly, Cly = —Ciy — Cy,
Cyy = —Cly = C}y, C34 = CPh + Cly, C3y =CF, = Cfy, Cyy = CFy = Cly,
(24)
where ij eR (i,5,k =1,2,3,4) must satisfy the Jacobi identity (18).
One solution to the equations (18) and (24) is the four-parametric family
of Lie algebras g defined by
(X1, Xa] = [X2, X3] = M X1 + Ao Xo + A3 X3 + M Xy, (25)
[X1, X3] = —[X2, X4] = X2 X1 — M X + M X35 — A3 Xy,

where \; € R (1 = 1,2,3,4). Thus, by (25) we obtain a four-parametric
family of four-dimensional W;-manifolds with Norden metric.
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It has been proved that if a Lie algebra admits an abelian complex struc-
ture, then it is solvable ([2]). Therefore, the Lie algebras (25) are solvable.

By (20), (22) and (25) we obtain the non-zero components of the Levi-
Civita connection of (G, J, g):

Vx, X1 =Vx, Xo =MX3+ M Xy, Vx,X3=Vx,X4=-MX1—A3Xo,
Vx, X3 =Vx,Xo=MX1 —A3Xy, Vx, X4y=-Vx,Xo=MX1+ X3,
VX2X4 = VXle =M Xo — M X5, VX2X3 = —VX4X1 = A X + A\ X4

(26)
Then, by (19), (20) and (23) we get the following essential non-zero com-
ponents Fjj, = F(X;, X;, X)) of the tensor F:

1 1

§F222 = P19 = I314 = Ay, §F111 = Fo12 = —Fy14 = Ay,

1 1 (27)
§F422 = —I14 = F312 = — 3, §F311 = Fo14 = Fy19 = — A4,

Having in mind (1), (3) and (27), we compute the components 6; = 6(X;)
and 07 = 0*(X;) of the Lie forms 6 and 6*, respectively:

01 = =05 =4Xg, O =—05 =4X\1, O35 =07 =4\, 0, =105 =4X\3. (28)
A Wj-manifold with closed forms 6 and 6* is called a conformal Kdhler
manifold with Norden metric. The subclass of these manifolds is denoted by
WY, Such manifolds are conformally equivalent to Kéhler manifolds ([1]).
We establish that the Lie form 6* is closed on (G, J, g). Thus, we have
Proposition 2.1. The manifold (G, J,g) is conformal Kdhlerian if and
only if the Lie form 6 is closed, i.e. if and only if one of the conditions
holds: /\1 = /\4, )\2 = —/\3 or /\1 = —)\4, )\2 = /\3.
Next, by (2), (10) and (27) we get the square norm of VJ
IVT2 = 16032 + X3 — A2 - A3). (29)

Proposition 2.2. The manifold (G, J, g) is isotropic Kdhlerian if and only
if the condition A3 + X3 — A2 — A3 = 0 holds.

Taking into account (20) and (26), we compute the non-zero components
Rijn = R(Xi, X, X, X;) of the curvature tensor R as follows:
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Risor = AT+ A3, Rizsi = A] — A3, Rian = A\] — AL,

Rossa = A5 — A3, Rasaz = A5 — A}, Raaas = —Aj — AJ,
Ri3a1 = Ragaa = — A1, Roiza = —Raiza = — A1, (30)
Ri231 = —Raz3a = MAg,  Roraz = —Raua3 = A2,
Ri241 = —R3243 = =21, Rz123 = Ra124 = A3A4.

Let us denote p;; = p(X;, X;). Then, by (1), (5) and (30) we obtain the
components of the Ricci tensor p:

p11 =27 + A3 = A}), pri2=—2\3\1, pa3z =2\ )\,
p22 = 2(AT + A3 — A3)
p33 =202+ X2 = )A2), pia=2Xo)3,  pas = —2\)\g,
paa = 2N + A3 — \))

By (26) and (31) we get (Vx,p)(X;, Xy) =0 for all 4, j,k = 1,2,3,4.

P13 = —2X1A3, p2as = —2X)y, (31)

Proposition 2.3. The manifold (G, J,g) is Ricci-symmetric.
Next, by (1), (5) and (31) we obtain the the scalar curvatures as:
T=06\2+ X2 - X2 —A2), T =—4(MAs3 + dohg). (32)
Then, (32), Propositions 2.1 and 2.2 imply

Proposition 2.4. The considered manifold (G, J, g) has the properties:
(i) (G, J, g) is isotropic Kahlerian if and only if 7 = 0;
(ii) (G, J,g) is conformal Kdhlerian if and only if T = 7=0.

Let us consider the Weyl tensor of (G, J,g). Taking into account (6),
(7), (30), (31) and (32), we get Wiy =0 for all ¢,5,k,0=1,2,3,4.

Proposition 2.5. The Weyl tensor of (G, J, g) vanishes. Thus, the curva-

ture tensor has the form R = {’g[q( ) — gm}

By Propositions 2.4 and 2.5 we obtain
Proposition 2.6. If (G, J,g) is a conformal Kdihler manifold, then its cur-
vature tensor has the form R = 57’[}1 (p).

Further, (7), Vg = 0, Propositions 2.3 and 2.5 imply
Proposition 2.7. The manifold (G, J, g) is locally symmetric, i.e. VR = 0.

Let us consider the characteristic two-planes o;; spanned by the basic
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vectors {X;, X;} at an arbitrary point of the manifold: totally real two-

planes: a2, a4, g, azq and holomorphic two-planes: a3, qaq.
Then, by (7), (8), (20) and (30) we obtain

v(age) = )\% + ,\3, v(ags) = /\3 — )\421, v(aig) = )\% — )\421,

33
Z/(OZQ;;) = /\% — )\g, V(O[24) = /\% — )\g, V(Oé34) = —/\g — )\Z ( )

Proposition 2.8. If (G, J, g) is of vanishing holomorphic sectional curva-
tures, then it is isotropic Kdhlerian.

Finally, Propositions 2.2, 2.4 and 2.5 induce

Theorem 2.1. The following conditions are equivalent:
(i) (G, J,g) is isotropic Kdahlerian;

(i) the condition A3 + A3 — A3 — A7 = 0 holds;

(iii) the scalar curvature T vanishes; 1

(iv) the curvature tensor has the form R = §¢1 (p).
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We construct new singular solutions to a matrix Riemann-Hilbert problem
by making use of the equivalence between it and the inverse scattering prob-
lem. The Riemann-Hilbert problem under consideration allows to solve N-wave
systems related to orthogonal algebras and possesing Zs X Zsa reductions. The
method we apply is a special type of an auto-Backlund transformation, namely
the dressing Zakharov-Shabat method.

Keywords: Dressing procedure; Riemann-Hilbert problem; N-wave equations
with reductions.

1. Preliminaries

1.1. Bdcklund transformations and inverse scattering
method

One of the basic and fruitful concepts in the modern theory of integrable
systems is the notion of a transformation which allows one to generate
new solutions of a nonlinear evolution equation (NLEE) starting from a
known one. Originally introduced by A. V. Bécklund at the end of 19-th
century when he studied surfaces with a constant negative Gaussian cur-
vature (for more detailed information on this interesting topic we recom-
mend the books [1]). This transformation bears now his name — Bécklund
transformation (BT). Roughly speaking the Bécklund transformation is a
map which transforms a solution ¢ of a differential equation order into a
solution of another differential equation. An example of a Backlund trans-
formation is the well known Miura transformation which maps a solution
of the modified Korteveg-de Vries equation into a solution of Korteveg-de
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Vries equation.

An important subclass of BT relates to the situation when a given solu-
tion of a NLEE is transformed into another solution of the same NLEE (in
this case they usually talk of an auto-Bécklund transformation). A common
particular case of an auto-BT occurs when NLEE admits a Lax represen-
tation

Lp(z,t, ) := (10, + [J, q(z, t)] — AT) ¥(z,t,\) =0, (1)
Miy(z,t, ) = (10 + V(q(z,t), N)) ¥(z, ¢, A) =0, (2)

i.e. NLEE for ¢(z,t) is equivalent to the formal integrability condition for
the linear systems (1) and (2) which holds identically with respect to the
spectral parameter \. The class of auto-BT related to such type of NLEE
is derived in [2,3]. We shall restrict ourselves with vanishing boundary con-
ditions, i.e. lim, 4o g(x,t) = 0 is fulfilled. In addition, we assume that
U(z,t,\) and V(x,t,\) belong to a certain semisimple Lie algebra g and
J is a constant, real and regular element of its Cartan sublagebra h C g
(hence the fundamental solution ¢ (z,t, A) is an element of its Lie group G).

Example 1.1. Let V(z,t, ) := [I,q(z,t)]— Al and I is a constant element
of h. Then NLEE looks as follows

i[Ja Qt(ﬂf, t)] - i[Iv q$(xa t)] + [[L q]v [Ja Q]](xa t) =0.
For every choice of g, J and I one obtains an N-wave equation. Such type

of equations occurs in nonlinear optics [4], differential geometry [5] ete.OI

Let vo(z,t, A) be a fundamental set of solutions of the linear problem
iaﬂﬂ#o(ﬂ?, tv )‘) + ([']7 QO(xv t)] - )\J)¢0(337 ta A) = 07
iaﬂﬁo(x, t, )‘) + (VQ((]()(IL', t)v )\))1#0 ({I?, t, )‘) =0.
generated by some known solution go(z,t). Then construct another funda-
mental solution ¥ (x,t, A\) = g(x,t, \)bo(z,t, \) of (1)—(2) by using a special
transformation g(x,t, A). This transformation is called a dressing factor and
as an immediate consequence of its definition it follows that it satisfies the
linear system
i0g(@,t,A) + V(z, t,Ng(z,t,A) — g(@,t, )Vo(z, 1, A) = 0.

One possible ansatz for g(x,t, A\) proposed by Zakharov and Shabat reads

A(z,t) n B(x,t)

g(x,t,)\)=1+/\_/\+ T
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The auto-Béacklund transformation can be represented by using the diagram

qol(x,t) — oz, t,N) L (z,t, \) — q(z, ).

In particular if we start from the trivial solution go(x,t) = 0 we will obtain
the 1-soliton solution.

Zakharov and Shabat [6] proposed a purely algebraic method for con-
struction of the dressing factor by using so-called fundamental analytic
solutions (FAS) of the linear problem (1)—(2). The concept of FAS was
originally introduced by Shabat [7]. One can prove that the constraints
on J and ¢(z,t) (zero boundary conditions) result in existence of FAS
xT(z,t,\) (resp. x~(z,t,\)) with analytical properties in the upper half
plane C4 (resp. the lower half plane C_). There is a standard procedure to
derive FAS starting from Jost solutions. Jost solutions ¢4 (z,, A) are de-
fined for A € R as fundamental solutions whose assymptotics for x — +oo
are just plane waves

lim VY (2, 1, \)e!ATT=ID — 1 f(\) == lim V(z,t,\). (3)

r—+o0

In the case of N wave equations we have f(A) = —AI. The transition
matrix T(\) = 1" (z,¢, \)¢_(z,t,\) bears the name a scattering matrix.
Thus using Gauss decomposition of the scattering matrix, namely

T(N) =TF(N)DFA)(S*(N) ™

where S*(X\) and T () (resp. S™(A\) and T~ (\)) are upper (resp. lower)
triangular with unit diagonal elements, while the matrices DT (\) and
D~ () are diagonal, one can derive that

Xi(x7t7)‘) = ’@[Jf(x’h)‘)si()‘) = w+(x7t7)‘)T:F(>‘)Di(>‘)'

Let 11 o(x,t,A) be Jost solutions of the ”"bare” linear problem, i.e.
that one corresponding to go(x,t). Then the dressing procedure affects
i o(x,t, A) in the follows way

d}ﬂ: (xa t7 )\) = g(xa t7 Aﬁﬁo,i(% t? )\)9;10\), gﬁ:(A) = wggzloog(xy t? )‘)

The factor g4+ (A) guarranties that 14 (z,¢, \) have the proper assymptotics
(3). It can be checked that the bare scattering matrix Tp(A) and the bare
FAS xZ(z,t,\) transform into

TO‘) = ng()‘)TO()‘)g:l()‘)’ Xi (IE, L, )‘) = g(x, L, )‘)X(:)t (IE, L, )‘)9:1()‘)'

A very important role in the theory of integrable systems is played by the
so-called reduction group originally introduced by Mikhailov [8]. Let G be
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a discrete group acting on G by group automorphisms and on the complex
plane of the spectral parameter by conformal transformations. The induced
action KCj, of the group Gg on the set of fundamental solutions {¢(z,t,\)}
of the linear problem reads

Kh : X(Z‘,t,)\) = )Z(J?,t, kh()‘)) = Kh(X(xatv)‘))a

where K;, € Aut(G) for any h € Ggr. We require that {¢(x,t,\)} stays
invariant under this action. The dressing factor g(z, ¢, A) must be invariant
under the action of G, i.e.

Ky, (g9(z,t, k7 (X)) = g(z,t, ).

The imposed requirements lead to certain symmetry conditions for
U(z,t,\) and V (z,¢, A). Hence G g reduces the number of independent fields
(components of ¢(z,t)) in NLEE and that is why it bears the name a re-
duction group. Many integrable equations are derived by imposing certain
reduction on them.

1.2. Riemann-Hilbert problem

One of the classical problems in the theory of analytic functions is the prob-
lem for analytic factorization of a function known also as a local Riemann-
Hilbert problem (RHP). It reads: let v+ C C is a smooth, closed curve,
G : C — GL(n) is an analytic function on ~, then we are searching for
matrix-valued functions )5, and gt analytic on D, and Dy respec-
tively and satisfying

wout()‘) = wln(/\)G()‘)a Ve -

If ¥in(A) and tout(N) are solutions then Cthi,(A) and Cipour(A) (C is a
constant element of GL(n)) are solutions too. Thus to ensure the uniqueness
of the solution we have to impose a normalization. One common possibility
is the normalization limy_ o ¥yt (A) = 1 which is called canonical.

If det®(A) has poles in the A-plane then the solution v is called a
singular solution, otherwise (i.e. det(A) # 0, VA € D C C) it is a regular
one.

It has been shown (see [6,7]) that there exists a deep connection between
RHP and the inverse scattering method. In order to illustate this let us
introduce another set of FAS n*(z,t, \) := x*(z,t, \)e!*/*=f(NY  Then it
can be easily checked that

T (z,t,\) =0 (z,t, \)G(z,t,\),
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where
G(z,t,\) = e tAJz—f(N) t)( “(A)rSH(A ) ATz =f (VD)

i.e. nt(x,t,\) are solutions of RHP (y = R). It turns out [6] that the
opposite holds true as well, namely

Theorem 1.1 (Zakharov-Shabat). If n*(z,t,\) are solutions of RHP
with a sewing function G(x,t, \) satisfying

10;G(z, t, N) — A[J, G(z,t, \)] =
0G(z,1,0) + [f(A), Gz, 8, A)] =0,
then n* (x, \) are FAS for the linear problem.

Let n(jf(a:,t,)\) be known solutions of RHP (for example, they can be
regular ones). Then we are able to obtain new singular solutions just by
dressing 1T (z,t, \) as follows

(2,1, A) = nF (2,6, 0) = g(a,t, g (2,6, X)g=" (V). (4)

2. Singular solutions of RHP with additional symmetries

In this section we will outline a method to obtain singular solutions to RHP
in the case when they take values in the orthogonal group SO(n,C) and
represent FAS to a Zs X Zso reduced linear problem. This problem corre-
sponds to the problem for calculating the quadruplet soliton solutions to a
Zo X Zo-reduced N-wave equation related to orthogonal algebras which is
discussed by the authors in [9]. Our work represents an conceptual continu-
ation of the works [10,11] where the Zy reductions and the soliton solutions
of N wave equations are studied in detail. We are modifying the methods
proposed in [12,13].

We recall that SO(m,C) is the group of all isometries in the complex
vector space C™ with a metric S and the Lie algebra of its generators is
defined by

so(m,C) := {c € End(C™) | 'S+ Sc=0}.

For the sake of convenience we shall use a basis in C™ such that S reads
S = Z "Ex2mt1)—k + Bonay—k k) + (=1)"Engin1,
forso(2n + 1)

S = Z Y(Egant1-k + Bont1-kk), forso(2n),
k=1
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where (Eji)pg = Okpdig is the Weyl basis. Hence the Cartan subalgebra
h C so(n) consists of diagonal matrices in the form
h={J =diag(J1,...,Jn,0,—Jp,...,—J1)}, forso(2n+1),
h ={J =diag(J1,...,Jn, —Jn,...,—J1)}, forsoe(2n).
Let it be given the following action of the group Zo x Zs on FAS
_ wyy —1
X (z,t,0) = K1 (X)) (@,t,2%)) Kt
_ -1 .
X (z,t,N) = Ko (W) (2, t,-X) K3t

K7 and K5 belong to the Cartan subgroup of SO(n) and obey the restriction
K} = K3 = 1. As a consequence of that reduction the potential U(x,t,\)
satisfies the following symmetry conditions

KU (2, t, \K; = U(a, t,N), KU (z,t, - NKy' = —U(x, t,\).
The dressing factor g(z, ¢, A) must be Zy X Zo-invariant, i.e.
—1 _ -1 _
Kl (gT(xvtaA*)) Kllzg(xatv)‘)a KQ (gT(Z‘,t,—A)) K21:g('x7taA)7
that is why we choose it in the form

Alw,) | KiSA*(w,0)(1S) ™

gle, b A) =1+ 755 A— () (5)
_ KQSA(x,t)(KQS)_l B KlKQA*(x,t)(KlKQ)_l
XA L) :

where At = p + iv lies into the upper half plane C, and the matrix-
valued function A(z,t) is to be found. The requirement for orthogonality
of g(z,t,\) (i.e. g7 = S71¢TS) leads to certain algebraic conditions for
A(z,t), namely

Az, t)SAT (2, 1) =0,  A(x,t)Sw” (z,t) + w(z,t)SAT (z,t) =0.  (6)
The factor w(x,t) is defined by following expression
. KQSA({L‘,t)SKQ KlSA*(x,t)SKl . KlKQA*(LC,t)KQKl

20\t 2iv 2u '

From the first algebraic condition in (6) it follows that A(x,t) is degenerate.
Therefore it can be presented as a product of two rectangular n x k ma-

trices X (x,t) and FT(z,t). In terms of these matrix factors the algebraic
restrictions (6) read

FT(z,t)SF(z,t) =0, w(x,t)SF(x,t) = X (z,t)a(zx, ),

w(z,t):=1

where « is a k x k skew-symmetric matrix.
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Another type of constraints occurs as an effect of the natural prerequisite
for A-independence of the ”dressed” solution g(x,t). These constraints are
equivalent to some linear differential equations for F'(z,t) and «(x,t) which
after solving them lead to

alz,t) = Fy (xg (2,6, A7) orxg (=, 6, A7) S Fy + ag,
F(x,t) = ((XJ)T (z,t, /\+))—1 Fy, Fy=const, «g = const.
In the soliton case when xg (z,t, \) = e*(/2+1) this result turns into
Fa,t) = e Vst R o(a,t) = iFT (Jao + It)SFy + ag.

To find the factor X (x,t) we derive the auxiliary linear system shown
below

(SF, SG, SH, SN) (z,t) = (X, Y, Z, W)

The extra entities above are defined as follows

Y(z,t) == KoSX(x,1), Z(x,t) == K15 X™(x,1t),
W(x,t) := K1 Ko X*(x,t), G(z,t) := KoSF(x,t),
H(z,t) := K1 SF*(x,t), N(z,t) := K1 Ko F* (z,t),
FTSG FT'SH
Cl(l‘,t) T 2)\—+($,t), b(xvt) T 2y (Z‘,t),
T
c(z,t) == inN (z,t).

In the simplest case possible when rank(X) = rank(F) =1 (i.e. a(x,t) = 0)
we have

SF 0a—-b c X
SG a0 ¢ —b Y
s | @Y= pe0 o || z]|®Y
SN cba* 0 w

Consequently we obtain that
1
X =3 (@"SG+bSH—cSN), A= lal* + b* — 2.
Thus inserting the result for X (z,t) into (5) we can find g(z, ¢, ) and after
that construct the singular solution applying formula (4). Repeating the
same procedure, namely dressing the singular solutions of RHP themselves,
we are able to construct another singular solutions and so on.
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3. Conclusion

We have demonstrated an approach to derive new singular solutions to
RHP by using the equivalence between it and the invrse scattering method.
In our case RHP corresponds to N wave equations related to so(m) and
possessing Zo X Zo symmetries. To achieve our purpose we have modified
the classical Zakharov-Shabat dressing method. The singular solution we
have obtained that way is tightly connected with the quadruplet to a IV
wave system with a Zs X Zs reduction. The method can be applied also for
the case of symplectic algebras.
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